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Exercise sheet 12 (40 points)

Exercise 1 (10 points)

In the ring Z[
√
−5] := {a+ b

√
−5| a, b ∈ Z}, the norm map N : Z[

√
−5]→ Z is given by

N(a+ b
√
−5) := a2 + 5b2.

(a) Show that N(α · β) = N(α) ·N(β) for α, β ∈ Z[
√
−5].

(b) Using the norm map, �nd the units of the ring Z[
√
−5].

(c) Show that the element 6 has two distinct decompositions into irreducible elements
in the ring Z[

√
−5].

(d) Compute the prime ideal decomposition of the principal ideal (6) in the ring Z[
√
−5].

Exercise 2 (10 points)

Let p := (X, Y ), q := (X,Z), and m := (X, Y, Z) be three ideals in the ring k[X, Y, Z],
where k is a �eld. Let a := pq. Then, show that a = p ∩ q ∩ m2 is a minimal primary
decomposition of a and determine the isolated and embedded prime ideals.

Exercise 3 (10 points)

Let A denote the ring of continuous real-valued functions on [0, 1]. Then, show that the
zero ideal in A is not decomposable.

Exercise 4 (10 points)

Let F be a presheaf of rings on a topological space X and let x ∈ X. The stalk Fx of F
at x is de�ned as

Fx := lim−→
U⊆X open

U3x

F(U),

where the direct limit is taken over all neighborhoods U of x, via the restriction maps of
the presheaf F .
Now, consider the presheaf F of real-valued di�erentiable functions on the open unit disc
{z ∈ C | |z| < 1} (in the classical topology). Show that the stalk of F at the origin is a
local ring.


