
����������	�
���������������������������� !����"����

#%$'&)(+*,$.-�/0$'132
4658789;:=<?>6@6A?B8:=9 CD:=EF589;EFGHBJIKC6:39MLONHIQPSR%:=9M>;G.B�TVUW:
X <Y9;:=Z X <Y5878:=U [\:=A?9;]YIK^�A?9;>ML;:=9_IQPSR%:=9M>;G.B�T8UF:
X <a`cbd:=587V:=9 CD:=EF589;EFGHBJIKC6:39MLONHIQPSR%:=9M>;G.B�TVUW:
e :'LO:39gfJG.B8AhUFN=: CD:=EF589;EFGHBJIKC6:39MLONHIQPSR%:=9M>;G.B�TVUW:
e B8EFUWEFi8ijCgkYB858:3U CD:=EF589;EFGHBJIKC6:39MLONHIQPSR%:=9M>;G.B�TVUW:
l�m A?9Mnh:=5of�:=58>MZp< CD:=9M78:=9_IQPSR%:=9;>MG.B�T8UF:

q 1Hrasts�$'*�(W$'&)uK$'132
PSUW<Yv l :3>;G.B8Zh: CDT8wxR%AhUW7JLMI_yD58Eznh:=9M>;EFLOkYL{N=Tbd:=9MUWEF5
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� T8:39;>ML�B8<?R%:=5}��EW9¨TV58>�7V:=w¾bd:3]h9;Ez�®:3EW58:39�@\T89Qnh:�<?58]h:35�k?B8:39ML!�?ÉK5�58<?EFnh:3w¾fJEW585V:ÀZ?�h5V5JI
LO:xw�<?5�:3EW58:}@\T89Qnh:Ê<?UW>g:=EF5878EWw�:=5V>;EWA?5�<?Uz:=>gN3T8>O<?w�w�:=58B�kY58]h:35878:=>�PSR m :=ZtL\nh:39;>ML;:=B8:35��
��EW9{Z?:=585V:=5v�AhUF]h:=5V78:~bd:=>MGHBV9;:=EFR8T858]?:=5nhA?5�@\T89Qnh:=5��

(1)
��EW58:~@\T89Mnh:

C
��EW9;7j78TV9;G.B:=EF58:�[\UW:3EWG.B�TV58]}EW5jN'�d:=EÌË�<?9;EW<?R8UF:=5

x, y
<?T8>M]h:=7V9;£8G.ZtL!�

7��ÍB��
C = {x, y ∈ R | F (x, y) = 0} ⊆ R

2
�

| :39���EW5VB8:=EzLO>;Z�9M:=EF>\EW>QL\N?�Îbg��78TV9;G.B 78EF:�[\UW:3EWG.B�TV58]
x2 + y2 = 1

]h:3]h:=R%:35��Ì46UWUW:39;78EF58]h>3Ï
�6EFG.B�L m :378:=>

F
R%:=>MGHB89M:=EFRVL�:=EF58:�@\T89Mnh:�EFwÐ5�<?Eznh:=5¯fJEF5858:YÑ � T8wÇbd:3EW>Mi8EW:3U�EF>ML�78EW:�ÒÌ�YI

>;TV58]h>;w�:=5V]h:c78:39�[~UF:=EFGHB�T858]
x2 + y2 = 0

5�T89Ê7V:=9 e T858ZtL
x = y = 0

� | T89;G.BÓ78EF:
[\UW:=EFG.B�T858]

x2 +y2 = −1
��£89;7V:=50��EF9§>MAh]t<Y9§78EF:DUW:3:=9M: X :=58]?:g:39;B�<YUFLO:35�����>�Z?�h5V58:=50EW5

78EF:=>;:39g^�Ah9;wÔ<?T8G.B�>;:=BV9gZ?Ahw�i8UFEWN3EF:=9ML;:�@\T89Mnh:35�<?TJv)LO9;:'LO:35��%N?�Îbg�%78:39S[~9;<?i8B78:=9g^�TV58ZhI
LOEFAh5

y = sin( 1

x
)
�

(2)
| EF:c@\T89Mnh:j��EF9;7Õ78TV9;G.BÖ:3EW58: e <Y9O<?w�:3L;9;EF>;EW:39;T85V]�]h:3]h:=R%:35���7��ÍB�����EF9ÊB�<YR%:=5Ó:=EF58:

>ML;:3L;EW]h:xEF5 m :=ZtL;EFnh:x46R8R8EFUW78T85V]
f : I ⊂ R ↪→ R

2
v�£89S:3EW5oN=T8>;<?w�w�:=5VB�k?58]h:35878:3>~ÉK5�L;:=9_I

nY<YUWU
I
� | :39�@\9;:=EF>���EW9M7x:3LK�{<Si�<?9;<?w�:'LO9MEW>;EF:39ML�78T89MGHB

f : [0; 2π] ↪→ R
2
�
f(t) =

(
cos t
sin t

) �
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R%:=>MGHBV9Ok?58Z?:35��
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â��tã¨��ä��aä��%��å�æ¢ç�æ¨è�&)*,$
ebene algebraische Kurve é &)1;ê�ª�$ëª�$=ì'$'*�ê?r�1.í.-Ê$'&)*xî�ïp(+ðY*�ïY/

F (x, y) =
∑n

j,k=1
aj,kx

jyk
&)*cñ é $'&~ò8«?1'&¢«tì=(W$'*%óÌôx$'* Grad ê�$'1Sõ�rJ1Hö?$�ê�$�÷�*�&ë$'1O$'* é &)1ê?r�1.í.-ê�$'* q 1;«tê

max{j + k | aj,k 6= 0}
ê�$.øSî�ïp(+ðY*,ïp/�ø=ó
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UFú�58A?w�>§<?TVv_�?ûK4gUW]?:=R89;<?EF>;G.BJüÀB8:=EF±?L�78EF:6@\T89Mnh:Y��7�<�>MEW:D78T89MGHB0:=EF5 e AhUFú�58A?wý]h:=]?:=R%:35®EW>QL!þ
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w�:�w�EzL69;:3:=UWUF:=5o@6A�:3ÿ�N=EF:=5tLO:=5,����>S]hEFRVLS<?R%:39=�%��EW:���EF9gEWw½:39;>QLO:=5�4gR8>MGHB85VEFL;LS]h:=>M:=B8:35
B�<?R%:35���i�<YLOBVAhUWAh]?EF>;G.B8:�bd:=EF>;i8EF:=UF:���EW:�:3LK�{<

x2 + y2 = 0
��f�i�kYLO:396�d:=9M78:=5o��EW9D�d:3EFL;:=9;:

[\9;£8587V:{78<Yv�£89�>M:=B8:35��?7�<?>;>�:=>¨>MEW585tnhAhUWU�EW>ML=�pw�EzL�Z?Ahw�i8UF:'`J:=5}@6A�:'ÿ�N3EW:35�LO:35}N=T}<?9MR�:3EFL;:=5��

