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Abstract

Let T' C PSL2(R) be a Fuchsian subgroup of the first kind acting by fractional linear
transformations on the upper half-plane H, and let I'\H be the associated finite volume hy-
perbolic Riemann surface. Associated to any cusp of I'\H, there is the classically studied non-
holomorphic (parabolic) Eisenstein series. In [11], Kudla and Millson studied non-holomorphic
(hyperbolic) Eisenstein series associated to any closed geodesic on I'\H. Finally, in [9], Jor-
genson and the first named author introduced so-called elliptic Eisenstein series associated to
any elliptic fixed point of '\H. In the present article, we study elliptic Eisenstein series for
the full modular group PSL2(Z). We explicitly compute the Fourier expansion of the elliptic
FEisenstein series and derive from this its meromorphic continuation.
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1 Introduction

1.1. The theory of Eisenstein series plays a prominent role in the theory of automorphic functions
and automorphic forms. Classically, in the theory of holomorphic modular forms, the Eisenstein
series of weight 2k (k € N, k > 2) for the full modular group PSLs(Z) are defined by
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The arithmetic significance of these series is reflected by the fact that their Fourier coefficients are
given by certain divisor sums.

More generally, in the theory of automorphic functions for Fuchsian subgroups I' of the first kind
of PSLo(R), Eisenstein series are defined by

E(z,8) := Z Im(v2)* (s € C, Re(s) > 1);

YET o\

here T's, denotes the stabilizer of the cusp ico in the group I'. For given s € C with Re(s) > 1, the
Eisenstein series £(z, s) are C°°-functions in z, y. For given z € C with Im(z) > 0, the series £(z, s)
are holomorphic functions in s as long as Re(s) > 1. It can be shown that the Eisenstein series
&(z,s) admit a meromorphic continuation to the whole s-plane. The significance of £(z, s) relies
on the fact that these series are eigenfunctions of the hyperbolic Laplacian Ay, for the continuous
spectrum. The classical approach to establishing the meromorphic continuation is based on the
explicit knowledge of the Fourier expansion of £(z, s). Other approaches rely on the meromorphic
continuation of the resolvent kernel of Ay, or Colin de Verdiére’s method given in [3].

Observing that the series £(z, s) are associated to the cusp ioo, S. Kudla and J. Millson introduced
in [II] so-called hyperbolic Eisenstein series Enyp (2, s) associated to geodesics in the upper half-
plane H, and proved a partial meromorphic continuation and a Kronecker limit-type formula for
these series. Following this point of view, J. Jorgenson and the first author were led to consider



so-called elliptic Eisenstein series Eqp1(z, ) associated to elliptic fixed points 2y € H for I'. In fact,
these series were introduced in [9] (see also the unpublished paper [§]) in order to derive optimal
sup-norm bounds for cusp forms of weight 2 for the subgroup I'. An alternative, more elementary
proof for these sup-norm bounds avoiding elliptic Eisenstein series is given in [7].

The elliptic Eisenstein series associated to an elliptic fixed point zy € H for the subgroup I is
defined by

Eanlzs) = 3 sih(e(052) " (2 # 0
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where I',, denotes the stabilizer of zg in I, 0, € PSLa(R) is a scaling matrix for zg, i.e., 0., (i) = 2o,
and o(z) denotes the hyperbolic distance from z to i. In the Ph.D. thesis [I3] by the second named
author, the meromorphic continuation of the elliptic Eisenstein series Eepi(z, s) for any Fuchsian
subgroup I" of the first kind to the whole s-plane is proven using a variation of Colin de Verdiere’s
method mentioned above. Moreover, various expansions of the series g (z, s) are computed and
a Kronecker limit type formula is established there.

In this note we study elliptic Eisenstein series in the special case I' = PSLy(Z) and 2y = i.
Following the classical approach, the main goal of this paper is to establish the meromorphic
continuation of the series Eq (2, s) by means of its Fourier expansion thereby complementing work
carried out in [I3] in the special case I' = PSLy(Z). In order to achieve our goal, the Fourier
expansion of Eqi(z, s) has to be explicitly computed and the growth of the Fourier coefficients has
to be controlled.

1.2. The paper is organized as follows. In Section 2, we recall and summarize basic notation and
definitions used in this article.

In Section 3, we recall the classical Poincaré series Py, (z,s) and relate them to the more recent
Poincaré-type series V,,(z,s) studied in [I4]. We review how the meromorphic continuation of
P,,(z,s) can be obtained via its spectral expansion. Via the aforementioned relation we obtain
the meromorphic continuation of V,,(z, s) to the whole s-plane.

In Section 4, we define the elliptic Eisenstein series Eq (2, s) associated to the elliptic fixed point i of
PSL3(Z). We show that it is holomorphic for Re(s) > 1 and an automorphic function for PSLy(Z).
In contrast to the parabolic situation, the elliptic Eisenstein series fails to be an eigenfunction of
Apyp; instead it satisfies the differential equation

(Ahyp - 5(1 - 3))59,11(75, S) = —825611(2:, s+ 2).

In Section 5, we calculate the Fourier coefficients of Eqi(z, s). In order to simplify the exposition,
we restrict our study to the case z € H with Im(z) > 1.

In Section 6, we obtain the meromorphic continuation of Eq(z, s) via its Fourier expansion. The
main task here is to first meromorphically continue the mth Fourier coefficients a,, (y, s) of Een(z, s)
and then to achieve suitable bounds for a,,(y, s) with respect to m. The main result is stated in

Theorem [6.101
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2 Basic notation

2.1. Let I' := PSL3(Z) be the modular group acting by fractional linear transformations on the
upper half-plane H := {z =z + iy € C|y > 0}, i.e., for y = (2}) € I' and z € H, we have

az+b
cz+d’
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We denote by Fr a fundamental domain of I' in H. By I, := Stabr(z) we denote the stabilizer of

z€ Hin I', and we set
1 n
e (3 7))

As usual, we put e(z) := exp(2miz) and denote by ((s) the Riemann zeta function.

In the rectangular coordinates z,y, the hyperbolic line element dsﬁyp, the hyperbolic volume
element pnyp, and the hyperbolic Laplacian Ay, on H are given by

dx? + dy? dx dy 0? 0?
2 _ _ _ 2
dshyp - y2 y  Mhyp = y2 ) Ahyp =Y (81‘2 + 8y2 )
We recall that the hyperbolic volume volny, (Fr) of Fr is given by

™

Volyyp (Fr) = /Nhyp(z) =3
Fr

By du(z,w) we denote the hyperbolic distance from z € H to w € H.

2.2. Hyperbolic polar coordinates. For z = x + iy € H, we define the hyperbolic polar
coordinates ¢ = o(z),v = ¥(z) centered at i € H by

Q(Z) = dH(ia Z) ) 19(2) = &(LvTZ)v

where L denotes the positive y-axis and T, is the tangent at the unique geodesic passing through
i and z at the point 1.

The relation between the x, y-coordinates and the p,¥-coordinates is expressed through the for-
mulas

sinh() sin(¥) 1

T cosh(g) + sinh(g) cos(¥9) ’ v= cosh(g) + sinh(g) cos(¥9) - (1)

Using the above formulas, the hyperbolic line element and the hyperbolic Laplacian in terms of
the hyperbolic polar coordinates take the form

e _ 1 o 1 &

d¢* tanh(p) o  sinh?(p) 90%"

dspy, = sinh?(0)dd* + do*,  Apy, = —

From the well-known formula for the hyperbolic distance (see [2], p. 131)

|z —wl?

cosh(dg(z,w)) =1+ 2Im(z) Im(w)’

weobtainforz:x-i-inHand’Y:((clfl)EP’

cosh(o(y2)) = cosh(du(z, v ') = %(Qy + (a* + 62)’2’ - ’y_li‘Q).



A straightforward computation yields

L@+ )@ +97) + 20ab + cd)a + (B + ). @)

cosh(o(z2)) = %

2.3. Hypergeometric functions. For a,b,c € C, ¢ # —n (n € N), and w € C, we denote
Gauss’s hypergeometric function by F(a, b; ¢; w). For w € C with |w| < 1 it is defined by the series

F(a,b;c;w) = Za) bk wk,

0 (Ck ]41

where (A\)g :=T(A+k)/T(A) (A € C, k € N) is the Pochhammer symbol; for £ € N with k& > 0,
we note the alternative formula (\); = Hf;é (A4 j). For Re(c) > Re(b) > 0, the hypergeometric
function F'(a,b; ¢; w) has the integral representation (see [I], formula 15.3.1)

1
F(a,b;c;w) = F /tb ! )P (1 — tw) T dt. (3)
(c—b
0

2.4. Parabolic Eisenstein series. For z € H and s € C, the parabolic Eisenstein series £par is
given by

Epar(2,8) 1= Z Im(~vz)°.

