
����������	�

���������������������������� !����"����

#%$'&)(+*,$.-�/0$'132
4658789;:=<?>6@6A?B8:=9 CD:=EF589;EFGHBJIKC6:39MLONHIQPSR%:=9M>;G.B�TVUW:
X <Y9;:=Z X <Y5878:=U [\:=A?9;]YIK^�A?9;>ML;:=9_IQPSR%:=9M>;G.B�T8UF:
X <a`cbd:=587V:=9 CD:=EF589;EFGHBJIKC6:39MLONHIQPSR%:=9M>;G.B�TVUW:
e :'LO:39gfJG.B8AhUFN=: CD:=EF589;EFGHBJIKC6:39MLONHIQPSR%:=9M>;G.B�TVUW:
e B8EFUWEFi8ijCgkYB858:3U CD:=EF589;EFGHBJIKC6:39MLONHIQPSR%:=9M>;G.B�TVUW:
l�m A?9Mnh:=5of�:=58>MZp< CD:=9M78:=9_IQPSR%:=9;>MG.B�T8UF:

q 1Hrasts�$'*�(W$'&)uK$'132
PSUW<Yv l :3>;G.B8Zh: CDT8wxR%AhUW7JLMI_yD58Eznh:=9M>;EFLOkYL{N=T
bd:=9MUWEF5

| EF:}[~9MT8i8i%:�R�:3>;G.B�kYv)L;EW]?L;:�>;EWG.Bow�EzL6]hUWAhR8<?UF:=5
T8587�UWA?Zp<?UF:=5o��EW]?:=58>MGHB8<Yv)LO:35�:3R%:=58:39~<?U�I
]h:3R89O<?EF>;G.B8:39
@\T89Qnh:=5����g<?G.B�:39;>QLO:=5�<?UFUW]?:=w�:3EF58:=5��6R%:39;UW:3]hT858]?:=5�N=T8w bd:3]h9;Ez��:=EF58:39
@\T89Mnh:~��T89M78:�78<?>gfJG.B858EzL;L;nh:39;B�<YUFLO:35cnhAh5�@\T89Qnh:=5�TV5�L;:=9;>MT8G.B�LgT8587
78:39gfV<YLON\nhAh5�bd�HI
N=A?TVL�R%:3��EF:=>M:=5�� | EF:�BVEW:=9MN=T�5V�?LOEF]h:=5���:=9MZ�N=:3T8]h:d��EF:�78:39��6R%:39;]t<?5V]gN=T�78:=5�Z?Ahw�i8UW:H`J:=5
� <?B8UF:=5��,78:39�iV9;A m :=ZtLOEznh:��D<?T8w�T8587 78EW: | :'¡�58EzLOEWA?5�78:=9�f�GHB85VEFL;LMn�EW:=Uzv¢<?G.B8B8:3EFLS��T89M78:=5
:=EF58]h:'v�£8B89ML�T8587c:35�LK��EWG.Z?:=UzL!�
| <?58<?G.B
��T89;78:Y�%w�A?LOEznJEF:39ML�7VT89;G.B�78EF:�¤d9M:=w�Ah5�<pI l 9O<?58>Qv�Ah9;w�<YL;EWA?5��V:=EF58:~��EFGHBtLOEW]?: X AYI
78Ez¡�Zp<YL;EWAh5
78:=9S��R%:=58:Y��78EF:�>MAh]h:35�<?585tLO:

Aufblasung
��:=EF58]h:'v�£8B89QL!��f�EW:�>MLO:3B�L\EF5o:358]h:39

bd:3N=EW:3B�TV58]\N3T8w¥f�LOTV78EWT8w¦7V:=9�UWA?Zp<?UW:39�[\:=Ahw�:3L;9;EF:§78:=9¨@\T89Qnh:{EF5�R%:=>MAh5878:39;:35 e T85VZ�L;:=5��
78:35�© &)*�ª?r�(z«?1H&)u�¬?uK$'* ��4g58B�<Y587­:=EF58EW]?:=9�bd:3EW>Mi8EW:3UW:���T89M78:®v�:3>ML;]h:=>QLO:=UFUFL=��7�<Y>;>x>;EFGHB¯78EW:3>;:
e T858ZtLO:6w�EFL§CDEWUzv�:{��EW:378:=9MB8AhUFL;:=9�4gTJv�R8U°<?>MT858]h:35�]hU°kYLMLO:35�U°<Y>;>;:35���4gTV±h:=9M78:=w²B8<?R%:=5���EW9
78EF:�[~:3Ahw�:3L;9;EW:
78:=9�y6w�]h:=RVT858]­78:=9cf�EW58]?T8U°<?9MEzLOkYL0T85tLO:39;>;TVGHBtL!� | EF:=>®v�£8BV9MLO:oT858>�N=T
³¨´.saµ!$'* TV587

Knoten.