��EW5 e AhUzú�58Ahw ��:=]t<?U~EF5���EW:�n�EW:3U\Ë§<?9;EW<?R8UF:=5��0£8R%:=9:3EW58:3w @6�?9;i%:=9cUWk?>;>QL>;EWG.B�58<?GHB
:=EF58:=w fV<YL;N�nhAh5Ö[�<YT8±�EWw�w�:=9�:=EF5878:=TJLOEW]�EW5 e 9;EFw�v¢<?ZtL;Ah9;:35���7��ÎB,��58EWG.B�L}�d:3EFLO:39}v¢<?ZhI
LOA?9;EW>MEW:39;R�<?9M: e AhUzú�58Ahw�:��6N=:39;UF:=]h:35���[\:=Ahw�:3L;9;EF>;G.B�£VR%:=9;>M:3LON'L�>;EFGHB�7�<?>\7�<?9;EF5��,7�<?>M>~78EW:
@\T89Mnh:�EW5 w�:=B89M:=9M:0@6A?w�i%Ah5V:=5tLO:=5�N3:=9Mv¢kYUWUzL!� � T8w bd:3EW>;iVEW:=U�R%:=>MG.B89;:3EWRVL�7�<Y> e A?UFú�58Ahw
xy

78EW:�Ë�:=9;:3EW58EF]hT858]�78:39gN3��:=E¨[~:39O<?78:35
x = 0

T85V7
y = 0

����EW5V:x@\T89Qnh:?��78EF:�5�T89S<?TV>
:=EF58:=9Ê@6Ahw�i%Ah58:35�LO:�R%:=>QLO:3B�L��¢7��ÍB���7�<Y>ÊN=T8]h:3B8�h9MEW]h: e AhUzúJ5VAhw EW>QLÊ58EWG.B�LÊEW5 ^%<YZtLOAh9;:35
N=:39;UF:=]hR8<?9��'�85V:=5858:35��EF9

irreduzibel
�

4gTJv\78:=5Óv�AhUF]h:=5V78:=5ÖbdEFUW78:39;5Õ>;:3B8:=5Ö��EW9Ê:=EF58EW]h:cb�:=EF>;i8EF:=UW:�nhAh5ÖEF9;9M:=78T8N3EWRVUW:=5Ó@\T89Qnh:=5
Z�UW:3EW58:35�[\9O<?7V:=>=�

bdEFUW7 �g<?w�: [\UW:3EWG.B�TV58] [\9O<?7

[~:39O<?78:
x− y = 0 �

@\9;:=EF>
x2 + y2 = 1 �

e <?9O<YR%:=U
y − x2 = 0 �
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bdEFUW7 �g<?w�: [\UW:3EWG.B�T85V] [~9;<?7

CDú�i%:=9MR%:=U
xy − 1 = 0 �

�6:3EWUW>MGHBV: e <?9;<?R%:=U
y2 − x3 = 0 �

�6:'�ÀLOAh58>MGHBV:=9g@\58A?L;:=5
y2 − x2(x + 1) = 0 �

:=UFUWEFiVLOEz>;G.B8:~@\T89Qnh:
y2 − x(x− 1)(x + 1) = 0 �

��>�>;G.B8:=EF5�L!��7�<?>;>�C�úJi%:39;R%:=U�A�7V:=9�:3UWUFEWiJLOEF>MGHBV:�@\T89Qnh:®<YT8>�N3��:=E�@6Ahw�i%A?58:=5tLO:35 R%:=>QLO:HI
B8:35�� | EW:3>6:39;>;G.B8:3EW5tL m :378A�G.Bo5�T896EFwÔ�D:3:=UFUW:35>;AVþ%78EF:�@\T89Qnh:=5oB8k?58]h:35�EWwÔ@6Ahw�i8UF:'`J:=5
N=TV>O<?w�w�:35��V�{<?>�>;EFGHB<Y5c78:=9DyD58N=:39;UW:3]hR�<Y9;Z?:=EzLD78:3>DN=TV]h:=BV�h9;EF]h:=5 e A?UFú�58Ahw�>ÀN=:3EW]?L=�

� �ß�àjÃ�Á�����¹ È���Ã Û~Ý'¿�¹ÀÚ�»¨Û�Á=Þ�ß¨à�¹�Ã ÄÇÆ®»�È�¹�Ã

ÉKw�v�AhUF]h:=5V78:=5��dAhUFUW:=5o��EW9\7�<Y>�fJG.B85VEFL;LMnh:=9MB�<?UFL;:=5�nhA?5 <?UF]h:=RV9O<?EF>;G.B8:=5 @\T89Mnh:35 nh:=9M>MLO:HI
B8:35�����EW9ÀR%:'LO9O<YGHBtLO:=5N3T85�k?G.B8>QLSbd:3EW>Mi8EW:3UW:SEWw ^%<YUWU�nhA?5�@\T89Qnh:=558EF:=789MEW]?:=5[\9O<?78:3>=�

� � � �d:3E�[~:39O<?78:35c>;G.B858:3EW78:35�>MEWG.BcEW5j:3EW58:3w e T858ZtL6A�78:39�>;EF587ci�<Y9O<?UFUW:3U �
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� ��fJG.B858EzL;LOiVT858ZtLO:~nhA?5�@\:=]?:=UF>;G.B858EFLMLO:35
bdEWUF7 @~TV9Mnh:35 fJG.B85VEFL;L;i8T858ZtLO:

CDú�i%:=9MR%:=U�T8587�@\9M:=EF> �

CDú�i%:=9MR%:=U�T8587 e <?9O<?R%:3U �

� �d:=E�@\9M:=EW>M: �

� �d:=E�@\9M:=EW>M: �

� �d:=E�@\9M:=EW>M: �

| EF:04g58N=<?B8Ud7V:=9}fJGHBV58EFLMLOi8T85VZ�L;:�wxT8>M>x5VEWG.B�Lx:3EW58w�<?U�T85�R%:378EW5V]?Lx:=587VUWEWG.B¯>M:=EF5 ISN?�Îbg�
B�<?R%:35c��EF9ÀEWw ^%<YUWUF:SEF78:=5tLOEF>;G.B8:=9�@~9M:=EF>;:~AY�,:35�R�<?9ÀT858:35878UWEFGHB�n�EW:=UF:�fJG.B858EzL;LOiVT858ZtLO:Y�

ÉKw×UF:3L;N3LO:35Ê^�<?UWU�7V:=9�@\9;:3EW>;:dAhB858:{9M:=:=UFUW:35ÊfJG.B858EFLMLOi8T85VZ�L�>ML;:=UFUW:=5���EF9¨<?R%:=9�v�:3>ML=�h78<?>;>���EW9
R%:=EFw �DR%:=9M]t<?58]gN=T�78:=5xZ?Ahw�i8UF:'`J:=5 � <?B8UF:=5�N=TVw�EF5878:=>QL�N3��:=E8fJG.B858EFLMLOi8TV58ZtLO:d:=9;B8<?UFL;:=5�Ï

(x− 2)2 + y2 − 3 = 0

(x + 2)2 + y2 − 3 = 0

��EW9{>;T8RJLO9O<YB8EW:39;:=5c78EF:~R%:3EW78:35o[\UW:3EWG.B�TV58]h:=5�T8587:39;B�<YUFLO:35�Ï

8x = 0 =⇒ x = 0.
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�6TV5>M:3LON3:=5c��EW9
x
EF5j78EW:\46T8>;]h<?58]h>M]hUW:3EWG.B�T85V]�:=EF5cTV587:39;B�<YUFL;:=5�Ï

4 + y2 − 3 = 0

y2 = −1

y
wxT8>M>6<?UF>;AÊ78EF:\��T89;N3:=U�<?T8>

−1
>;:3EW5���ÉKwÔ�D:3:=UFUW:35cZp<Y585w�<?5c7VEW:=>M:�[\UW:3EWG.B�T85V]Ê58EWG.B�L

UW�?>;:=5,����EF9xwx£8>M>;:35Ó<?UW>MA�78EF:®Z?Ahw�i8UW:H`J:=5 � <?BVUW:=5¯w�EzLx:3EW5�R%:=N=EF:=BV:=5���y65tLO:=9}7V:=9xË�Ah9_I
<?T8>M>;:'LON=TV58]

i2 = −1
:39;B�<YUFLO:35Õ��EW9Ê78EW:cÒÌ�h>;T85V]h:=5

+i
T8587

−i
� | EF:cR%:=EF78:=5Ö@\9;:=EF>;:

>;G.B858:3EW7V:=5�>MEWG.B<?UF>;AÊR%:3E
[0; +i]

T8587
[0;−i]

�

�¨L_�d<?>g<?T8>Mv�£VB89;UFEWG.B8:=9�78EW>MZ�TJLOEW:39;:35��EW9 m :3L;N3Lg78:35o^�<?UWU�78:=>SfJG.B858EzL;LO:3>6:=EF58:=96@\T89Qnh:�w�EzL
:=EF58:=9Ê[\:=9;<?78:35���Px�Îbg�Î7,�Î4��¨58:3B8w�:35��EW9x<?5���7�<?>M>}78EW:j[\:=9;<?78:®78T89MGHB 78EF:j[\UW:=EFG.B�T858]
x = 0

]h:=]?:=R%:=5�EF>ML=� | EW:�fJG.B858EzL;LOiVT858ZtLO:�7V:=9�@\T89Mnh:ow�EFL�78:=9j[\:=9;<?78:=5�>MEW587�7�<?585
]h:39O<?78:~7VT89;G.B78EF:~�6T8UFUW>ML;:=UFUF:=5�78:3> e AhUzúJ5VAhw�>ÀR%:3>ML;EWw�wxL=�
� �V������æ¢ç������������ � �������8�  =�J�������"!g����"%���#!a�%$aæ�è�&)*'&tïp/gs%(W$�(J$.ø¨î�ïp(+ðY*,ïp/�ö?ïp/ q 1M«tê
d
-V«?u*)�/}&)u�òÌ&ë$'( µ3«�í.-t-�$'&)u_$'*�ª�$;ñ�¬p-�(+u,+�ª�$'*%«?r

d - r�()( ø'uK$'()(W$'*%ó
[\:=Ahw�:3L;9;EW>MG.B ��£89;78:�7VEW:3>xR%:=78:3TVLO:35���7�<Y>;>}>MEWG.B:=EF58:j[\:=9;<?78:®w�EFL�:=EF58:=9x@~TV9Mnh:0nhAhw
[\9O<?7

d
EW5 ]h:35�<?T

d
e T85VZ�L;:=5Ó>;G.B858:=EF78:3L=�§��EW58:c[~:39O<Y78:jB�<YL�[\9O<?7

1
� | EF:=>ÊUF:=]?L}78EW:

Ë�:39;wxTVLOTV58] 58<?B8:Y�§7�<?>;>�T85tLO:39�]h£858>QLOEW]?:=5Öy6w�>ML.kY5878:=5ÖN'�d:=E6@\T89Mnh:35ÖnhAhw [~9;<?7
d1T8587

d2

>;EFG.BÖEF5
d1 · d2

e T858ZtLO:35�>;G.B858:3EW78:35��dyD58>;:39;: | EF>;Z�T8>M>;EWA?5Ö78:=90fJG.B858EzL;LO:jnhAh5
. T�<?789MEWZ?:35B�<YLÊ<YR%:=9x]h:3N=:3EW]?L=��7�<Y>;>}78EF:®:39M�d<?9MLO:'LO:35

2 · 2 = 4
fJG.B858EFLMLOi8TV58ZtLO:�58EFGHBtL

EWw�w�:39®:'`JEF>MLOEF:=9M:=5���yDw 78:35�>;A?]h:=5�<Y585�L;:=5 fV<YL;N�nhAh5�bd�=N3AhTVLcN=T�v�Ah9;wxTVUWEF:39;:35��d>;EF587
:=EF58EW]?:SË�Ah9;£8R%:39;UF:=]hT85V]h:=5c58�?L;EW]8�

/10�2 3�46587:9<;=58>?;�@BADCD@B;�CFEGADH IKJMLNEPOB4BCRQTS�EG4BA:L

� �®��EF:�T858>M:=9;: | EW>;Z�T8>M>;EFAh5}7V:=> | T89;G.B8>;G.B858EzL;LO:3>�w�EFL�:=EF58:=9¨[\:=9;<?78:=5�N=:=EF]?LO:Y�pwx£8>;>;:35��EF9{£8R%:39À78:=5jZ?Ahw�i8UF:'`J:=5 � <?B8UF:=5j<Y9;R%:=EzLO:35��V7�<�n�EW:3UW:\�DT8UFUW>ML;:=UFUF:=5®5�T89ÀEFw @6Ahw}I
iVUW:'`J:35�:H`VEF>MLOEF:=9M:=5�����EF58:}kYB858UWEFGHBV:}fJEzLOT�<YL;EWA?5�B�<?R%:35���EF9gv�£V9S78:35 | TV9;G.B8>;G.B858EFLML
N'�d:=EF:=9D@\9;:3EW>;:\]h:3v�TV5878:=5,�

� � | EF:���R%:358:�w}TV>;>�:=9Q�d:=EzLO:39ML��d:39;78:35���78:=585,Ï
<
� � �d:3EÌi�<?9O<YUWUF:=UF:~[\:=9;<?78:35B8<?R%:=5cZ?:=EF58:=5]?:=w�:=EF58>O<?w�:=5cfJGHBV58EFLMLOi8T85VZ�L=�
R�� | EW:3>;:\R%:=EF78:=5c@\9;:3EW>M:~<?TV>À78:=w nhA?9;EW]?:=5�4gR8>MGHBV58EFLML�B�<?R%:=5jEWw ��:=:3UWUW:35�Z?:3EzI

58:=5 fJG.B858EFLMLOi8T85VZ�L=��EFwº@6A?w�i8UF:'`J:=5oEWw�w�:=9MB8EF5�>MGHB8A?5�N3�d:3Eë� | :39\46T8>;>O<Y]h:
78:=>6fV<YLON3:=>DN3TVv�AhUF]h:\wx£8>;>QLO:~:=>D<?R%:=9Àn�EF:=96f�GHBV58EFLMLOi8T85VZ�L;:�]h:=R%:35��

� �®��EF9Àwx£8>M>;:=5cËgEW:3UFv¢<?G.B8B8:3EFL;:=5�n?Ah5of�GHB85VEFL;L;i8T858ZtL;:=5cnh:=9M>MLO:3B8:=5�T8587c78:3¡858EW:39;:35��
�"� | EF:}@~TV9Mnh:=5 7V£89Mv�:35 Z?:3EW58:}]h:3w�:3EW58>;<?w�:=5�@6A?w�i%Ah5V:=5�L;:=5�B8<?R%:=5U����EW:x:'L_�{<�EWw
^�<YUWUF:SEF78:=5tLOEW>MG.B8:=9D@\9M:=EW>M:~A�78:39�EWw ^�<?UWU�78:=9D@\T89Mnh:35

xy = 0
TV587

(x + 1)y = 0
�878EW:\R%:3EW78:~7VEW:

x
I�4�G.B8>M:�]h:3w�:3EW58>;<?w B�<YR�:35��

ù �



y6wÅ78EF:�:=9M>MLO:}bd:378EW58]?T858]®N=T�:=9Qv�£8UWUF:=5�����:=9;7V:=5���EW9g<?R m :'LON'L\5�T89g58A�G.B�@~TV9Mnh:=5�£8R%:=9
78:35�Z?A?w�i8UF:'`J:=5 � <?B8UF:=5�R%:'LO9;<?GHBtLO:35�� | :=9~N3�d:3EFL;: e TV58ZtL���EF9;7�78T89MGHB 78:=5��DR%:=9;]h<?58]
N=TVw i89MA m :3ZtLOEFnh:35�D<?T8w ]?:3�{kYB89;UF:=EW>QLO:'L!� | EW:SËgEW:3UFv¢<?G.B8B8:3EFLO:35®�d:39;78:35c��EW9{7�<?5�<YGHBjw�EzL
C6EFUFv�:�78:39\��:=>MT8UFLO<?5�L;:=5o78:3¡858EW:39;:=5,� | EF:�nJEF:=9QLO:xbd:378EW58]?T858]®EF>MLgA?��:=5�R8<?9g:=>M>;:=5tLOEF:=UFU�v�£V9
78:35ofV<YL;N?�

/10WV XP;=5ZY*584\[";=]^LN_`OB;baUJBAcH
��EW9À7V:3¡�5VEW:=9M:=578:35i89MA m :3Z�L;EFnh:35��D<?T8w

P
n(R)

R8N'�~�
P
n(C)

<?UW>À78EF: X :=58]h:�<YUWUF:=9�[\:'I
9O<Y78:=507VT89;G.B078:=5®�6TVUWUFi8T858ZtL�7V:=>

R
n+1

R8N'�~�
C
n+1

��7��ÍB���78EF: X :358]h:g<?UWUF:=9���EWG.B�L;T858]h:35
EW5�78EF:=>;:350Ë�:=ZtLOAh9M9Ok?TVw�:35�� X <?50Zp<?5V5078EW:3>;:g�Dk?T8w�:6<?TVGHB�v�A?UW]h:35878:39;w�<?±h:=5�78TV9;G.B�@6ApI
Ah9M78EW5�<pLO:=5jR%:3>;G.B89;:3EWR%:35�Ï
â��tã¨��ä��aä��%�d��æFå�æ

P
n(R(

ì.ñ é ó C)) := {[z0 : · · · : zn] | (z0, . . . , zn) ∈ R
n+1\{0}(

ì.ñ é ó C
n+1\{0})}/ ∼,

é ï?ì'$'& [z0 : . . . zn] ∼ [λz0 : · · · : λzn]
µ�e�1

λ 6= 0
ó

y6wÜ:=EW5V:®T858]h:'v¢k?B89M:®Ë�A?9;>ML;:=UFUWT858]nhAh578:=9Ê[~:3Ahw�:3LO9MEW:�78EF:=>M:=9}�6kYT8w�:0N3T ]h:'��EW585V:=5��
nh:=9;<?58>MGHB8<?T8UWEFGHBV:=5c��EF9À>;EW:\EWw :=EF5878EWw�:358>;EFAh5�<?Uz:=5j^�<?UFUë�

� � | :39 P
1(R) = {[z0 : z1] | (z0, z1) ∈ R

2 \ {0}}

^�<?UFUW>
z0 6= 0

EF>ML=��>;EF587�7VEW: e T858ZtLO:xk�f�T8EznY<?UF:=5tL6N=T
[1 : z]

�%<?UF>;A�RVE m :=ZtL;EFn�N=T
R

1
��CDEW58N3T

Z?Ahw�w�L§78:=9 e T858ZtL
[0 : z]

��7V:=9dk�f�T8EFnp<?UW:35�L�N3T
[0 : 1]

EF>ML!�t��EF9§58:35858:=5®EWB85�78:35®T858:3587JI
UWEFG.B�v�:=9M58:=5 e T858ZtL=��[~:3Ahw�:'LO9MEW>;G.B0Z?�h585V:=5���EF9�EWB85078T89MGHB�78EF:6v�A?UW]h:35878: e 9;A m :=ZtLOEFAh5�<?UF>
@\9;:3EW>;UFEW5VEF:gnh:39;>ML;:=B8:35�Ï

ù �



��EW9�>;:=BV:=5��t78<?>;>�78EF: e T85VZ�L;:�78:3>�@\9;:=EF>;:3>�78:35��DEFG.B�LOTV58]h:=5}7V:=9�[~:39O<?78:35Ê:35�L;>;i89M:=G.B8:=5��
| :39�T858:=5V78UWEFGHB�v�:=9M58: e T858ZtL{:35�L;>;i89MEWG.B�LdBVEW:=9MR%:=E�78:=9d[~:39O<?78:350w�EFL�78:3w²4g58>QLOEF:=]��V��<?U�I
>;A�>M:=EF58:=9 l <?58]h:35�L;:?��TV587Z?A?w�w�LÀN=TV96��R%:358:�B8EW58N3T��

� � | :39 P
1(C) = {[z0 : z1] | (z0, z1) ∈ C

2 \ {0}}

ÉK5}465�<?UFAh]hEF:§N=T8w 9;:3:=UFUW:=5x^�<?UFU�>M:=B8:35}��EW93�p7�<?>;>¨78:39¨:3EW587VEWw�:=58>MEWAh58<?UF:§i89MA m :3ZtLOEFn?:À�D<?T8w
78T89MGHB�CDEW58N3TVv�£8]h:35�:3EW58:3> e T85VZ�L;:=>§N=TVw

C
1
:35�LO>QLO:3B�L!��[\:=Ahw�:3L;9;EF>;G.BÊ:35�L;>;i89MEWG.B�L�78EW:3>�:=EzI

58:396@\TV]h:=UFAhR%:=9hg�k?G.B8:?Ï

/10i/ j�584\[";=]^LN_`OB;k;=9<;�CD;lJB>?@B;=9D58JB_?mon p*;kq�A*5NOr;�C
��EW9�>;:3L;N=:35Õ5�T85 TV58>;:39;:j:3R%:=58:35Ó@\T89Mnh:35ÕEF5¯78:=5 iV9;A m :=ZtLOEznh:=5Õ�D<?TVwÜv�Ah9QL!� | EW:3>x]h:'I
>;G.B8EF:=BtL678TV9;G.B78:35��6R%:39;]t<Y58]�N=TcB8Ahw�Ah]h:358:=5 e AhUFú�58Ahw�:35��
â��tã¨��ä��aä��%�s��æt��æ�è�&)*�î�ïp(+ðp*,ïp/

P ∈ C[z0, . . . , zn]
-�$'&vu�u�-�ïp/0ï;ª�$'*�ö?ïp/ q 1M«tê

d w
é $'*�* P (λz0, . . . , λzn) = λdP (z0, . . . , zn)

µ�eJ1�ì'$'(+&ë$=ì=&zª�$
λ ∈ C

ª?&)(+u�ó
bd:3w�:39;Z�T858]8Ï | EW:3>;:0��EF]h:358>;G.B�<Yv)L�EF>ML�kxf�T8EFnY<YUW:35�L�N3T 78:=9 l <YL;>O<?G.B8:?��7�<?>;>�EW5 78:=9 | <?9QI
>ML;:=UFUWT858]

P =
∑

i0,...,in
zi00 · z

i1
1 · ... · z

in
n

v�£89D<?UFUW: X Ah58Ahw�:\]hEFUFL!Ï
i0 + · · ·+ in = d

�
��EW9\Z?�h5858:35 78T89;G.B :3EW58:ÊUW:3EWG.B�L;: X A�78EF¡8Zp<YLOEFAh5 m :=78:3> e AhUFú�58A?w <?T8>

C[x1, . . . , xn]
EW5

:=EF58:xBVAhw�A?]h:=5V:}^�Ah9MwÅ£8R%:39Mv�£8B89M:=5���EF5878:=w½��EF9g:=EW5Jv¢<?GHBoEW5 m :378:=w X Ah58A?wº78:35�[~9;<?7
78T89MGHB X TVUFLOEFi8UWEzZp<pLOEFA?5w�EFL e AYLO:=5VN=:=5�:3EW58:396N=T8>;kYLON3UWEFGHB8:35�Ë§<?9ME°<?RVUW:35�<?TV��£8UFUW:=5,�%��:=G.BJI
58:39;EW>MGHBj:35�L;>;i89MEWG.B�L�78<?>À78:3w 4g5V>O<YL;N

xj =
zj

z0

�
j = 1, . . . , n

�J��EF9{>M:3LON3:=5c78EF:=>{:=EF5�T8587
:=5tL;v�:39;58:35�7VEW:~�6:35858:3967VT89;G.B X TVUFLOEFi8UWEzZp<YL;EFA?5�w�EFL

zd0
�

fJAÊ��EW9;7cN3T8w½bd:=EF>;i8EF:=U�<?TV>
3x2

1 + 4x1 + 1
7�<?> e AhUzú�58Ahw

3z2
1 + 4z1z0 + z2

0

��Pg��:=5�R8<?9
EW>QL�78EW:3>;: � T8A?9;785�T858]�T8w�Z?:=BV9;R�<?9À:=EW5V78:=TVL;EW]8�
â��tã¨��ä��aä��%�y��æ{z�æ�è�&)*,$�s%1Oï?|!$�&pu &)ö?$D$=ì'$'*,$À«?(Íª�$=ì=1M«?&Wø�í.-�$�õ�rJ1Hö?${ö?ïp/ q 1M«tê

d
&Wø'u�ª�$ëª�$=ì3$'*

ê?r�1.í.-o$'&)*-�ïp/0ïOª�$'*,$.ø6î�ïp(+ðY*,ïp/
F (z0, z1, z2)

ö?ïp/ q 1M«tê
d
ó

ù �



��EW9�Z?�h5858:35 m :3L;N3L�5�<YGHB89M:=G.B858:35��J7�<?>M>�N'�d:=E�i�<?9O<YUWUF:=UF:�[~:39O<?78:35�EWw¥i89;A m :3Z�L;EFnh:35®�D<?T8w
L.<pLO>OkYGHB8UFEWG.Bo:3EW58:35 fJG.B858EzL;L;i8T858ZtL\B�<?R%:=5,�Ì�D:=B8w�:35���EF9g78EF:}[~:39O<?78:35

x = y
T85V7

x =
y+1

���g<YGHB07V:=9dCDAhw�Ah]h:358EW>MEW:39;T858]\�d:39;78:35®7�<?9O<YT8>�7VEW:DiV9;A m :=ZtLOEznh:=5�[\:=9;<?78:35
z1 = z2T8587

z1 = z2 + z0

��Pg�,:35�R�<?9À>;G.B858:=EF78:=5>;EF:~>MEWG.BcEWw e T858ZtL
[0 : 1 : −1]

�

/10~} a�;�moAD>WLNJrC�LN;lADC*�F3�_?;�>?��JBn8pDp*;�_`LN;�C
ÉK5x78EF:=>;:3w 4gRV>;G.B858EFLML��d:39;78:35}��EF9�78EF:§ËSEW:3UFv¢<?G.B8BV:=EFL�:=EF58:=>�f�GHB85VEFL;L;i8T858ZtL;:=>¨N3�d:3EW:39¨@~TV9QI
nh:=57V:3¡�58EF:=9M:=5�� | EW:3>�:=9Mv�A?9;78:39MLD:3EW58EF]h:gLO:3GHB85VEW>;G.B8:��6R%:39;UF:=]hT85V]h:=5��

��EW9�>;G.B89;:3EWR%:35ÕN3T85�k?G.B8>QL�7VEW:0R%:=EF78:=5 e AhUzú�58Ahw�:®<?UW>
F [z0, z1, z2] =

∑d1

j=1
fjz0, z1z

j
2R8N'�~�

G[z0, z1, z2] =
∑d2

j=1
gjz0, z1z

j
2

����EF9�58:=BVw�:357�<?R%:3EdA8�Îbg�Í7��Î4��¨<Y5���7�<?>M>
d1, d278EF:�[\9O<Y78:{7V:=9�@\T89Mnh:35Ê>;EF587��¢78<?>¨EW>QL�]?:=5�<YTÊ78<?585}78:=9�^�<?UFU �a��:=585Ê78:39 e TV58ZtL

[0 : 0 : 1]58EFGHBtL�<YTVvdR%:=EF78:35 @\T89Qnh:=5�UFEW:=]YL��'�,C6EF:=9MR%:=E�>MEW587�78EW:
fj
R8N3�~�

gj
B8Ahw�Ah]h:35�n?AhwÇ[~9;<?7

d− j
�

â��tã¨��ä��aä��%�k��æt��æSô\&ë$���$.ø'rJ(+uë«?*�uK$�ñ é $'&ë$'1�îDïp(+ðp*,ïp/0$ F,G ö?ïp*Õï?ì=&zª�$'1���ïp1H/�&Wø'ugê?&ë$
ôx$'uK$'1H/Ê&)*�«h*8u_$¨µ!ïp(Íª�$'*%ê�$'1

(d1 + d2)× (d1 + d2) ��� «?u 1H&{(�2

RF,G := det




ad1
. . . a0 0 . . . 0

0 ad1
. . . a0 . . . 0óóó ó ó ó ó ó ó ó ó ó ó ó ó óóó

0 . . . 0 ad1
. . . a0

bd2
. . . b0 0 . . . 0

0 bd2
. . . b0 . . . 0óóó ó ó ó ó ó ó ó ó ó ó ó ó óóó

0 . . . 0 bd1
. . . b0




Pg�,:35�R8<?90EW>ML078EF:o��:=>MT8UFLO<?5�L;:�:=EF5 e AhUzú�58Ahw EW5Ö78:=5�N3�d:3EgË�<?9;EW<?R8UF:=5
z0, z1

�{fJEF:�B�<YL
v�AhUF]h:=5V78:~��EF]h:358>;G.B�<Yv)L;:=5�Ï
� �V������æt�Ìæ�)�&�+

RF,G

&Wø'uÀ$'&)*-�ïp/0ï;ª�$'*,$.øgî�ïp(+ðp*,ïp/ ö?ïp/ q 1;«tê
d1 · d2

ó
)�&)&�+

RF,G = 0
ª�$'*%«?rjêt«?*�* w�é $'*�*�ê?&ë$6î�ïp(+ðp*,ïp/0$�$'&)*�$'*®ª�$'/0$'&)*Vø=«?/0$H*j*�&ëí.-�u¢u 1H&)ö�&¢«?(W$'*�Ì«�&puKïp1S-V«tì'$'*%ó

��EW5�B8Ahw�Ah]h:358:=> e A?UFú�58Ahw EW5�N'�d:=E�Ë§<Y9;E°<YR8UW:35~N=:=9Qv¢k?UWUzL�5�<?G.B�78:=w¦^�T8587�<Yw�:35�LO<?UW>;<YLON�78:=9
4gUF]h:3R89O<�£8R%:=9

C
EF5�ÒÌEF58:!<?9Qv¢<?ZtLOAh9M:=5�� | EF:}ËSEF:=Uzv¢<?GHBVB8:=EzLO:35�78EW:3>;:=9��6TVUWUF>MLO:3UWUF:35�Z?�?5858:=5

��EW9dEFw²v�A?UW]h:35878:35�R%:=5�TVLON3:=5,��T8w ËgEW:3UFv¢<?G.B8B8:3EFL;:=50nhA?5f�GHBV58EFLMLOi8T858ZtL;:=5jN=T�78:3¡858EW:39;:=5,�

ù �



/10W� XP;=5�I�JML�E�Or4BC�Q�S�E%4rA1L
� �V���d��æ���� � �V�����%�������"�t���Ì��$aæ © $'&ë$'*

C1

rJ*%ê
C2

ñ é $'&S«?(Íª�$=ì=1M«?&Wø�í.-�$j$=ì'$'*,$�s%1.ï �|!$�&pu¢&)ö?$6õ�r�1Hö?$'* w ª�$�ª�$=ì'$'*ê?r�1.í.-}ñ é $'&Ìî�ïp(+ðY*,ïp/0$ F1(z0, z1, z2)
r�*%ê

F2(z0, z1, z2)
ö?ïp/

q 1M«tê
d1

ì.ñ é ó d2 w ê?&ë$�&t$'&)*,$Sª�$'/0$'&)*Vø=«?/0$'*�õ}ïp/gs�ïp*,$'*�u_$'* ì'$.ø'&)uWñp$'* w êtóz-Vó F1

rJ*�ê
F2-V«tì'$'*�&t$'&)*,$'* ª�$'/0$'&)*Vø=«?/0$'*���«�&pu_ïp13ó{ô�«?*�*Öì'$.ø'u_$.-�u~ê�$'1�ô~r�1.í.-tø�í.-�*�&)u¢uSö?ïp*

C1

r�*%ê
C2

«?rtø
d1 · d2

î�r�*�&pu_$'*�)�/}&)u�ò�&ë$'( µ3«�í.-t-�$'&)uK$'*�+?ó

�x�¡ x��ä¢ Ï���EW:xEWwÅnhA?9;EW]?:=5�46R8>;G.B858EzL;L~>;:3E�A8�Îbg�Î7,�Î4��Ì78:39 e T858ZtL
[0 : 0 : 1]

<?TVv�Z?:3EW58:39
78:39�@\T89Qnh:=5Ó]h:3UW:=]?:=5��¨��EF9}R%:3L;9O<?G.B�L;:=5Ó78EW:c[~:39O<Y78:=5Õ78T89;G.BÓ78EF:=>M:=5 e T858ZtL�T8587Õi�<pI
9O<Yw�:'LO9;EF>;EF:=9M:=5>;EF:�78T89;G.BÕEWB89M:=5ÓfJG.B858EFLMLOi8TV58ZtL

P ′
w�EFLx78:=9�[\:=9;<?78:35

z2 = 0
��� <?585

UWEF:=]YL�<?TJvÌ:3EW58:39�7VEW:=>M:=9d[~:39O<?78:350:=EF5�]h:=w�:=EF58>O<Yw�:39�fJGHBV58EFLMLOi8T85VZ�Ld78:39�R%:=EF78:=5®@\T89Qnh:=5�¢
Pg�,:35�R8<?9�]h:35�<?T�7�<?5V5��h�d:3585�78EW:���EW5V>;G.B89Ok?5VZ�TV58]h:35�nhAh5