YEL\T

The parabolic Eisenstein series is known to be holomorphic for s € C with Re(s) > 1 with Fourier
expansion given by

Epar(2:5) = ¥° +@(s)y" " + Y @(n, 8)y" P K1 (27 |nfy)e(na), (4)
n#0

where K,_;/5(-) is the modified Bessel function of the second kind,

(s) = Val(s—1/2) ¢(2s—1) A(2s—1)
AT T ((2s)  A(2s)

and

I e R ays-1/2,
#(0:9) = Ty c@s) 2 2+1*A(zs) D (6) ’

d|n ab=|n|

here we set A(s) := 7~%/2T'(s/2)¢(s). The Fourier expansion (@) provides the meromorphic contin-
uation of Epar(2, $) to the whole s-plane with a simple pole at s = 1 with residue ress=1 Epar(2, s) =
1/ volpyp(Fr) = 3/m, and other poles contributed by the non-trivial zeros of {(2s) in the strip
0 < Re(s) < 1/2. From the functional equation A(s) = A(1 — s), we get ©(s)¢(l —s) =1, and
hence the relation

O 2A(2s-1) bys-1/2 2 ays-12
Pl)e(n 1 =5) = T SN 25 + 2) D <5) = A(2s) D (Z) =ens), ()

ab=|n|

which, using , proves the functional equation

Epar(2;8) = ¢(5) Epar(z,1 = 5). (6)



3 Poincaré series

In this section we recall results for two types of Poincaré series which are mostly known to the
experts. However, for the lack of complete reference, some proofs have to be elaborated.

3.1. Definition. For z € H, s € C, and m € Z, the Poincaré series P, is defined by
Po(z,8) = Z Im(y2)® exp(—2n|m|Im(vz))e(m Re(yz)).
YET o \I'

The Poincaré series is known to be holomorphic for s € C with Re(s) > 1, since it can be majorized
by Po(z,Re(s)) = Epar(2, Re(s)).

3.2. Remark. For m # 0, the Poincaré series P,,(z,s) is bounded on H (see [10], p. 83) and
hence admits a spectral expansion in terms of the eigenfunctions 1); associated to the discrete
eigenvalues \; of Apy, and the parabolic Eisenstein series &,ar, namely

Z ajm )+ yp / a1 /24irm(8) Epar(2,1/2 +ir) dr, (7)

— 0o

where the coefficients @ (s), resp. aq/24irm(s), are given by

@i () = [ P51, (2 isn(2), 105D a1/21m (5 / P2 9)Epar (2 1/2 4 i)y 2).
Fr
The expansion is absolutely and locally uniformly convergent for s € C with Re(s) > 1.

As ususal, we enumerate the eigenvalues of the discrete spectrum by 0 = Ag < A1 < Ao < ..
since I' = PSLy(Z), we have \j = 1/4 417 = 5;(1 — SJ) ie., s; =1/2+it; with t; > 0, as long as

j > 0. For j =0, the eigenfunction is given by to(z) = /3/m. For j > 0, the eigenfunction v, is
a cusp form and admits a Fourier expansion of the form
2) =Y pi(n)y' K, 1 2(27In|y)e(nz). (8)
n#0

The eigenvalues of the continuous spectrum are of the form A\ = 1/4 +r? = s(1 — s), ie., s =
1/2+ir with » € R. The corresponding eigenfunctions are given by the parabolic Eisenstein series
Epar(z,1/2 +ir).

3.3. Proposition. For z € H, s € C with Re(s) > 1, and m # 0, the Poincaré series Pp(z,s)
has the following explicit spectral expansion:

Pm(Z,S) 228717&'871F( |m|s 1/2 _ ZF 3—51 S+5j — l)ﬁj(m) 1/1](2)

oo

+%/Fs—l/27m“) (s —1/24ir)@(m,1/2 +ir) Epar(2,1/2 +ir) dr. (9)

— 00

Proof. The proof can easily be deduced from the spectral expansion given for the function ISm(z, s) =
75120 (s 4 1/2) " Hm|*~ Y2 P (2, s) in [12], p. 58. 0

3.4. Proposition. For z € H and m # 0, the Poincaré series Py, (z,s) admits a meromorphic
continuation to the whole s-plane with simple poles at s =s; — N and s = —s; —N+1 (N € N)
with residues

(_1)N2—25_7'+2N+1,R_—Sj+N+11—‘(28j - N

-1
NIT(sj — N)|m|ss=N=1/2 ) > Pe(m) Yu(2)

S¢=358j

ress—s,—N Pm(z,8) =




and

(_1)N22Sj+2N—17TSj+NF(_2Sj — N+ 1)
NIT(—s; — N + 1)|m|=si—N+1/2

> pe(m)vu(2),

S¢=Sj

ress——s,—N+1 Pm(z,8) =

respectively.

Proof. Because of the lack of reference for the claimed residues, we have to discuss the proof
briefly. In order to obtain the desired meromorphic continuation we will follow closely [12] and
[10], and base our argument on the spectral expansion @[)

We start by discussing the meromorphic continuation of the discrete part

o0

D(s) := ZF(S —s;))T(s+s; — 1)ﬁj(m) Y, (2)

of the spectral expansion @ The argument given in [I0], p. 87, shows that D(s) has a mero-
morphic continuation to the whole s-plane with simple poles at s =s; — N and s = —s; — N +1
(N € N) arising from the I-factors. For later purposes, we note the bound (see [10], p. 87, adapted
to the present situation)

|D(s)| < y~/2, (10)

where the implied constant depends only on s (not a pole), but is independent of z and m. The
dependence of the implied constant on s is uniform as long as s is contained in a compact set not
containing s; — N or —s; — N 4 1 for some N € N. For the residues we compute

(=Y

ress—s; N D(s) = TF(QSJ‘ -N-1) Z Pe(m) Pe(2)
Sg:S]‘
and
(1Y _
tes,— s, i1 Dls) = o AT(=28; = N+1) 37 pylm) ve2),
SziSj
respectively.

We now turn to the meromorphic continuation of the continuous part

Q(s) == i / I(s—1/2—ir)['(s—1/24ir)e(m,1/2 +ir) Epar(2,1/2 +ir) dr (11)

of the spectral expansion (@ By substituting ¢ := 1/2 + ir, the integral can be rewritten as

1/2+4ic0
Q(s) = 4Lm / I(s—t)'(s =14+ t)p(m,1 —t) Epar(2,t) dt. (12)
1/2—ioc0

By construction, the integral exists for s € C with Re(s) > 1 and represents a holomorphic
function in this range. The argument given in [10], p. 89, shows that Q(s) extends to a holomorphic
function for s € C with Re(s) # —N+1/2, and for s = —N+1/2, where N € N. In order to extend
Q(s) to the whole s-plane, we rewrite the integral by means of a different path of integration
(see [12], p. 51) using the residue theorem as follows. Let sg € C with Re(sg) = —N +1/2 for some
N € N and Im(sg) > 0, and let C(so) denote the integration path, which runs on the vertical line
with Re(t) = 1/2 from —oo to co as before, but passes on the left-hand side around —sy — N 4+ 1
and on the right-hand side around so+ NV in such a way that the only poles of the integrand being
encircled by this new integration path are located at t = —sg — N + 1 and t = s¢o + N. For s with



Re(s) > —N +1/2 being sufficiently close to s¢ such that —s — N +1 and s+ N are still encircled
by the path C(sg), we set

~ 1
Qs) = Tri

C(so0)

I(s —t)I'(s — 14+ t)p(m,1 —t) Epar(z, 1) dt,

which is well defined by construction. Using the residue theorem and recalling @ and , we
then compute

Q(s) :%m' I(s=t)I'(s—14+t)p(m,1 —t)Epar(2,t)dt
C(so)
(=¥
~ TN I'2s+ N —1)p(m,—s— N +1)Epar(z,s + N)
1N ~
N (2]13' D25 + N — 1)p(m, s + N) Epar(z, —5 — N +1) = Q(5).