¶h¶



· ¸º¹{»½¼¾¹À¿~»�ÁHÂ ¹ÀÁ3Ãj¹{»ÅÄÇÆ®»�È�¹

� T8:39;>ML�B8<?R%:=5}��EW9¨TV58>�7V:=w¾bd:3]h9;Ez�®:3EW58:39�@\T89Qnh:�<?58]h:35�k?B8:39ML!�?ÉK5�58<?EFnh:3w¾fJEW585V:ÀZ?�h5V5JI
LO:xw�<?5�:3EW58:}@\T89Qnh:Ê<?UW>g:=EF5878EWw�:=5V>;EWA?5�<?Uz:=>gN3T8>O<?w�w�:=58B�kY58]h:35878:=>�PSR m :=ZtL\nh:39;>ML;:=B8:35��
��EW9{Z?:=585V:=5
v�AhUF]h:=5V78:~bd:=>MGHBV9;:=EFR8T858]?:=5
nhA?5�@\T89Qnh:=5��

(1)
��EW58:~@\T89Mnh:

C
��EW9;7j78TV9;G.B
:=EF58:�[\UW:3EWG.B�TV58]}EW5jN'�d:=EÌË�<?9;EW<?R8UF:=5

x, y
<?T8>M]h:=7V9;£8G.ZtL!�

7��ÍB��
C = {x, y ∈ R | F (x, y) = 0} ⊆ R
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f(t) =
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aj,kx
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P = [0 : 0 : 1]
>MA�UWEF:=]?L=�h7�<?>M>{<YTVv m :=78:39{[~:39O<?7V:=507VT89;G.B

P
5�T89§:=EW5®f�GHBV58EFLMLOi8T85VZ�L

78:396@\TV9Mnh:=5
UFEW:3]?L!�
| EF:SËSEF:=UFv¢<YGHBVB8:=EzLÀ:3EW58:3>�>MAhUWG.B8:35�fJG.B858EzL;LOi8TV58ZtLO:=>�78:3¡�5VEW:39;:=5j��EF9À7�<Y585c:3EW5Vv¢<?G.Bc<?UF>{78EW:
ËSEF:=Uzv¢<?G.B8B8:=EzL~78:=9��DT8UWUF>ML;:=UWUz:Ê78:39���:=>;TVUFL.<Y5�LO:

RF1,F2

EWw e T858ZtL
P ′
� | <
78EF:0[\:=9O<Y78:=5

78T89MGHB
P
78:35�]?:=>O<YwxL;:=5

P
2
£8R%:39;78:3GHZ?:=5��ÀEF>ML®78EF:�4g58N=<?B8Ug78:39jfJG.B858EFLMLOi8T85VZ�L;:Z�¢w�EFL
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B8:3EFLO:35c58EFGHBtL�nhA?5
78:3w ]h:3�dk?B8UFL;:=5 e T85VZ�L
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C2

ñ é $'&�$=ì'$'*,$D«h( ª�$=ì=1;«?&Wø�í.-�$dõ�r�1Hö?$'*�&)* P
2(C) w |!$ é $'&)( øö?ïp/ q 1M«tê

d w ê?&ë$~ø'&ëí.-�&)* d2
î�rJ*�&puK$'*�ø�í.-�*,$'&¢ê�$'*%ó¨§Ê$'*�*oª�$'*%«?r

d · k
î�rJ*�&puK$Êêt«?ö?ïp*

«?rHµo$'&)*,$'10õ�rJ1Hö?$
C3

ö?ïp/ q 1M«tê
k
(+&ë$ëª�$'*�r�*%ê

C3
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d · (d− k)

