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Exercise sheet 3 (40 points)

Exercise 1 (10 points)
Let A be a commutative ring with 1 and letN(A) be its nilradical. Show that the following
are equivalent:

(i) A has exactly one prime ideal.

(ii) Every element of A is either a unit or nilpotent.

(iii) The quotient ring A/N(A) is a field.

Exercise 2 (10 points)
Let A be a commutative ring with 1. Let A[X] be the ring of polynomials in X with
coefficients in A and let f = anX

n + . . .+ a1X + a0 ∈ A[X]. Prove that

(a) f is a unit in A[X] if and only if a0 is a unit in A and a1, . . . , an are nilpotent.

(b) f is nilpotent if and only if a0, a1, . . . , an are nilpotent.

(c) f is a zero-divisor if and only if there exists a ∈ A, a 6= 0, such that af = 0.

Exercise 3 (10 points)

(a) Identify the sets Spec(Z), Spec(Z/3Z), Spec(Z/6Z), Spec(C[X]), Spec(C[X]/(X2)),
and Spec(R[X]/(X2 + 1)) and compute V (p) for every occuring prime ideal p.

(b) Prove that there is a bijection Max(C[X])→ C.

Exercise 4 (10 points)
Let A be a commutative ring with 1. For f ∈ A, we define the distinguished or basic set

D(f) := Spec(A) \ V (f)

to be the complement of V (f) in Spec(A). Show that the sets D(f) (f ∈ A) are open and
that they form a basis of open sets for the Zariski topology of Spec(A).
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Furthermore, prove that for f, g ∈ A we have

(a) D(f) ∩D(g) = D(f · g).

(b) D(f) = ∅ ⇐⇒ f is nilpotent.

(c) D(f) = X ⇐⇒ f ∈ A×.

(d) D(f) = D(g)⇐⇒ r(f) = r(g).
Here, r(f) denotes the radical of the principal ideal (f).