For s with Re(s) < —N + 1/2 being sufficiently close to so, we define Q(s) as above and verify

again Q(s) = Q(s), now using Cauchy’s theorem. By the choice of the integration path C(sq) it
turns out that the integral

~ 1
Q(s0) = P I(so —6)(sg — 1+ t)p(m, 1 —1t) Epar(z,t) dt
C(so)
is also well defined. Proceeding in an analoguous way for sg € C with Re(sg) = —N + 1/2 for

some N € N, but Im(sg) < 0, we obtain the analytic continuation of Q(s) to the whole s-plane.

Allin all, these considerations show that P,,(z, s) admits a meromorphic continuation to the whole
s-plane with simple poles at s = s; — N and s = —s; — N + 1 (N € N). The stated formulas for
the residues are easily obtained from the residue computations for D(s), taking into account that
the factor 2725+t r=s+11(5) 1 |m|~5+1/2 does not contribute further poles.

Before finishing the proof, we recall for later purposes that for s € C, we have the bound (see [10],
p. 90)

Q(s)| < y'7?, (13)
where the implied constant depends only on s (not a pole), but is independent of z and m. O

3.5. Definition. For z € H, s € C, and m € Z, the Poincaré series V,,, is defined by

Vin(z, 8) == Z Im(vz)*e(mRe(y2)). (14)

YET\T

The Poincaré series is known to be holomorphic for s € C with Re(s) > 1, since it can be majorized
by Vo(z,Re(s)) = Epar(z, Re(s)).

3.6. Lemma. For z € H, s € C with Re(s) > 1, and m # 0, we have the relation

= (27|m]|)*
Vin(z,8) = Z %Pm(z,s + k).
k=0 ’

Proof. We first check the absolute and local uniform convergence of the series in the claimed
relation for fixed z € H and s € C with Re(s) > 1. Using the estimate

ez +d| > C|ei + d|,



where C' = C(z) is a positive constant depending on z but which is independent of (c, d) € R?, we
obtain the bound

— | (2 o (2

Z 7r|m| Pz + k)| < Z w\m|) Z T (y2)Re(e)+k

k=0 YET o\

_ i (2m|m|)* Z yRet) b
— k! lez + d|2Re(s) |cz + d|?k

Y€l \F

Re(s) 1

2ﬂ'|m|yC Y
< 2R ’
§ : 2 : ) 2 . 72\k
ot lcz + d|2Re(s)  (c2 + d?)

< exp(27|m|yC~?) -Epar(z7Re(s)).

This proves that the series in question converges absolutely and locally uniformly for s € C with
Re(s) > 1

Now the claimed relation can easily be derived by changing the order of summation; namely, we
compute

o0

(2
Z ﬂm' (z,s+ k)
k=0
-~ (27|m|)*
Z Im(y2)® exp(—2n|m|Im(vz))e(m Re(yz) Z 7Im(vz)
YETl s\ =0
= Z Im(vz)® exp(—2n|m|Im(yz))e(m Re(y2)) exp(2r|m|Im(yz2))
YEL\T
= Vm(zv 5)
This completes the proof of the lemma. O

3.7. Proposition. For z € H and m # 0, the Poincaré series Vi, (z,s) admits a meromorphic
continuation to the whole s-plane with simple poles at s = s; —2N and s = —s; —2N+1 (N € N)
with residues

22N 1 7SJ+2N+11"(

5 =N =1/2) S~ 5 (m) ul2) (15)

I€Sg=s;—2N Vm(Z,s) (QN)'F( N+1/2)|m|s]72N71/2

S¢=358j
and

22N_17Tsj+2NF(—Sj - N + 1/2) 7
CNITCN T 1/jm[ 2Nz 2 Pelm)velz).

S¢=Sj

IeSg=—s;—2N+1 Vm<za S) = (16)

respectively.

Proof. We start by proving that the Poincaré series V,,(z, s) has a meromorphic continuation to
the half-plane

N :i={s € C| Re(s) > —N}
for any N € N. By Lemma|[3.6] we can write
N ')
2 k 2 k
Vm(z,s):ZMPm(z,s—&-k)—i- 3 CrimD)” s+ k). (17)

k! !
k=0 k=N+1 K

We show that the series



is a holomorphic function on the half-plane H’;. For this we estimate as in the proof of Lemma
assuming s € C with Re(s) > —N,

> %m,s e
k=N+1
| _@amDVE  @ajmpE N
k:ZNﬂ M- N (N (e N D k=N 1)
< (2mfm]) i @lmD" (z,s+ N +1+k)
— e ]{7' m\~;

< @2r|m[)N T exp(27|m|yC™?) - Epar (2, Re(s) + N +1).

This proves that the series in question converges absolutely and locally uniformly for s € C with
Re(s) > —N, and hence the holomorphicity statement.

Since the finite sum ZkN=0(2w|m|)k/k! P,.(z,s+k) is a meromorphic function on the whole s-plane
by Proposition we conclude that V;,,(z, s) has a meromorphic continuation to the half-plane
H'y. Since N was chosen arbitrarily, this proves the meromorphic continuation of V,,,(z, s) to the
whole s-plane.

In order to determine the poles of V,,,(z, s), we calculate its poles in the strip
Sy :={s€C| —N<Re(s) <—-N+1}

for any N € N. By considering V,,,(z, s) with its decomposition in the strip Sy, we see that
the poles come from the finite sum Fy(z,s) := Efevzo(Zﬂka/k!Pm(z,s + k). By Proposition
Fn(z,s) has poles in the strip Sy at s =s; — N and s = —s; — N + 1. The explicit formula
for the residues of P,,(z, s) given in Proposition now leads to the following residue of Fy(z, s)
at s =s5; — N:

N

27t|m|)*
ress—s; N Fin(z2,5) = Z % res,—s, _(N—k) Pm(2,5)
k=0
_ (27‘r|m|)k (71)N7k272s]»+2(N7k)+1ﬂ,75]-+(N7k)+1r(25j - (N o k) o 1) _
a k! (N — k)T (s; — (N — k))[m|ss—(N=k)=1/2 Z:: Pe(m) Ye(z)

(_1)N—k2—23j+2N—k+1ﬂ_—sj+N+1F(2Sj - N + k — 1)
KN — k) T(s; — N+ k)|m["s—N-172

M= T

> Belm) du(2)

S¢=Sj

0
—l)N 2N_17T_Sj+N+1F(Sj _ N/2 _ 1/2)
NIT(—N/2+ 1/2)m[ss—N-1/2

—_

S Felm) di(2).

S¢=Sj

This shows that the residue in question vanishes if N is odd, and that the residue of V,,(z, s)
at s = s; — 2N is given by (15). Analoguously, it is shown that the residue of Fn(z,s) at
s =—s; — N+1is zero if N is odd, and that the residue of V;,,(z, s) at s = —s; — 2N + 1 is given

by (L6). O
4 Elliptic Eisenstein series

4.1. Definition. For z € H with z # i for any v € I, and s € C, the elliptic Fisenstein series
is defined by

Eanlz,8) = Z sinh(g(’yz))fs

yED\TI'
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4.2. Lemma. (i) For z € H with z # ~yi for any v € T, the elliptic Fisenstein series Een(z, s)
converges absolutely and locally uniformly for s € C with Re(s) > 1, and hence defines a holomor-
phic function.

(ii) The elliptic Eisenstein series Eon(z,s) is invariant under the action of T, i.e., we have
Ean(vz,8) = Ean(z,s) for any vy € T.

(#i3) For fired s € C with Re(s) > 1, the elliptic Fisenstein series Ean(z,s) converges absolutely
and uniformly for z in compacta K C H not containing any translate ~vi of i by v € I.

Proof. (i) To ease notation, we write s = o + it € C; we assume that o = Re(s) > 1. We fix z € H
such that z # ~i for any v € I'. Since I' acts properly discontinuously on H and z # i for any
v € I', the minimum

R ;= min dyg (7
1(2) min H(,72)

exists and is strictly positive. Introducing the quantity

_ 1 —exp(—2Ry(2))

Ci(z) .

>0,
we derive the inequality

1— exp(2—2g(’yz)) > 0)(2)

for all v € I'. From this we obtain the estimate

1— exp(—2g(’yz))
2
again for all v € I". From this we derive the estimate

Z sinh(g(’yz))islz Z Sinh(g(’yz))fggcl(z)’”. Z exp(—oo(y2)).