î�r�*�&pu_$�«?rHµx$'&)*,$'1gõ�r�1'ö?$
C4

ö?ïp/ q 1M«tê
(d− k)
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F1

>M:=E�7VEW: [\UW:3EWG.B�TV58] nhAh5
C1

T85V7
F2

78EF: [\UW:3EWG.B�T85V] nhAh5
C2

� | EF: [\UW:=EFGHB�T858]?:=5
λF1 + µF2

T85V7
[λ : µ] ∈ P

1(C)
]h:=R%:35oTV58>6:=EW5V:�^�<Yw�EFUFEz:SnhAh5o@\T89Mnh:35�nhA?wº[\9O<?7
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�

78EF:�<YUWUF:S78EF:
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��EW90�dk?B8UF:=5�:=EF58:=5 e T858ZtL
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�{78:39j5VEWG.B�Lj:3EW5V:=9�78:39
d · k

e T858ZtLO:�EW>ML=�{ÉK5�78:=9
]h:'�{k?B8UzLO:35®^�<?w�EFUzEF:�]?EWRVL§:=>�:=EF58:g@\T89Qnh:
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C5 ∩ C3 ≥ d · k + 1
e T858ZtLO:�:=5tLOB�kYUFL!� | <

C5

7V:=5­[\9O<Y7
d
T8587

C3

78:35
[\9O<?7

k
B�<pL!�?v)AhUW]?L¨<?T8>�78:=wýfV<YL;N{nhAh5�bd�=N3AhTVL=�t7�<Y>;>

C5∩C3 d ·k
e TV58ZtLO:�:=5�L;B�k?UzL�A�78:=9

C5

T85V7
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:=EF58:�]h:=w�:=EF58>O<Yw�:�@6Ahw�i%Ah58:35�L;:xB8<?R%:=5�����>S:'`JEF>MLOEF:=9M:=5�<?UF>;A0]h:=w�:3EW58>;<?w�:
@6Ahw�i%Ah58:35�L;:=5oN3��EF>;G.B8:=5

C5

T85V7
C3

� | <
C3

EW9;9M:=78TVN=EWR%:3U�EF>ML=��wxTV>;>g78EW:�]h:=w�:3EW58>;<?w�:
@6Ahw�i%Ah58:35�L;:\nhAh5

C5

T8587
C3

]h:=9;<?78:
C3

>M:=EW5,�
| <?w�EFL6N=:39;UW:3]?LS>;EFGHB

C5

<?UF>
C5 = C3 ∪ C4

w�EzLg:3EW58:396�d:=EzLO:=9M:=5�@\T89Mnh:
C4

nhAhw�[~9;<?7
deg(C4) = deg(C5) − deg(C3) = d − k

��ÉK5 e AhUzúJ5VAhw�:35Ó<?T8>;]?:=789M£8G.Z�L0B�<?R%:35Ó��EF9
F5 = F4 · F3

�8��AhR%:=E
Fj
7�<Y> e A?UFú�58Ahw N3T

Cj

EW>ML=�
| <�78EW:~9;:3>ML;UWEWG.B8:35

d · (d− k)
e T858ZtLO:x<YTVv

C5

�%<YR�:39D58EWG.B�L6<?TVv
C3

UWEF:=]h:35��8wx£8>;>;:35�>;EW:
<?TVv�78:=5
<?5878:39;:=5
@6Ahw�i%A?58:=5tLO:35jnhAh5

C5

UFEW:3]h:=5,��<YUW>;AÊ<?TVv
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P1, P2, P3

r�*%ê
Q1, Q2, Q3

ø�$.í.-tøSî�r�*�&pu_$�«?rHµ
$'&)*,$'/Åõ}$ëª�$'( ø�í.-�*�&)u¢uÀrJ*%ê

L1 = P1Q2 w L2 = P2Q1 w L3 = P1Q3 w L4 = P3Q1 w L5 =
P2Q3

r�*%ê
L6 = P3Q2
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A =

L1 ∩ L2, B = L3 ∩ L4

rJ*%ê
C = L5 ∩ L6

«?rHµx$'&)*,$'1 q $'1M«têJ$'*�ó
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C1 =

