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Exercise sheet 7 (40 points)

Exercise 1 (10 points)
Let A be a commutative ring with 1, M an A-module, and A ⊆ B a ring extension.
Let a ⊆ A, b ⊆ A be ideals. Prove the validity of the following Z- resp. A-module
isomorphisms:

(a) Z/mZ⊗Z Z/nZ ∼= Z/(m,n)Z.

(b) Q/Z⊗Z Q/Z = 0.

(c) A/a⊗A A/b ∼= A/(a+ b).

(d) M ⊗A A/a ∼= M/aM.

(e) B ⊗A A[X] ∼= B[X].

(f) A[X]⊗A A[Y ] ∼= A[X, Y ].

Exercise 2 (10 points)
Let M be a finitely generated Z-module. Show that, for any Z-module N , we have

TorZn(M,N) = 0 (n ∈ N, n > 1).

What can be said about ExtnZ(M,N), when n ∈ N, n > 1?

Exercise 3 (10 points)
Let X be a topological space. A presheaf F of abelian groups (resp. rings) on X consists
of the data:

(1) for every open subset U ⊆ X, an abelian group (resp. a ring) F(U),

(2) for every inclusion V ⊆ U of open subsets of X, a morphism of abelian groups (resp.
rings) !UV : F(U) −→ F(V ),

subject to the conditions:
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(i) F(∅) = 0,

(ii) if U is an open subset of X, then !UU = idF(U),

(iii) if W ⊆ V ⊆ U are three open subsets of X, then !UW = !VW ◦ !UV .

The following problems have to be solved:

(a) Interpret a presheaf of abelian groups (resp. rings) as a contravariant functor from
the category of open sets of X to the category of abelian groups (resp. rings).

(b) Let G be an abelian group. Show that the assignment

G(U) :=
{
ϕ : U −→ G

∣∣ ∀x ∈ U, ∃V ⊆ U, V open:x ∈ V, ϕ|V = const.
}

for every open subset U ⊆ X gives rise to a presheaf G of abelian groups on X.

(c) Let x ∈ X be fixed and let G be an abelian group. Show that the assignment

G(U) :=

{
{0}, if x /∈ U,

G, if x ∈ U,

for every open subset U ⊆ X gives rise to a presheaf G of abelian groups on X; it
is called the skyscraper presheaf at x with stalk G.

(d) Let X := Rn. Show that the assignment

C(U) := {f : U −→ R | f smooth on U}

for every open subset U ⊆ X gives rise to a presheaf C of rings on Rn.

Exercise 4 (10 points)
Let A =

∏n
j=1 Aj be the direct product of commutative rings Aj with 1. Show that

Spec(A) = X1

.
∪ . . .

.
∪ Xn,

where Xj is canonically homeomorphic to Spec(Aj) for j = 1, . . . , n.

Conversely, let A be a commutative ring with 1. Show that the following statements are
equivalent:

(i) Spec(A) is disconnected.

(ii) A ∼= A1 × A2, where neither of the commutative rings A1, A2 is the zero ring.

(iii) A contains an idempotent a -= 0, 1.


