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Exercise sheet 5

Exercise 5.1

Consider the following affine schemes:
(a) X1 = SpecC[X]/(X?),
(b) Xs = Spec C[X]/(X* — X)),
(¢) X3 = SpecC[X]/(X® - X?),
(d) X4 = Spec R[X]/(X2 + 1).

For + = 1,...,4, describe the topological space X; and its open subsets, and compute
Ox,(U) for all open subsets U C X;.

Exercise 5.2

Let k be an algebraically closed field and let X = Speck[X;, X5] be an affine scheme.
Show that U = X \ V(X3, X5) is an open subscheme of X, which is not affine.

Exercise 5.3

Let R be a commutative ring with 1 and R[X7, ..., X,] the polynomial ring in n variables
over R. We define the affine space A% of relative dimension n over R by

A% = Spec R[ X1, ..., X,

For i =0,...,n, let U; be the affine spaces A} of relative dimension n over R given by
Xy XX
—SpeCR[Z,...,Z,. ,XZ]
Further, let
X;
U, = Dy, (X) cu

for i # j and Uy = U; (i, = 0,...,n). Finally, let ¢; = idy, and for i # j, let
©ij : Ujj — Uj; be the isomorphism of affine schemes induced by the equality

X5
X

Xi,...,Xi,...,Xi ;,7



(a) Verify, that the given data constitute a gluing datum, i.e., they satisfy the assump-
tions (1)—(4) of Exercise 4.3.

The scheme obtained by gluing the n+1 copies of A% along the isomorphisms ¢;; is called
the projective space P} of relative dimension n over R.

(b) Show that for n > 0 the scheme P% is not affine.

Exercise 5.4

Let X be an integral scheme with generic point 7 and let U = Spec(A) be an affine open
subset of X. Recall that the local ring Ox,, is a field, called the function field K (X) of
X.

(a) Show that Quot(A) = Oy, = K(X).

(b) By identifying Ox(U) and Oy, with subrings of K(X), show that we have

Ox(U) =[] Ox.. € K(X).

zelU

An element of K (X) is called a rational function on X. We say that f € K(X) is regular
at ve X if f € Ox,.

(c) Let k be an algebraically closed field. Describe the regular and the rational functions
on A} = Speck[Xy,...,X,].