L1 ∪ L3 ∪ L5

T8587
C2 = L2 ∪ L4 ∪ L6

T8587­78EF: . T�<Y789;EFZ
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C4
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fV<YL;N=:3>�nhAh5®bd�3N=A?TVL�v�£89§:=EW5V:S[\:=9;<?78:��H� | <�nhAh5®<?TV>;]h:3B8:=587®Z?�h5V58:=50��EF9§:=EF58:g[~9MT8i8i%:=5�I
Ahi%:39O<YL;EWAh50<?TVv�78:35 e T858ZtLO:35j78:39À@\T89Qnh:S78:'¡�58EF:=9;:35��J��AhR%:=E�7�<?>d4g>M>;AhN3E°<YL;EFn�EFLOkYLO>M]h:=>M:3L;N
]h:39O<?78:�w�EzL®CDEWUFv�:jnhAh5�@6Ah9MAhUWUW<Y9 � � � ��EWw ^�<?UWU

d = 3
R%:'��EW:3>;:35��d:39;78:35�Za<?585�� | EF:

f�L;9;T8ZtLOTV9{78EF:=>M:=9À[\9;T8i8i%:358Ahi%:39O<YL;EWAh50B�<pL{N=<?B8UF9;:=EFGHBV:g465���:=5878TV58]h:35Ì�JnhAhw b�:3�d:3EW>d78:=9
^�:=9Mw0<pLO>;G.B8:35cË�:39;wxTVL;T858]�RVEW>ÀB8EW5jN3T89D@6Ah58>ML;9;T8ZtL;EWAh5j:3��:=ZtLOEznh:=9ÀË�:=9M>;G.B8UW£8>M>;:3UWT858]?:=5��

¯ °ÅÆ²±YÚjÝ3Û�Þ�ÆjÃ�¿�¹�Ã

}:0�2 ³�_?C*;k´^ADJB�*5�J6LN_?mon p*;bµ�58JBCDmo��465 H�JMLN_?4rC
��EW9{R%:3L;9O<?G.B�L;:=5
78EW:\46R8R8EFUW78T85V]

σ : P
2 → P

2

z0 : z1 : z2 7→ [z1z2 : z0z2 : z0z1].
| EF:=>;:~4gRVR8EWUF78T858]}B8:=EF±?LD<?T8G.B

Cremona
I
Transformation

�
| <

σ
7VT89;G.BÊB8Ahw�Ah]?:=58: e AhUzúJ5VAhw�:�]hUW:3EWG.B8:=5Ê[\9O<?7V:=>¨]?:=]h:3R%:=5ÊEW>QL!�YEF>ML¨>;EF:¶�)v¢<?>ML¨£8R%:39O<?UFU·�

�dA?B8UW78:'¡�58EF:=9ML=�84gUWUF:=9M78EW5V]h>{>ML;:=UFUW:=5���EF9{v�:=>QL!��7�<?>M>D78EF: e T85VZ�L;:

[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1]
58EFGHBtL®N3T8w | :'¡�58EzLOEWA?58>;R%:39;:=EFG.B�]h:3B8�h9M:=5���7�< >;EW:�<?TVv

[0 : 0 : 0]
<?RVR8EWUF78:=5Ó��£89M78:=5,�

4g5V78:=9M:=9;>M:=EzLO>DR%:=>QLO:=BtL67�<?>Dy69MR8EWUF7�78:=9 e T858ZtLO:

[1 : 0 : 0], [0 : 1 : 0]
R8N3�~�

[0 : 0 : 1]
<?T8>�78:35�[~:39O<?7V:=5

z0 = 0, z1 = 0
R8N3�~�

z2 = 0
��7��ÍB���78EW:3>;:�[~:39O<?78:35Õ�d:=9M78:=5�<YTVv

e T858ZtLO:dZ?A?5�LO9;<?B8EF:=9ML=�a4gTV±h:=9MB�<?UFR�7V:=>¨^�T85V7�<?w�:=5tL.<?UF789;:3EW:3GHZ�>�EW>QL�78EW:�4gR8R8EFUW78TV58] m :378A�G.B
R8E m :=ZtLOEzn�I§>;EF:~EF>ML�78A?9ML�>;Ah]t<Y9�N3T
>MEWG.Bc>;:3UWR8>QLDEW5�nh:39;>3Ï