~yel\T ~yel\T' ~yel\T'

sinh(o(y2)) = exp(o(v2)) - > C1(z) - exp(o(v2)),

In order to complete the proof of (i), we are left to show the local uniform convergence of the
series

> exp(—oo(y2))
~yel\T

for 0 > 1. To do this, we introduce for » € R>¢ the quantities

G(r):=={yeT\I'|o(vz) <r}, N(r):=4G(r).

We note that the number N(r) is finite, since I' acts properly discontinously on H and z # i for
any v € T'; in particular, we have N(r) =0 for 0 < r < Ry(z2).

For fixed r € Ry, we are next going to estimate the number N(r). Let B,(i) denote the open
hyperbolic disk of radius r centered at i containing the finitely many translates vz of z for v € G(r).
Then, there exists a constant £(z) > 0, depending on z, such that the open hyperbolic disks
B (. (7vz) of radius £(z) centered at vz do not intersect for all v € G(r) and are contained in B,.(i).
Consequently, we obtain

N(7) - volhyp (Be(2)(72)) < voluyp (Br(i)) (v € G(r)).

This yields the estimate

47 sinh? (r/2) _cosh(r) =1 exp(r)+exp(—r) —2
N(r) < 4 sinh? ((2)/2) ~ 2sinh? (e(2)/2) ~ dsinh?® (e(2)/2)
< exp(r) - L+ exp(=2r) < Cy(z) - exp(r) (18)

4 sinh? (e(2)/2)
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with a suitable constant Cs(z) > 0 depending on z.

For fixed R € R+, the monotone increasing step function N : [0, R] — N induces a Stieltjes mea-
sure dN(r) on the interval [0, R]. Since the function exp(—or) : [0, R] — Rs¢ is continuous and
the function N(r) is of bounded variation, the function exp(—or) is Riemann—Stieltjes integrable
with respect to N(r) on the interval [0, R]. Furthermore, since N(r) and exp(—or) are bounded
on [0, R], the theorem of partial integration can be applied to give

R
Z exp(—og(’yz)) :/exp(—ar)dN(r)

~yel;\I' 0
VEG(R)

= {N(T) exp(—a’r)}: — N(T)d(exp(—tﬂ‘))

= {N(T) exp(—m“)}: + [ oN(r)exp(—or)dr. (19)

Using , the first summand of can be bounded as
R
[N(r) exp(—or)}o = N(R)exp(~oR) < Cs(2) exp((1 — 0)R).

On the other hand, again using , the integral in can be bounded as

R R
/O’N(’/‘) exp(—or)dr < 0Cs(z) /exp((l —o)r)dr = (710%(02) (exp((l —0)R) — 1).
0 0
Summing up, we arrive at
> exp(-oe(y2)) = lim Y exp(-oe(y2))
e Jeei
< }%Enm {Cg(z) exp((1—0)R) + 010%(;) (exp((l —0)R) — 1)]
_ O'CQ(Z)
o—1"

keeping in mind that o > 1. The absolute and local uniform convergence of the elliptic Eisenstein
series Eqi(z, s) now follows for s € C with Re(s) > 1.

(ii) From definition [4.1| we immediately deduce for s € C with Re(s) > 1,
Een(72,8) = Ean(2, 5)

for all v € T, provided that z # vi for any v € I'.

(iii) Let finally K C H be a compact subset not containing any translate i of ¢ by v € I'. Then,
the constants C(z) and Cs(z) constructed in the first part of the proof can be chosen uniformly
for all z € K. For fixed s € C with Re(s) > 1, the series (2, s) therefore converges absolutely
and uniformly on K C H. O

4.3. Lemma. For z = z + iy € H with z # ~i for any v € T, and s € C with Re(s) > 1, the
elliptic Eisenstein series Eq(z, s) is twice continuously differentiable with respect to x,y.

Proof. In order to prove the claim, we have to show in a first step that the series of partial
derivatives

> gosnh(e6e) . X o sin(er) (20)

yEL\I yel\I'
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converge absolutely and uniformly on compacta K C H not containing any translate vi of i by
v € T provided that o = Re(s) > 1. To do this, we introduce for functions f € C!(H) the notation

ot = (42 (42

Letting ¢(z,y) = (a® 4+ ¢2) (2% 4+ y?) + 2(ab + cd)z + (b? + d?), we have by (2),

sinh(o(7z2)) = \/cosh2 (o(v2)) —1= (cp(:;:;y)r -1,

from which we derive

C 9 elryy) ; .(a2+62)x+(ab+cd)
 sinh(o(yz)) 9z 2y th(e(72) Y ’

0 .
p smh(g(’yz

and

6 1 2 2 &€,
iysmh(g('yz)) = coth(o(72)) - <(a +c2) - ‘P(2y2y)) '

A straightforward computation yields
Vhyp sinh(g('yz)) = cosh? (g(yz)), (21)

from which we deduce

‘— sinh ( (fyz))‘ < y_l\/Vhyp sinh(o(vz)) = y~ ! cosh(o(72)),

‘— sinh ( (fyz))’ < y_l\/Vhyp sinh(o(v2)) =y~ " cosh(o(72)) .

By the choice of the compact set K, there is a positive constant C' such that the inequality
cosh(g(fyz)) <Ck- sinh(g(’yz)) holds for all z € K. Therefore, we obtain for z € K,

0 —s . -0
‘— sinh( (fyz)) ‘ < Ck s syl ~smh(g(’yz)) ,
‘—smh 75‘ < Ck - |s| -y~ -sinh(o(y2)) "

The absolute and locally uniform convergence for the series now follows from Lemma
provided that ¢ > 1.
To ease notation, we put for the second step z; := = and x5 := y. We will then show that for
7,k = 1,2 the series

2

~yeT;\I'

333] . smh(g(’yz))_S (22)

converge absolutely and uniformly on compacta K C H not containing any translate vi of i by
v € I provided that o = Re(s) > 1. Setting f(z) := sinh(o(yz)), we estimate for z € K,

sinh(g('yz))is

Oz 0z,
2
= [(=s) s = 1) £ aaf—;’ ~ f’g;? +()f e L2
0 (2)2
< |2 48| flz)" D). gggj)’ axk ‘+| - (). %fézl‘

< Ch |5t sl ay £ + ol - Sy [ 2L

afﬂjal’k '
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We are left to estimate the term |0? f(z)/0x;0xy|. For this, we use the fact that for real functions
g9(z) = g(x1,22) defined on H with continuous first- and second-order partial derivatives, the
inequality

(?zjﬁxk‘_ 72(\/@ W |Ahyp9(z)|>

vhypg
holds for all z = x1 + iz, € H provided that Viy,g(2) # 0 (see [5]). Using (21), we obtain

Vﬁyp sinh(0(72)) = Vhyp cosh®(0(72)) = 4 cosh®(o(v2)) sinh? (o(72)),

which yields

Vﬁyp sinh (g(’yz))

Vigpsinh(e02) (e(22))

This, together with the relation |Apyy, sinh(o(72))| = 2sinh(o(v2)) + Sinh(g(vz))_l, leads to

vl?lypf(z) . . —1
Viypf(2) + m——=+ |Anyp f(2)| = cosh(g(fyz)) + 4Slnh(g(fyz)) + smh(g(’yz)) .
Vhypf(z)

Therefore, by the choice of the compact set K, there is a positive constant C, such that the
inequality

>’f(2)
0z 0z,

< Cle -a7? - sinh (o(72))

holds for z € K. Again, the absolute and locally uniform convergence for the series now
follows from Lemma [.2] provided that o > 1.

This concludes the proof of the lemma. O

4.4. Lemma. For z € H with z # ~i for any v € T, and s € C with Re(s) > 1, the elliptic
FEisenstein series Eq(z, s) satisfies the differential equation

(Ahyp - 5(1 - 3))59,11(75, S) = —325611(2:, s+ 2).

Proof. Since the differential operator

0? 1 0 1 5?2
Bhyp = =5 5 = tanh(o) 9o cZ( o) DO2
90*  tanh(e) Do sinh*(g) 9V
is invariant under the action of T, it suffices by Lemma [£.3] to prove the equality
(Anyp — s(1 — s)) sinh(g) ™* = —s”sinh(p) " 2.

