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Exercise sheet 3

Exercise 3.1
LetX = C be equipped with the Euclidean topology and consider the following (pre)sheaves
on X: the locally constant sheaf Z with group Z, the sheaf OX of holomorphic functions,
and the presheaf F of functions admitting a holomorphic logarithm. Show that

0 −→ 2πiZ −→ OX
exp−→ F −→ 0,

where 2πiZ −→ OX is the natural inclusion, is an exact sequence of presheaves. Show
that F is not a sheaf.

Exercise 3.2
Let X, Y be topological spaces and let f : X → Y be a continuous map.

(a) Let G be a sheaf on Y . Construct explicitly an example such that the presheaf f+G
given by the assignment

U 7→ lim−→
V⊆Y, open
f(U)⊆V

G(V ) (U ⊆ X, open)

is not a sheaf.

(b) Let F be a sheaf on X and let G be a presheaf on Y . Show that there is a bijection

HomSh(X)(f
−1G,F) −→ HomPreSh(Y )(G, f∗F)

of sets.

Exercise 3.3
Let k be a field. Consider the projective space Pn(k) := (kn+1 \ {0})/ ∼, where the
equivalence relation ∼ is given by

(x0, . . . , xn) ∼ (x′0, . . . , x
′
n)⇐⇒ ∃λ ∈ k \ {0} : xi = λx′i ∀i = 0, . . . , n.

The equivalence class of a point (x0, . . . , xn) is denoted by [x0 : . . . : xn]. For i = 0, . . . , n,
we set

Ui :=
{

[x0 : . . . : xn] ∈ Pn(k)
∣∣xi 6= 0

}
⊂ Pn(k).



(a) We define the topology on Pn(k) by calling a subset U ⊆ Pn(k) open if U ∩ Ui is
open in Ui for all i = 0, . . . , n. Show that {Ui}i=0,...,n is an open covering of Pn(k).

(b) Prove that the map Ui → An(k), given by

[x0 : . . . : xn] 7→
(x0
xi
, . . . ,

x̂i
xi
, . . . ,

xn
xi

)
,

is a bijection; here, the hat means that the i-th entry has to be deleted. By means
of this bijection we endow Ui with the structure of a locally ringed space isomorphic
to (An(k),OAn(k)) denoted by (Ui,OUi

).

(c) For an open set U ⊆ Pn(k), we set

OPn(k)(U) :=
{
f : U → k

∣∣ f ∣∣
U∩Ui

∈ OUi
(U ∩ Ui)∀i = 0, . . . , n

}
.

Show that

OPn(k)(U) =
{
f : U → k

∣∣ ∀x ∈ U, ∃x ∈ V ⊆ U open,
∃g, h ∈ k[X0, . . . , Xn] homogeneous: deg(g) = deg(h),

h(v) 6= 0, f(v) = g(v)/h(v) ∀v ∈ V
}
.

Conclude that (Pn(k),OPn(k)) is a locally ringed space.

Exercise 3.4
A locally ringed space (X,OX) is called an affine scheme, if there exists a ring A such
that (X,OX) is isomorphic to (Spec(A),OSpec(A)). A morphism of affine schemes is a
morphism of locally ringed spaces. The category of affine schemes will be denoted by
(Aff), the category of commutative rings with 1 by (Ring).

(a) Show that the assignment A 7→ (Spec(A),OSpec(A)) induces a contravariant functor
Spec : (Ring)→ (Aff).

(b) Show that the assignment (Spec(A),OSpec(A)) → Γ(Spec(A),OSpec(A)) induces a
contravariant functor Γ : (Aff)→ (Ring).

(c) Prove that the functors Spec and Γ define an anti-equivalence between the category
(Ring) and the category (Aff).