σ ◦ σ([z0 : z1 : z2]) = [z0(z0z1z2) : z1(z0z1z2) : z2(z0z1z2)],
T8587jv¢<?UFUW>

z0z1z2 6= 0
��7�<?5V5
EF>ML�7�<Y>D7VEW:\ÉK78:35�LOEzL.kYL=�
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z2
0 + z2

1 + z2
2 + z0z1 + z0z2 +

z1z2 = 0
N3:=EW]YL!Ï | :=>M>;:=5Óy69MR8EWUF7 EW>MLx78EF:®CDú�i%AhN3ú�Z�UWA?EW78:

z2
0z

2
1 + z2

1z
2
2 + z2

0z
2
2 + (z0 +

z1 + z2)+ z0z1z
2
2 = 0

��:=EF58:6@\T89Mnh:6w�EFL�789M:=E,f�i8EFL;N=:=5�EW5�7V:=50789;:3E%Z�9;EzLOEW>MG.B8:=5 e TV58ZtLO:=5,�
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z2
0 + z2

1 + z2
2 = 0

��78:39x78EF:�fJ:3EFL;:=5¯78:=>}^�T85V7�<pI
w�:=5tL.<?UF789;:3EW:=G.Z�>xEW5 m :�N'�d:3E e T858ZtLO:35ÕLO9;<?58>Mn?:=9;>;<?UÀ>;G.B85V:=EW7V:3L!� | :=9M:=5Óy69MR8EWUF7¯EW>MLx:=EW5V:
@\UW:3:=R8UW<YL;L;Z�T89Mnh:\w�EzLÀ789M:=E | AhiVi%:=UWiVT858ZtLO:35��%]?:=]h:3R%:=5
78T89MGHB

z2
0z

2
1 + z2

2z
2
0 + z2

2z
2
1 = 0

�
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â��tã¨��ä��aä��%�bz�æ¢ç�æ\è�ø�ø�$'&

P ∈ P
2
$'&)*­î�r�*�&pu w ï?ó¾½6ó)êtó,¿�ó�ê�$'1Êî�r�*�&pu [0 : 0 : 1]

ódô\&ë$
¿6r'µ3ì=(z«pø'r�*�ª

BlPP
2 é &)1Mê®ê�$�÷�*�&ë$'1'u�«?( ø�ê?&ë$�#%$'&)(+/0$'*�ª�$�ê�$.ø\õ�1O$'r?ñQs%1Oï!ê?r¡&puK$.ø

P
2[z0 : z1 : z2]× P

1[x0 : x1],

ê?&ë$�ê?&ë$ q (W$'&ëí.-�rJ*�ª
x0z0 = x1z1

$'1)µ�e�()(+uëó

��EW9¨Z?�h5858:3507VEW:3>�>;:=BV9�<?58>MGHB8<?T8UWEFGHBÊ]h:3Ahw�:'LO9MEW>;G.BÊEW5tLO:=9Mi89;:'LOEF:=9;:35��?��EW9�R%:3N=:3EWG.B858:350w�EzL
π : BlPP

2 → P
2
78EW:~��EW5V>;G.B89Ok?5VZ�TV58]�78:=9 e 9;A m :3Z�L;EWAh5

P
2[z0 : z1 : z2]

2 × P
1[x0 : x1]→ P[z0 : z1 : z2]

<?TVvx78EF: l :=EFUWw�:=5V]h:
BlPP
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� | <?>�yD9;R8EFUW7�7V:=> e T858ZtLO:3>

P
EF>ML
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{P}×P[x0 : x1]
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P
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:3EW5��
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P
2[z0 : z1 : z2]

2 × P
2[x0 : x1 :
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x2]
78EW: l :=EFUWw�:=58]?:

P̃
��78EW:�78T89MGHB�78EW:�[\UW:=EFG.B�T858]?:=5

x0z1 = x1z1 = x2z2

]?:=]h:3R%:=5
EW>QL!� | EF:oR%:3EW78:35 e 9MA m :3ZtLOEFAh58:=5�<?TJv�78EF:�^�<YZ�L;Ah9;:35�78:3>j@\9;:=TVN=i89MA�78T8ZtLO:3>cUFEW:'v�:=9M5�T85V>
4gRVR8EWUF78T858]?:=5

P
2[z0 : z1 : z2]