This follows immediately from the subsequent calculation

Anpyp sinh(0) ™ = s(—s — 1) sinh(0) ~*? cosh?(p) + ssinh(g) ~* 4 ssinh(g) =+ cosh?(p)
= (—5% — s + 5) sinh(p) "2 (1 + sinh®(p))+ssinh(o)
= —s?sinh(0) "2 4 s(1 — s) sinh(g)*
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5 Fourier expansion of the elliptic Eisenstein series

5.1. Lemma. For z € H with Im(z2) # Im(y~i) for any v € T, and s € C with Re(s) > 1, the
elliptic Eisenstein series Ee(z,s) admits the Fourier expansion

591](2’,5) = Z QM(yvs)e(mI)7

meZ
where
a"n(y’ )
btcd\ [ 24 2 2 1\2y —s/2
= > e(mu) /(—1+(a tcp, )y ) ) e(—mt)dt.
a? + 2 2y 2(a® + )y
v=(24)erar/re oo

Proof. Since Eani(z + 1,8) = Ean(z, 8), the series Ean(z, s) admits the Fourier expansion

gcll(zvs) = Z am(yvs)e(mx)a

mEZ

where

am(y,s) = /Een(z,s)e(—mx)dx = Z /Sinh(g('yz))fse(—mx)dx
ALO

Now, writing sinh? (g(vz)) = —1 + cosh? (g(wz))7 using , and substituting ¢ := x + Zé’iz;ﬂ we
obtain

1 1
cosh(g(fyz)) = % ((a2 + A+ (a® + Ay + 2 02)

@2 42 . (@ + 2)%% + 1
2y 2(a2 4+ c2)y

From this the claimed formula for a,,(y, s) follows immediately. O

5.2. Proposition. For z € H with Im(z) > 1, and s € C with Re(s) > 1, we have

ooy ) = TR e S G Ly it o,
where
1
Vo(s) = Z CEYE

7=(2b)ernr/ro
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Proof. Letting m = 0, we derive from Lemma [5.1

aO(yaS) = Z bO,'y(yvs)v

y=(24)erar/re

where
7 a? + 2 (@ + c)%y? + 1\2\ /2
Do~ (s 8) =2 (—1 ( 2 )) dt
077(y S) 0/ + 2y + 2(@2 + cQ)y
7 2, 2 2, ,2\2,2 2\ —s/2
:/(71+(a +ct+(a +c)y+1)) ﬂ
2y 2(a? + c?)y NG
0
Substituting
oo (WD (@ Py 1))
: (a2 + )2 (a2 + 2)2 J
we obtain
1
2°y*(a® + 2! 5—3/2 ~1/2 A(a® + )y —s/2
bo,(y, s) = (@ + Ay + 121 /r 21 —r)Y (1 YD SIE ~r> dr.
0

Now using the integral representation of Gauss’s hypergeometric function F'(a’,b'; ¢; w) with

/.
a =

4 2 2
f, bi=s—=, =5 and w:= (a”+ )y ,
2 2 ((a2 4+ )y +1)2

which is justified since Re(c’) > Re(b’) = Re(s) — 1/2 > 0, we obtain

29y (a® + )1 JrD(s —1/2) s 1 A+ Ay
) = s e G )

27T 2T (@ Ay + 1)
Since I' = PSLy(Z) and y > 1, we have

4(a® + )y <1
((@®+c)y+1)2 7
and so the hypergeometric function in question can be represented as a series, which shows that
1 4 2 2
:F(s—af;s; (" + Ty )
27277 (a2 4+ )y + 1)?

F(f, s — 1; S; ia” + Sy )
2T YT (@t By + 1)
Now, the hypergeometric function under consideration is of the form F (b, a’; 2a’; w), which allows
us to apply the following formula (see [I], formula 15.3.17):

/ / 1 1 /1—+v/1—w\2
F(V,a';2d";w) = 22 (1 + V1 —w ’2bF(b’,b’—a'+7;a’+7;<7> ) 23
( ) =2 ) 50+ 5 (T (23)
Again, since y > 1, we have
1 4(a? + 2y _ (a®> + )y —1
(@ @y + 1 @@+ @y 1
which leads to
F(s—1 AN G L )
22 (@ + @y + 172
_225—1( 2(a* + )y )_QSHF(s—l f.f—kl. 1 7)
B (a2 4 c2)y+1 27272 2" (a2 + c2)2y?
1 s s 1 1
(2 2\ =252 2 1 QS*IF( _ -85, - ) 2
((a®+c)y) (@ +c)y+1) s 2’2’2+2’(a2+02)2y2 (24)
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Adding up, we obtain

2%/m (s —1/2 I=s
bO,W(yvs) = IP((S) / ) ’ (a2y+ C2)s F(S o

Introducing the notation

we arrive at

1 1 s s 1 1
_ 1-s . .
ao(y,s) = g(s) -y Z (a® + )¢ F<5_§7§7§+§’ (a2+02)2y2>

y=(2b)erar/ro k=0 \2
RS Clal 1206/
=g(s)-y'~* : et 28
kz:% (5+3)n-K!
This completes the proof of the proposition. .

5.3. Remark. The statement of Proposition [5.2| can easily be generalized to the case z € H with
Im(z) # Im(y~14) for any v € T as follows: When applying formula in the case y < (a®+c?)71,
formula becomes

4(a® 4+ Ay
@+ @y +1)

1 1 1
F(s ~ 5 g;s; 2) = ((a* + Ay + 1)2571F(s ~ 5 ;;3 + X (a® + 02)2y2>.

Therefore, we arrive at
_ 1-—s 2 2\ —s - (S _ %)k i (%)k 2 2 —2k
ao(y,s) =9g(s) -y Z (@ +¢7) Z(E—.'((a +*)y)
5 !

0=(85)erar/re
y>(a?+c?)!

el — 1y (s
CID SR RE R D e (Rl
v=(ah)erar/ra '
y<(a2+c2)71

5.4. Proposition. For z € H with Im(z) > 1, s € C with Re(s) > 1, and m # 0, we have

am(y,s) = 2%y° Z Z @ (B I (y, 85k, k) - Vo (s + 2k + 2ks),

l. |
k1=0 k2=0 k1~ kg.
where
sl ) /(y i) "5 (g — i) 522 e () dt
and

Vin(s) = Z Im(y'i)%e(mRe(y~14)).

YED\I'/Too
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Proof. For m # 0, we derive from Lemma

am(y,s) = Z e(mw)bmﬁ(y, s),

a2 + c?
(2 e

where
[eS) a2+02 (a2+02)2y2+1 2\ —s/2
b~ (y, 8) = (71 ( t? ) ) —mt) dt. 2
(Y5 8) / + % + 2(a2 + )y e(—mt) (25)
We write

s <a2 +02t2 (a® +02)2y2)+ 1)2

2y 2(a? 4+ )y
o (2 (4 ) ) (P (- ) )
= "= (¢ - t -
(2y)? Tt ETe R
- w(zw + - - )(—z’t—i— +;>(it+ —#)(—iw —#)
- (2y)? y 4 a? +c? 4 a? +c? y a? + c2
(a +C) . 2( 1 1
O i)y — )2 (1 — : )(1— : ) 26
O el A Gl oy e Al e vy (26)
Since y > 1, we have the estimate
ma; ( L ) 1 <1
X =
N\ @ T T T @ g b
and hence we can write
1 —s/2 o (2)
1_ ) By
( (a2 + ?)?(y £ it)? kzz: + y i)™
Therefore, we obtain
% : (§)k2
by (y,8) = a2+cz ZMZO ky! - kol - a2+62)2(k1+k2)
2
o0
« / (y+ i) =*=21 (y — it) =2 (—t) dit (27)
from which the statement follows. O

5.5. Remark. The statement of Proposition can be generalized to the case z € H with
m(z) # Im(y~ %) for any v € T'. In this case the Fourier coefficient in question becomes

ab + cd ab + cd
am(y7 S) = Z e(ma2 + 62) bsri')y(ya S) + Z e(mm) b(<,')y(y7 ) )
v:(gg)en\r/rm w:(ag)er \I/T oo
y>(a®+c%) 7! y<(a®4c*)7!
where
(5
b£n>,)y(yﬂs) = 73 o\l-s 2 1—s Z Z ' ey I,m/(a2+02) ((a2 + CQ)yaS;klka)a (28)
(a? + ?) kg
k1=0ko=0
2.5 1—s 0 § . 1
<) — 2 . s
biny (Y, 8) = (@2 + ) Z Z 1 k2 Lmy<(a2+02)y7s,k1,k2>. (29)

k1=0 k2=0
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Here bﬁ,? zy(y7 s) is obtained as in the proof of Proposition (after a suitable substitution in (27)),
whereas b$n<, L(y, s) is obtained by rewriting as

1+(a2+02t2+(a2+c2)2y2+1>2_ (a2+62)2y2( 1 it>2( 1 it)2
2y 2(a? +c?)y B 4 ( (

which, after using the expansion

—s/2
ity —2 0 §) N\ —2
(1((a2—|—102)yiyt> ) Z(i;!k.((ag—i@)yi;) k’

k=0

yields the claimed formula (again after a suitable substitution in the corresponding integral).

5.6. Remark. The series V,,,(s) (m € Z) of Propositions and can be rewritten as follows:
Consider the anti-isomorphism ¢ : I' — T" given by v+ v~ 1. Since ¢(I's) = I'oo and ¢(I';) = Ty,
we have ¢(Too\I'/T;) = I';\I'/Tw. Therefore, we obtain

Vin(s) = Z Im(y~"4)%e(mRe(y~ 1)) = Z Im(vyi)*e(m Re(vi)) = %Vm(i,s)
YELNT/Too YET o \I'/T'

with the Poincaré series evaluated at z = 7. Note that the series Vp(s) multiplied by ¢(2s)
equals the Dedekind zeta function associated to the field of Q(7).

6 Meromorphic continuation of the elliptic Eisenstein series

6.1. Lemma. The series

1

Vo(s) = —_—

o(s) Z (a® + c2)*
v=(8 ) erar/re

converges absolutely and locally uniformly for s € C with Re(s) > 1, and hence defines a holomor-

phic function. It has a meromorphic continuation to the whole s-plane with a simple pole at s = 1
and poles at s = p/2, where p is a non-trivial zero of (s). Furthermore, we have Vy(1/2) = 0.

Proof. Since Vy(s) = Epar(t, s)/2, the claimed assertions immediately follow from the known prop-
erties of the parabolic Eisenstein series Epar (2, s) recalled in Section In particular, the vanishing
of Vo(s) at s = 1/2 follows from the functional equation (6)) by observing that ¢(1/2) = —1. O

6.2. Lemma. For z € H with Im(z) > 1, and N € N, the series

N O [
Yo o4 2 Vo(s + 2K)
Mayv F(§ +3+ k) - k!

converges absolutely and locally uniformly for s € C with Re(s) > —2N — 1, and hence defines a
holomorphic function.

Proof. Fix N € N, and let s € C with Re(s) > —2N — 1. Then, for k¥ € N, we define the functions

(s =3k (B L2k
L(E+1+k) K

fk(ya 3) = gk‘(ya S) ' %(5 + 2k)a where gk(y7 S) =

If E > N + 1, we have Re(s + 2k) > Re(s) + 2N + 2 > 1, whence the functions V(s + 2k) are
holomorphic. Since the functions gx(y, s) are also holomorphic in the range under consideration,
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the functions fi(y, s) are holomorphic for s € C with Re(s) > —2N —1 as long as k > N + 1. We
now estimate

k=N+1 k=N+1

Since the ratio of successive terms in the latter series has limit
1

o gens)l . |3tk (G+E) 1|1
lim =————> = lim T === <1
k—oo  |gi(y, s)| k—oo | (5 4+ 3 +k)(1+Ek) y Yy

we derive from d’Alembert’s criterion that the series Y - 41 Jr(y, s) converges absolutely and
locally uniformly for s € C with Re(s) > —2N — 1, which proves the claim. O

6.3. Proposition. For z € H with Im(2) > 1, the function ag(y,s) has a meromorphic continu-
ation to the whole s-plane with possible poles at s =1 —2N, s = p/2 — 2N, s =1/2 — 2N, and
s=—1/2—-2N (N € N), where p is a non-trivial zero of ((s).

Proof. We start by proving that the function ag(y,s) has a meromorphic continuation to the
half-plane

Hy :={s € C| Re(s) > —2N — 1}

for any N € N. By Proposition [5.2] and the duplication formula for the I'-function, we can write,
using the notation from the proof of Lemma

s /ml(s — (s o 1 N o0
ao(y, s) 2V (s — 5)0(; ¥ 5) 'yl_s<2fk(y75) + Y fk(y,8)>
k=0

I'(s
k=N+1

~

2r (s — 3

F(S)) Lyt (,;) fr(y,s)+ Z fk(:%S)). (30)

2 k=N+1

Since Re(s) > —2N — 1 by assumption, Lemma [6.2 proves that the series > .~ v, fu(y,s) is a
holomorphic function on the half-plane Hy. Since the finite sum Zszo fx(y, s) is a meromor-
phic function on the whole s-plane by Lemma we conclude that ag(y, s) has a meromorphic
continuation to the half-plane Hy. Since N was chosen arbitrarily, this proves the meromorphic
continuation of ag(y, s) to the whole s-plane.

In order to determine the poles of ag(y, s), we calculate its poles in the strip
Sy:={seC| —2N —1<Re(s) <—2N +1}

for any N € N. By considering ag(y, s) with its decomposition in the strip Sy, we see that
the poles come from the finite sum ZQLO fx(y, s), which has poles in the strip Sy arising from
the function fy(y, s), more precisely from the factor Vp(s+2N) at s =1—2N and s = p/2 — 2N,
where p is a non-trivial zero of ((s), and from the I-factor I'(s — 1/2) at s = 1/2 — 2N and
s =—1/2—2N. Therefore, the possible poles of ay(y, s) in the strip Sy are located at s = 1—2N,
s=p/2—2N,s=1/2—2N,and s = —1/2 — 2N, as claimed. O

6.4. Remark. Using Remark one can establish the meromorphic continuation of ag(y, s)
to the whole s-plane in the more general case Im(z) # Im(y~1i) for any v € T, using the same
techniques as in Lemma [6.2] and Proposition [6.3] applied accordingly to the modified situation.
The poles of ag(y, s) turn out to be same as in the case Im(z) > 1.
6.5. Lemma. Fory>1,s€C, m#0, and k1,ke € N, let I,,,(y, s; k1, k2) denote the integral
In(y, 83k, ka) = /(y +it) T TR (y —it) TRz e(mt ) dt
—0o0

Then, the following assertions hold:
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(i) The integral I, (y, s; k1, ka) converges absolutely and locally uniformly for s € C with Re(s) >
1/2 — k1 — ko, and hence defines a holomorphic function.

(i) The integral I, (y, s; k1, k2) admits a holomorphic continuation to the whole s-plane.

(i11) Let Q C C be a compact subset and let d € N be such that Q@ C {s € C| Re(s) > 1/2 — k; —
ky —d/2}. Then, we have for all s € Q the bound

M . y—2(Re(s)+k1+k2+d/2)+1

[T (y, 55 k1, k)| < il

where the implied constant depends on ) and d, but is independent of m and ki, ks.

Proof. (i) For s € C with Re(s) > 1/2 — k1 — k2, we have the estimate

| L (y, 511, k2) | < /|(y+it)*5*2’“(yfit)’s’z’“z e(mt)| dt

— /(y2+t2)—RC(S)—k1—k2 dt

— 00

i 2\ —Re(s)—ki1—
— y2(Re(s)Hhitha)+1 /(1_‘_%) Re(s)—k kQ%

— y2(Re(s) ki ha) 41 7T (Re(s) = 1/2+ ki + ks)
T'(Re(s) + k1 + k2)

S T- y72(Re(S)+k1+k2)+l. (31)
For all s € Q, where 2 C {s € C| Re(s) > 1/2 —k; — ko} is a compact subset, we therefore obtain
the bound

’Im(y7 S; kla k2)’ S ™,

which shows that the integral I, (y, s; k1, k2) converges absolutely and locally uniformly for s € C
with Re(s) > 1/2 — k1 — ko.
(ii) Let Re(s) > 1/2 — ky — ko. Integration by parts yields

—s—2ko e(mt) >

Im . _ -\ —s—2kq _ _
(y, 85 k1, k2) [(94‘”) (y —it) 2mim |,

o0
Py (5 + 2k1)(y +it) 572 =Yy —it) " 2R2e(mt) dt
R v— (5 4 2ko)(y + it) =572 (y —it) =72k Le(mt) dt .