π1←− P̃
π2−→ P

1[x0 : x1 : x2].
��EW9�9M:=G.B858:35�UF:=EFGHBtLD5�<?G.B��%78<?>;>

P̃
w�EzL�78:=5�4gRVR8EWUF78T858]?:=5

πj
]?:=9O<Y78:�78:39646TVv�R8UW<?>;T85V]

78:39di89;A m :=ZtL;EFnh:35j��R%:=5V:SEW50789M:=E e T85VZ�L;:=5�:=5tLO>;i89MEWG.B�L=�JT8587®N3�d<?9{<?T8>{f�ú�w�w�:3L;9;EW:3]h9;£V5JI
78:35�EW5ÓR%:3EW78:35���EWG.B�L;T858]h:35�� | <YR%:=E6>MEW587Ó78EW:
y69MR8EWUF78:=9Ê78:39�[\:=9;<?78:35

z0 = 0, z1 =
0, z2 = 0

T85tLO:39
π1

78EF:x[~:39O<?78:35���7VEW:�T85tLO:=9
π2

:=EF58]h:3Z�UF:=RVL6�d:39;78:35��,T8587oT8w�]h:3Z?:=B89QL!�
[\:=Ahw�:3L;9;EW>MG.Bj:=9;]?EWRVLÀ78EW:3>Àv�AhUW]?:=587V:=>DbdEFUW7,Ï
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F : P
2 → P

2

z0 : z1 : z2 7→ [F0(z0 : z1 : z2) : F1(z0 : z1 : z2) : F2(z0 : z1 : z2)]

$'&)*,$�¿Sì�ì=&)(zê?rJ*�ª w êh&ë$®ê?r�1Oí.-­ê?1O$'&{-�ïp/0ï;ª�$'*,$}î�ïp(+ðp*,ïp/0$�ö?ïp*�ª?(W$'&ëí.-�$'/ q 1M«têcª�$ëª�$=ì'$'*
&Wø'uëó^§Ê$'&)u_$'1O-�&)*Êø�$'&

F
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F é &ë$�$=ì'$'*¯&)*Ö$'&)*,$���ïp(Íª�$Êö?ïp*Å¿grHµ � r�*%ê²¿Sì�ì=(z«pø'rJ*�ª�$'*�)_êtóz-Vó�r�/�ª�$�&t$.-�1'uK$'*Å¿grHµ3ì=(z« �ø'r�*�ª�$'*�+�ñp$'1H(W$ëª�$'*%ó
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w�:=EW5V:=9ML{�d:39;78:35���fJi%:=N3EW:=UFU,v�£89�7V:=5

P
2
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� �V����z�æÆ��æ\è�ø�ø�$'&
F : P

2 → P
2 é &ë$�&)/Üö?ïp1H&zª�$'* © «?uWñ�ódô�«?*�*�&?«?*�* /�«?*

F
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EW:39;:35���78<?>;>À��EW9À>;:3GHBV>6]h:=:3EW]?58:3L;: e TV58ZtLO:

P1, . . . , P6

EWw
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<YTVv�R8UW<?>;:35��
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�¢7V:=9

�D<?T8w 78:=9À@\T8R8EWZ?:35jEF>ML{N=:3B85878EFw�:=58>MEWAh5�<YUë��T8587 m :=78:39 e T858ZtL�UWEF:3v�:39MLd:=EF58:\bd:378EW58]?T858]8�
v¢<?UFUW>d78EW: e T858ZtLO:�58EFGHBtLDN3T
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T858>�:=EW5V:~4gRVR8EWUF78T858]

F : P
2 → P

3

z0 : z1 : z2 7→ [F0(z0 : z1 : z2) : F1(z0 : z1 : z2) : F2(z0 : z1 : z2) : F3([z0 : z1 : z2])]
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�6TVUWUW>QLO:3UWUF:35�nhAh5

F0, F1, F2, F3
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P
2
EW5�78:=50>;:=G.B8> e T85VZtI
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P

3
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P
2
EW5 >;A?UWG.B8:=5¯>;:3G.B8>

e T858ZtLO:{:39;B�k?UzL!�YfJEW587�Z?:3EW58:d789M:=EJ7VEW:=>M:=9 e T858ZtL;:ÀZ?A?UWUWEF5V:!<?9�T8587xUWEF:=]h:35�7VEW:�>;:3GHBV> e T858ZtLO:
58EFGHBtL6<YTVv�:3EW58:39 . T�<?789MEWZ��87�<Y585cEW>ML�7VEW:\Z�T8R8EW>MG.B8:�^�U°k?G.B8:\>MAh]t<?9À]hUW<YL;L¶�¢>=�ÍT��'�
ÉK5Ö78EW:3>;:3w ^�<YUWUÀZp<Y585�w�<?5Ów�EFL�CDEWUzv�:j78:=90@6Ah5V>MLO9MT8ZtLOEFAh5ÖR%:'�d:=EF>;:35��d78<?>;>®<YTVv\:=EF58:39
>;A?UWG.B8:=5o^�U°k?G.B8:�]h:35�<?T � 	 [\:=9O<Y78:=5�UWEW:3]h:35���T85V7oN3�{<Y9g78EF:�>;:3GHBV>SR�:3E�78:39g46TVv�R8UW<?>;T85V]:=EF58]h:3Z�UW:=RJLO:=5 [~:39O<?7V:=5���78EF: � ¶ Ë�:=9MR8EW5V78T858]h>M]h:=9;<?78:35 N'��EW>;G.B8:35 78:=5­>M:=G.B8> e T858ZtLO:35T8587c78EF:�yD9;R8EFUW78:39{78:=9�>;:3GHBV> . T�<?789MEWZ?:35���78EF:\78T89;G.B m :Sv�£85Vv�78:39 e T85VZ�L;:�]?:=B8:35��

¤dUW:3R8>;G.BJI_@\TVR8EWZ ¤d<�ú�UW:'ú�IK@\T8R8EFZ

bd:3E%>;i%:3N=EF:=UFUW:=9M:=9�Ò�<Y]h:D78:=9 e TV58ZtLO:gZ?�h5V58:=5®:3EW58EF]h:�78:39{[\:=9;<?78:=5�N=T8>;<?w�w�:35Vv¢<?UFUW:35�T8587
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^�<?UFU�7VT89;G.B��87�<Y>;>À78EF: e T858ZtLO:�fJG.B858EFLMLOi8TV58ZtLO:SnhAh5�n�EW:39�[~:39O<?7V:=5j>MEW587,�8<?TVv�78:39 m :S789M:=E
78:39 e T85VZ�L;:�UWEW:3]h:=5,��Px�Îbg�Í7��Î4���>;:=EF:=5c78EF:=>�78EF: e TV58ZtLO:

[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : −1 : 0], [1 : 0 : −1], [0 : 1 : −1];

78EF:\[\:=9O<Y78:=5®>;EW5V7�78<?585�78TV9;G.B
z0 = 0, z1 = 0, z2 = 0

T8587
z0 + z1 + z2 = 0

]h:3]h:=R%:35��
| EF:\@~TVR8EWZ?:35j78T89MGHBj78EF:=>;: e T85VZ�L;:~>;EF587�7�<?585j]?:=9;<?78:

z0z1z2 = 0
�
z0z1(z0 + z1 + z2)

�
z0z2(z0 + z1 + z2)

T85V7
z1z2(z0 + z1 + z2)

�
| <?>DbdEFUW7�EWw

P
3[x0 : x1 : x2 : x3]

EF>ML�78<?585c78EW:~�DT8UWUF>MLO:3UWUF:358w�:=58]?:S78:=96[\UW:=EFG.B�T858]

x0x1x2 + x0x1x3 + x0x2x3 − x1x2x3 = 0.

| EF:=>;:
Cayley

I
Kubik

B�<YLÀn�EW:=9 | Ahi8i%:3UWiVT858ZtLO:À�¢>MEW:=BV:�bdEWUF7���T85V7
58:3T85o[\:=9O<Y78:=5��
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ÉKw 5�k?G.B8>ML;:=5Õ46R8>;G.B858EzL;LÊR%:3>;G.B�kYv)L;EW]h:35­��EW9�T858>}w�EzL�78:=9xUWAhZa<?UW:35 l B8:=A?9;EW:0nhAh5 @~TV9QI
nh:=5,�¨��EF9�B�<?R%:=5 EF5­78:35 R%:3LO9;<?G.B�LO:'LO:35Óbd:=EF>;i8EF:=UF:=5¯:=EW5V:j��:=EFB8:0nhA?5Õ^¨k?UFUF:=5¯]?:=>;:3B8:=5,�
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xy = 078:35�f�GHB85VEFL;L;i8T858ZtL
(0, 0)