In absolute values, the boundary term equals

(y + Z-t)fsf2k1 (y o it)7572k2 e(

mt) (y2 +t2)7Re(s)fk17k2
2mim

27t|m)|
Since Re(s) > 1/2 — ky — ko and y? +t? > 1 for t € (o0, 00), we have

(y2 +t2)7Re(s)fk17k2 < (y2_|_t2)71/27
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from which we conclude that the boundary term vanishes. Therefore, we obtain the recurrence
formula

(3 + 2/4}1)
2mm

s+ 2]4)2)

1 1
L (y, sk k) = Lo (st ko) = O (bt D) (a)

By part (i), both terms on the right-hand side are holomorphic for s € C with Re(s) > —k; — k.
In this way we obtain the holomorphic continuation of I, (y, s; k1,k2) to the half-plane {s €
Cl RG(S) > —k1 — k‘g}

Let d € N. Applying relation d times, we arrive at a formula of the type

d .
1 d—
(o3 1,k2) = (g 37 Pag(ssbuska) I (95 5 o+ 557 ), (33)
j=0

where Py ;(s; k1, k2) is a polynomial in s and kq, k2 of degree d. In fact, one can prove by induction
on d that

Py j(siki ko) = (—1)%77 - < I ) (s +2k1); - (s + 2k2)a—; (0<j<a).

d—j
Now all the terms in are holomorphic for s € C with
Re(s) > 1/2 — (k1 + j/2) — (ko + (d — §)/2) = 1/2 — by — ky — d/2.

Therefore, formula yields the holomorphic continuation of I, (y, s; k1, k2) to the half-plane
{s € C|Re(s) > 1/2 — k1 — ko — d/2}. Since d € N was chosen arbitrarily, this proves the
holomorphic continuation of I, (y, s; k1, k2) to the whole s-plane.

(iii) Let © C C be a compact subset and let d € N be such that @ C {s € C| Re(s) > 1/2 —
ki — ko — d/2}. For s € Q, the function I,,,(y, s; k1, k2) is given by formula (33)). Since Re(s) >
1/2—ky —ke—d/2=1/2— (k1 +j/2) — (k2 + (d — j)/2), the bound provides the estimate

‘Im (y7 S5 kl + %a k2 + d;])‘ < y_2(Re(s)+k1+k2+d/2)+l7

where the implied constant is universal. Furthermore, letting s € 2, we have the bound
|Pa(sikr ko) < K- ks < (ki + ko) (0<5 <),

where the implied constant depends on 2 and d, but is independent of m and ki, ko. Altogether,
as long as s € 2, we have the bound

—2(Re(s)+k1+ka+d/2)+1
(2 |m|)¢

[T (y, 83 k1, k)| < (d+ 1) - (ky + k) - Y

<

where the implied constant depends on 2 and d, but is independent of m and kq, ko. O

6.6. Lemma. For m # 0, the following assertions hold:

(i) The function Vp,(s) admits a meromorphic continuation to the whole s-plane with possible
simple poles at s = s; —2N and s = —s; —2N +1 (N € N).

(i1) Let N € N and Q C {s € C| Re(s) > —2N — 1} a compact subset not containing any pole of
Vin(s). Then, for all s € Q, we have the bound

’Vm(8)| < |m|2N+2’

where the implied constant depends on Q) and N, but is independent of m.
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(i1i) Let N € N and § a pole of Vi, (s) with Re(§) = —2N + 1/2. Then, the residue of Vi, (s) at §
s bounded by

| ress—s Vin(s)| < Im|*",
where the implied constant depends on § and N, but is independent of m.

Proof. (i) Since we have Vp,(s) = V;,,(4,s)/2 by Remark the claim follows immediately from
Proposition

(ii) We will prove the claim more generally for the Poincaré series Vi, (z,s) for any z € H. For
s € 2, we then consider the decomposition

2N+1 k o) k
2 2
Via(zo8) = > %Pm(z,s+k)+ S %Pm(z,sw). (34)
k=0 ’ k=2N+2 ’

From the proof of Proposition we recall that the series on the right-hand side converges
absolutely for s € ). Hence, we can rearrange the summation and find for s € €,

> 27 |m/|)* 2. (27|ml)2NHE+2
k=2N+2 ’ k=0 :
= (27|m s
= (2m|m)|)2N+2 Z GN _|_| . |+ %) Z Im(yz)sT2NTR+2 exp(—2n|m|Im(yz))e(mRe(yz)) |
k:o YEL\I'

= (2m|m|)*"+2

. (2n|m|Im(y2))F
Z Im(yz)st2N+2 exp(—27r|m| Im(vz))e(m Re(yz)) Z M

eToAT = (2N + k+2)!
> (27|m] Im (y2))k
< (27|m|)2N+2 Z T (yz)Re(9)+2N+2 exp(—2n|m|Im(yz) Z —_—
YET o \I' k=0

= (27r|m|)2N+2 - Epar(z,Re(s) + 2N +2) < |m|2N+2,

where the implied constant depends on z, €2, and N, but is independent of m.

In order to estimate the finite sum in the decomposition 7 we multiply the bounds and
by the factor 272+ g =s+1T(s)~1|m|~5¥1/2 and derive from the spectral expansion (9 of
P, (z,s) for all s € Q the bound

|Pon(z, 5 + k)| < [m|~BeE)TRFL2 | 2N=RF3/2 (g = 0,... 2N + 1),

where the implied constant depends on z and €2, but is independent of m. Hence, for all s € Q,
we obtain

2N+1
‘V;n(Z,S)| < Z ‘m‘k . |m|2N7k+3/2 + ‘m‘2N+2 < |m|2N+2’
k=0

where the implied constant depends on z, 2, and N, but is independent of m. This proves the
second claim.

(iii) In order to prove the third claim, we recall formulas , resp. 7 together with the bound
(see [10], p. 86, adapted to our situation)

’pg(m)’2 < |t;| exp(7|t;]) (0 eN: sp=s;=1/2+1it;),
where the implied constant is universal. Then, we obtain
|reSS:S]‘72N Vm(z,s)| < |m| " ReEFRNHL/2 | 2N
resp.

|ress——s, —an+1 Vin(2, 8)| < | |Re(ea)F2N=1/2 2N
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where the implied constants depend on 2, s;, and IV, but are independent of m. O

6.7. Lemma. For z € H with Im(z) > 1, m # 0, and N € N, the series

Z Z (Y 53k, ko) - V(s + 2k1 + 2ky)
n=N+1ki+ko=n

converges absolutely and locally uniformly for s € C with Re(s) > —2N — 1, and hence defines a
holomorphic function.

Proof. Let Q C {s € C| Re(s) > —2N — 1} be a compact subset. For s € Q and kq, ks € N, we
define the functions

(%)kl . (%)kz

ool - ! T (y, si k1, k2) - Vo (s + 2ky + 2ks).

fm§k717k2 (y’ S) = 2%°
If k1 + ko > N + 1, we have Re(s + 2k1 + 2k2) > Re(s) + 2N + 2 > 1, whence the functions
V_p (s + 2k1 + 2k5) are holomorphic for s € Q. By Lemma [6.5] (ii), the functions I_,,(y, s; k1, k2)
are holomorphic for s € C. Therefore, the functions fp,.x, k, (¥, s) are holomorphic for s € Q, as
long as k1 + k2 > N 4+ 1. Now choose d € N with d > 2N + 1; then we have Q C {s € C| Re(s) >
1/2 — ki — ky — d/2}, as long as ki + k2 > N + 1. Using Lemmal[6.5] (iii), we estimate for s € €,

Z Z fmkl,kz Y,Ss )|

n=N+1ki+ko=n
2Rc(s)

—Re(s)—d+1 s (s d
y |($)kal - 1(B)kal (Rt +Ko)
> X

< Vo(Re(s) +2N +2) |m|d Kyl - k! RIS

n=N+1 k1 +ka=n
s — Re(s)—d+1 0 d (‘S‘)n

i S )’VL k1 _ Y
— (n —k1)! [m|?

where the implied constants depend on €2, d, and N, but are independent of m and ki, ko. Since
the ratio of successive terms in the latter series has limit

y~ Re(s)—d+1 2
<

n
_ n
Im| ol

(n+1)%-(n+|s]) 1

1
- <1,
nt. (n+1) Y2 2

Y

lim

n—oo

we derive from d’Alembert’s criterion that the series in question converges absolutely and locally
uniformly for s € C with Re(s) > —2N — 1, which proves the claim.