7V:=9ÀR%:3EW78:35
[\:=9O<Y78:=5�A�78:=9{78:=5
fJi8EzLON3:=58iVT858ZtL6<?TJv�78:39��D:=EFUzI
>;G.B8:35 e <?9;<?R%:=U

y2 = x3
����EF9��dA?UWUF:=5
78<?>DË�:39;B�<?UzLO:35�78:39g@\T89Mnh:35oEW5c78EW:3>;:=5 e T858ZtLO:35

5�k?BV:=9�T85tLO:39;>;T8G.B8:35�����EW9~Z?�h5858:35­<?R m :3LON'L���EW:378:=9�<?TVvÀ7VEW:�i89MA m :3ZtLOEFnh:0fJGHBV9;:=EFR���:=EW>M:
nh:=9MN=EFGHBtLO:35���7�<\T858>�5�T89�7�<?>�Ë�:39;B�<YUFLO:35�EF5Ê78:39§y6w�]h:=RVT858]~78EW:3>;:=9 e T85VZ�L;:DEW5tLO:=9M:=>M>;EW:39ML=�
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C
$'&)*,$�õ�rJ1Hö?$ w ê?&ë$jê?rJ1Oí.-Ö$'&)* î�ïp(+ðp*,ïp/ F (x, y)

ª�$ëª�$=ì'$'*
&Wø'uëó�è�&)*oî�r�*�&pu

P ∈ C
-�$'&vu�u�ø'&)*�ª?r�(z¬?1 w µ3«?()( ø�ê?&ë$Às8«?1Hu¢&ë$'()(W$'*�¿Sì=(W$'&)u r�*�ª�$'*

∂F/∂x
rJ*�ê

∂F/∂y
&)*

P
ì'$'&¢ê�$®ö?$'1Oø�í.- é &)*%ê�$'*%ó�è�&)*Õî�rJ*N&pu w ê�$'10*�&ëí.-�ugø'&)*�ª?rJ(�¬h10&Wø'u w -�$'&vu�u�«?r�í.-
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ÉKw bd:3EW>;iVEW:=U�78:39Ê�D:=EWUF>;G.B8:=5 e <?9;<?R%:=UdB�kYLMLO:35­��EW9
∂F/∂x = 3x2

T8587
∂F/∂y = 2y

�
R%:=EF78:~N3T8>O<?w�w�:=5jnh:39;>MGHBt�DEF5878:35�]h:=5�<YT
EFw �DT8UWUFi8T858ZtL=�
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��EW9{T85�L;:=9;>MT8G.B8:=5�7�<?>ÀË�:=9MB�<?UzLO:35jnhAh5
@~TV9Mnh:=5,��78EW:\EF5jEWB89M:=w >;EF58]hT8UWk?9;:3w e T85VZ�Lg<YTVv°I
]h:3R8U°<Y>;:=5j�d:39;78:35�� | <?>�Ë�:39;B�<YUFLO:35c78:=9DC�úJi%AhN'ú�Z�UWAhEF78:�TV587
78:39D@~UF:=:3R8U°<YLMLOZ�T89Qnh:~T85�L;:=9
78:39x¤d9;:3w�A?5�<pI l 9;<?58>Mv�A?9;w�<YLOEFA?5�UW:=]YL�5�<?B8:Y��7�<?>M>�78EW:�fJEW58]?T8U°<Y9;EzLOkYL;:=5 >MEWG.B�7�<?w�EFL\nh:39QI
:=EF5Vv¢<?G.B8:35cUW<?>;>M:=5��84gUF>À:39;>QLO:=>Dbd:=EF>;i8EF:=U,R%:3L;9O<?G.BtLO:=5j��EW9{78EF:~@\T89Qnh:

y2 − x2(x+ 1)
w�EFL

:=EF58:=w | Ahi8i%:3UWi8TV58ZtLjR�:3E
(0, 0)
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y2−x2(x+1)
T8587

yz0 =
xz1

��^�<?UWUF>
y 6= 0
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0 = 0
R8N'�~�%�¢7�<S��EW9
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