For later purposes, we note for s € €2 the bound

o0

Z Z fm;k17k2 (y78)

n=N+1ki+ko=n

< |m|™, (35)

where d € N with d > 2N + 1, and where the implied constant depends on z, 2, d, and N, but is
independent of m. O

6.8. Proposition. For z € H with Im(z) > 1, and m # 0, the following assertions hold:

(i) The function a,(y,s) admits a meromorphic continuation to the whole s-plane with possible
simple poles at s = s; —2N and s = —s; —2N +1 (N € N).

(ii) Let N € N and Q C {s € C| Re(s) > —2N — 1} a compact subset not containing any pole of
am(y,8). Then, for all s € Q, we have the bound

|am (y, s)| < |m| ™%,

where d € N with d > 2N + 1, and where the implied constant depends on z, 2, d, and N,
but is independent of m.



24

(i1i) Let N € N and § a pole of an,(y,s) with Re(§) = —2N + 1/2. Then, the residue of am(y, s)
at 5 is bounded by

| ress—s am(y, s)| < |m|~%,

where d € N with d > 2N + 3, and where the implied constant depends on z, §, d, and N,
but is independent of m.

Proof. (1) As before, we obtain the meromorphic continuation of a,,(y, s) to the whole s-plane by
constructing its meromorphic continuations to the half-planes

Hy :={s € C| Re(s) > —2N — 1}

for any N € N. Applying Proposition [5.4] and using the notation from the proof of Lemma [6.7]
we can write

N oS
am(y7 5) = Z Z f’m;khkz (y7 S) + Z Z fm;k1,k2 (y7 S)' (36)

n=0k,+ko=n n=N+1ki+ko=n

Since Re(s) > —2N — 1 by assumption, Lemma [6.7] proves that the series

Z Z fm;k1,k2 (y,s)

n=N+1ky+ko=n

is a holomorphic function on the half-plane H . Since the first double sum in is a meromorphic
function on the whole s-plane, we conclude that a,,(y, s) has a meromorphic continuation to the
half-plane Hy .

In order to determine the poles of a,(y, ), we calculate its poles in the strip
Sy:={seC| —2N —1<Re(s) < —2N +1}

for any N € N. By considering a,,(y, s) with its decomposition in the strip Sy, we see that
the poles come from the finite sum

N N n
s s (%)kl : (%)n—kl
Z Z Sk k2 (Y5 8) = 2%y ;V—m(S‘FWL) kz::om Ay, sik1,n — k),

n=0 ki +ka=n

which has possible simple poles at s = s; — 2N and s = —s; — 2N + 1 in the strip Sy arising from
the factors V_,,(s +2n) (n =0,...,N). Therefore, the possible poles of a,,(y, s) in the strip Sy
are located at s = s; — 2N and s = —s; — 2N +1 (N € N).

(ii) In order to prove the second claim, we let s € Q, where Q C Hy is a compact subset not
containing any pole of a,,(y, s), and we decompose a,,(y, s) as in . Choosing now d’ € N with
d’ > 4N +3 and applying the bounds obtained in Lemma[6.5] (iii) (note that Re(s) > 1/2—n—d’/2
for n =0,...,N) and Lemma [6.6] (ii) (note that Re(s) +2n > —2(N —n) — 1 forn =0,...,N)
to the finite double sum in and the bound to the remaining series in 7 we obtain the

estimate

N n
|am(yas)| < Z |V7m(5 + 2”)| Z |I*m(yvs; kl;n - kl)‘ + |m|7d/
n=0 k1=0
N
< Z |m|2(N—n)+2 . |m|—d' + |m|—d/ < |Tn|—(d’—2N—2)7

n=0

where the implied constants depend on z, 2, d’, and N, but are independent of m. Setting
d:=d — 2N — 2 and observing that d > 2N + 1, the proof of part (ii) is complete.
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(iii) As in the proof of (ii), we work from the decomposition (36). We let § be a pole of ay,(y, s)
with § = —2N + 1/2, i.e.,, § € Sy. As before, choosing d’ € N with d’ > 4N + 3, the bounds
obtained in Lemmas (iii) and (iii) give the estimate

N n
| ress—;z am (v, 8)| < Z | ress—z Vo (s + 2n)‘ Z |I_m(y, 57k1,n — kl)]
n=0 k1 =0
N
< Y P | | @ 2N,
n=0

where the implied constants depend on z, §, d, and N, but are independent of m. Setting d :=
d" — 2N and observing that d > 2N + 3, the proof of part (iii) is also complete. O

6.9. Remark. By means of Remark one can establish the meromorphic continuation of
am(y,s) (m # 0) to the whole s-plane in the more general case Im(z) # Im(y~1i) for any v € T
by applying Lemma (noting that this lemma also holds for y > 0 and m € R, m # 0) as well
as by using the same techniques as in Lemma [6.7] and Proposition [6.8] applied accordingly to the
modified situation. The poles of a,,(y, s) and their residues turn out to be same as in the case
Im(z) > 1. Moreover, also the statements (ii) and (iii) of Proposition generalize to the case
Im(z) # Im(y~ %) for any v € T.

6.10. Theorem. For z € H with Im(z) > 1, the elliptic Eisenstein series Eqi(z,s) has a
meromorphic continuation to the whole s-plane with possible poles at s = sy — 2N, s = 55 — 2N,
and s = —s; —2N +1 (N € N), where sr is a pole of I'(s —1/2)&Epar (4, 5), and s; = 1/2+it; with
t; >0 and s;(1 — s;) = Aj a discrete eigenvalue of Apyp.

Proof. Let z € H with Im(z) > 1. For s € C with Re(s) > 1, we represent the elliptic Eisenstein
series Eqp1(z, ) by its Fourier expansion

Eean(z,s) = Z am (y, s)e(mz), (37)

meZ

where the coefficients a,,(y, s) are explicitly given by Propositions and for m = 0 and
m # 0, respectively. By Propositions and the functions a,,(y, s) admit a meromorphic
continuation to the whole s-plane.

In order to prove the meromorphic continuation of £y(z, s) to the whole s-plane, let s € §2, where
Q1 C {s e C|Re(s) > —2N — 1} for some N € N is a compact subset not containing any pole of
am(y,s) for all m € Z. Choosing d € N, d > 2N + 2, we have by Proposition (ii) the bound

Z ’am(y,s)e(mx)’ < Z |m|_27

meZ meEZ

m##0 m##0
where the implied constant depends on z, €, d, and N, but is independent of m. Therefore,
the Fourier expansion converges absolutely and uniformly in Q. This proves that (2, s) is
holomorphic in s € C away form the poles of a,,(y, s) for m € Z.

Let now § € C be a pole of ay,(y,s) for m # 0 as in Proposition [6.§] (i); then, Re(s) =
for some N € N. Choosing d € N, d > 2N + 3, we estimate using Proposition (iii),

lim (s — 3) Z am(y, s)e(mx) < Z | ress—s am (y, s)| < Z |m| =2,
e meZ meZ meZ
m#Q0 m#0 m#0

—2N +1/2

where the implied constant depends on z, 3, d, and N, but is independent of m.

In this way we obtain the meromorphic continuation of (2, s) to the whole s-plane with possible
poles at s = sp —2N, s =s; — 2N, and s = —s; —2N + 1 (N € N). The poles at s = sp — 2N
are contributed by ao(y, s); here sp denotes a pole of I'(s — 1/2)Epar (3, 5). O
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6.11. Remark. Using Remark one can establish the meromorphic continuation of Eq(z, s)
to the whole s-plane in the more general case Im(z) # Im(y~'i) for any v € I. The poles of
Ee(z, ) and their residues turn out the be same as in the case Im(z) > 1.

6.12. Remark. The elliptic Eisenstein series Eq1(z, s) has a simple pole at s = 1 with residue

v
ress—1 Ean(2, 8) = ress—1 ag(y, s) = 2mress—; <I‘( 0(s) ) = mress=1 Epar(i, s) = 3;

s/2+1/2)

here we used the decomposition for ag(y, s) with N = 0.
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