F1

T8587
F2

<?TVv�78EW:3>;:6[\:=9O<Y78:
:=EF58:~]?:=w�:=EF58>O<?w�:\�6T8UFUW>QLO:=UFUF:SB�<YR%:=5��
X <?5�£8R%:=9MUW:=]YLÀ>;EWG.B��V7�<?>M>�7VEW:3>À]h:35�<?Tj78<?585j78:39�^�<?UFU�EF>ML!���d:3585c78EW:S�D:3>;T8UzL.<?5tLO:

RF1,F2EWw e T85VZ�L
P ′
:3EW5V:\�DT8UWUF>MLO:3UWUF:DB�<pL!þJEW5V>;R%:=>MAh5878:39;:\>;:3B8:=5���EF9d>;AYv�Ah9ML=�J7�<?>M>À:3>{5�<?G.B�78:=w

fV<YL;N�<?TV>�78:=w nhA?9;EW]?:=5�4gR8>MGHBV58EFLML�B8��G.B8>MLO:358>
d1·d2

fJG.B858EFLMLOi8TV58ZtLO:�78:39�R%:=EF78:=5�@\T89Qnh:=5
]hEFRVL!�J��>{]?EWRVLd7VT89;G.B�78EW:3>;:S:35878UFEWG.B0n�EW:3UW:35jfJG.B858EzL;LOi8TV58ZtLO:S5�T89d:=5V78UWEFGHB�n�EW:=UF:\[\:=9;<?78:35��
78EF:�N3�d:3E¨78EW:3>;:39~fJG.B858EFLMLOi8TV58ZtLO:xnh:39;R8EF5878:=5,þ�7�<Yw�EzLgZ?�h5V58:=5���EF9gA8�Îbg�Î7,�Î4���<?5858:3B8w�:=5��
7�<?>M>

P = [0 : 0 : 1]
>MA�UWEF:=]?L=�h7�<?>M>{<YTVv m :=78:39{[~:39O<?7V:=507VT89;G.B

P
5�T89§:=EW5®f�GHBV58EFLMLOi8T85VZ�L

78:396@\TV9Mnh:=5UFEW:3]?L!�
| EF:SËSEF:=UFv¢<YGHBVB8:=EzLÀ:3EW58:3>�>MAhUWG.B8:35�fJG.B858EzL;LOi8TV58ZtLO:=>�78:3¡�5VEW:39;:=5j��EF9À7�<Y585c:3EW5Vv¢<?G.Bc<?UF>{78EW:
ËSEF:=Uzv¢<?G.B8B8:=EzL~78:=9��DT8UWUF>ML;:=UWUz:Ê78:39���:=>;TVUFL.<Y5�LO:

RF1,F2

EWw e T858ZtL
P ′
� | <78EF:0[\:=9O<Y78:=5

78T89MGHB
P
78:35�]?:=>O<YwxL;:=5

P
2
£8R%:39;78:3GHZ?:=5��ÀEF>ML®78EF:�4g58N=<?B8Ug78:39jfJG.B858EFLMLOi8T85VZ�L;:Z�¢w�EFL

ËSEF:=Uzv¢<?G.B8B8:=EzLO:35���]h:=9;<?78:~]hUF:=EFGHB�78:=w½[\9O<?7j78:39D�D:3>;T8UzL.<?5tLO:=5,��<?UF>;A
d1 · d2

�

bd:3w�:39;Z�T858]8Ï X <?5ÖZp<?585�R%:'�d:3EW>;:35��d7�<Y>;>078EF:cnh:=9Q�d:35878:3LO: | :3¡858EFL;EWAh5Ó78:=9�ËSEF:=Uzv¢<?GHB�I
B8:3EFLO:35c58EFGHBtL�nhA?578:3w ]h:3�dk?B8UFL;:=5 e T85VZ�L

P
<?R8B�kY58]?L!�

/10i£ ¤*4B>?@B;=58ADC*@B;�CFJBADm��D;¥H I�JML�E�Or4BC�Q�S�EG4BA1L

®��!a�%� ���8!<��æt¦�æ © $'&ë$'*

C1

r�*%ê
C2

ñ é $'&�$=ì'$'*,$D«h( ª�$=ì=1;«?&Wø�í.-�$dõ�r�1Hö?$'*�&)* P
2(C) w |!$ é $'&)( øö?ïp/ q 1M«tê

d w ê?&ë$~ø'&ëí.-�&)* d2
î�rJ*�&puK$'*�ø�í.-�*,$'&¢ê�$'*%ó¨§Ê$'*�*oª�$'*%«?r

d · k
î�rJ*�&puK$Êêt«?ö?ïp*

«?rHµo$'&)*,$'10õ�rJ1Hö?$
C3

ö?ïp/ q 1M«tê
k
(+&ë$ëª�$'*�r�*%ê

C3

&)1H1.$;ê?r?ñ=&¢ì'$'({&Wø'u w êt«?*�*�(+&ë$ëª�$'*�ê?&ë$1O$.ø'u (+&ëí.-�$'*
d · (d− k)

î�r�*�&pu_$�«?rHµx$'&)*,$'1gõ�r�1'ö?$
C4

ö?ïp/ q 1M«tê
(d− k)

ó

�x�¡ x��ä¢ Ï
F1

>M:=E�7VEW: [\UW:3EWG.B�TV58] nhAh5
C1

T85V7
F2

78EF: [\UW:3EWG.B�T85V] nhAh5
C2

� | EF: [\UW:=EFGHB�T858]?:=5
λF1 + µF2

T85V7
[λ : µ] ∈ P

1(C)
]h:=R%:35oTV58>6:=EW5V:�^�<Yw�EFUFEz:SnhAh5o@\T89Mnh:35�nhA?wº[\9O<?7

d
�

78EF:�<YUWUF:S78EF:
d2
e T858ZtL;:�:35�LOB8<?UFL;:=5��
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��EW90�dk?B8UF:=5�:=EF58:=5 e T858ZtL<?TVv
C3

�{78:39j5VEWG.B�Lj:3EW5V:=9�78:39
d · k

e T858ZtLO:�EW>ML=�{ÉK5�78:=9
]h:'�{k?B8UzLO:35®^�<?w�EFUzEF:�]?EWRVL§:=>�:=EF58:g@\T89Qnh:

C5

��78EW:D78EF:=>M:=5 � T8>O<YL;N=i8TV58ZtLÀ:35�L;B�k?UzL!� | <Y9O<?T8>
v�AhUF]?L!�,7�<?>M>

C5 ∩ C3 ≥ d · k + 1
e T858ZtLO:�:=5tLOB�kYUFL!� | <

C5

7V:=5[\9O<Y7
d
T8587

C3

78:35
[\9O<?7

k
B�<pL!�?v)AhUW]?L¨<?T8>�78:=wýfV<YL;N{nhAh5�bd�=N3AhTVL=�t7�<Y>;>

C5∩C3 d ·k
e TV58ZtLO:�:=5�L;B�k?UzL�A�78:=9

C5

T85V7
C3

:=EF58:�]h:=w�:=EF58>O<Yw�:�@6Ahw�i%Ah58:35�L;:xB8<?R%:=5�����>S:'`JEF>MLOEF:=9M:=5�<?UF>;A0]h:=w�:3EW58>;<?w�:
@6Ahw�i%Ah58:35�L;:=5oN3��EF>;G.B8:=5

C5

T85V7
C3

� | <
C3

EW9;9M:=78TVN=EWR%:3U�EF>ML=��wxTV>;>g78EW:�]h:=w�:3EW58>;<?w�:
@6Ahw�i%Ah58:35�L;:\nhAh5

C5

T8587
C3

]h:=9;<?78:
C3

>M:=EW5,�
| <?w�EFL6N=:39;UW:3]?LS>;EFGHB

C5

<?UF>
C5 = C3 ∪ C4

w�EzLg:3EW58:396�d:=EzLO:=9M:=5�@\T89Mnh:
C4

nhAhw�[~9;<?7
deg(C4) = deg(C5) − deg(C3) = d − k

��ÉK5 e AhUzúJ5VAhw�:35Ó<?T8>;]?:=789M£8G.Z�L0B�<?R%:35Ó��EF9
F5 = F4 · F3

�8��AhR%:=E
Fj
7�<Y> e A?UFú�58Ahw N3T

Cj

EW>ML=�
| <�78EW:~9;:3>ML;UWEWG.B8:35

d · (d− k)
e T858ZtLO:x<YTVv

C5

�%<YR�:39D58EWG.B�L6<?TVv
C3

UWEF:=]h:35��8wx£8>;>;:35�>;EW:
<?TVv�78:=5<?5878:39;:=5@6Ahw�i%A?58:=5tLO:35jnhAh5

C5

UFEW:3]h:=5,��<YUW>;AÊ<?TVv
C4

�

��EW58:\>;G.B8�h58:�]?:=Ahw�:3L;9;EW>MGHBV:�^�AhUF]h:=9MT858]}7�<?9;<?T8>�EF>ML�78:39gfJ<YLON\nhA?5 e <Y>;G!<YUëÏ
� �V������æt©�� � �V���ª�%�%��«S�� ¬h���W$aæ © $'&ë$'*

P1, P2, P3

r�*%ê
Q1, Q2, Q3

ø�$.í.-tøSî�r�*�&pu_$�«?rHµ
$'&)*,$'/Åõ}$ëª�$'( ø�í.-�*�&)u¢uÀrJ*%ê

L1 = P1Q2 w L2 = P2Q1 w L3 = P1Q3 w L4 = P3Q1 w L5 =
P2Q3

r�*%ê
L6 = P3Q2

ò%$'13ì=&)*%ê?r�*�ªpø;ª�$'1M«�ê�$'*%ó�ô�«?*�*(+&ë$ëª�$'*Õê?&ë$ © í.-�*�&)u u+s%rJ*�&puK$
A =

L1 ∩ L2, B = L3 ∩ L4

rJ*%ê
C = L5 ∩ L6

«?rHµx$'&)*,$'1 q $'1M«têJ$'*�ó

| :39�fV<YL;N¯v�AhUW]YL�<?T8>�78:3w n?Ah9;EF]h:=5¦@6Ah9;A?UWUW<Y9=�6<?58]?:3�d:35878:3L�<?TVv�7VEW:@\T89Mnh:35
C1 =

L1 ∪ L3 ∪ L5

T8587
C2 = L2 ∪ L4 ∪ L6

T858778EF: . T�<Y789;EFZ
C3

I\78EW:�[\:=9O<Y78:®:39;]hEFRVL
>;EFGHBc<?UW>�@\T89Qnh:

C4

�878EW:\78EF: e TV58ZtLO:
A,B,C

:35�LOB8k?UFL=�

��EW58:��d:3EFL;:=9;:D4g5���:=587VT858]}7V:=>{fV<YLON3:=>d<?TVv�78:=5®^�<?UWUVnhAh50N'�d:=E�@\T89Mnh:350nhAhw [~9;<?7�789M:=E
EW>QL}£8R89;EF]h:=5V>}:=58]�w�EzLx78:=9Ê@\9Mú�iVL;Ah]h9O<Yi8B8EF:®nh:39;R8TV5878:=5®�¢>3��<YT8GHB 78:=5Ób�:=9;EFG.B�LÊ78EF:=>M:=9
[\9;T8i8i%:�'��^�<?UFU858k?w�UWEFG.BÊ:3EW58:�>MAhUWG.B8:D@\T89Mn?:DEW5 m :=78:3w e T858ZtL�:=EF58:�:=EF5878:3TVLOEF]~R%:=>ML;EWw�wÊI
LO: l <Y58]h:35�LO:gB�<YL¨�¢7,�ÎB���78EW:g@\T89Qnh:gB�<YLdZ?:=EF58:\fJEF58]hT8UW<?9;EzLOkYL;:=5ÊI�w�:3B89�7�<?N3T�>3�ÎT,�FþJ>;A?UWG.B8:
@\T89Mnh:35xnhAhw×[~9;<?7�789M:=EJB8:3EW±h:35

elliptische Kurven
�H�Y78<?585xR%:=>QLOEWw�w�:=5�N3�d:3EVR%:=UFEW:3R8EzI
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]h:<�¢:'n�L;Uë��<?TVGHB�EF78:=5tLOEW>MG.B8:�� e TV58ZtLO:g<?TVv,78:39�@\T89Mnh:D:=EF58:6[~:39O<?78:<�¢:'n�LOUë� l <?5V]h:=5tLO:�'��78EW:
78EF:D@~TV9Mnh:DEW5�]h:35�<?T�:3EW58:3w¾�d:3EFL;:=9;:35 e T85VZ�L�>;G.B858:=EF78:3Lc�¢78EF:=>§EF>ML§78:39§:=EF5Vv¢<?G.B8:6^�<?UFU878:3>
fV<YL;N=:3>�nhAh5®bd�3N=A?TVL�v�£89§:=EW5V:S[\:=9;<?78:��H� | <�nhAh5®<?TV>;]h:3B8:=587®Z?�h5V58:=50��EF9§:=EF58:g[~9MT8i8i%:=5�I
Ahi%:39O<YL;EWAh50<?TVv�78:35 e T858ZtLO:35j78:39À@\T89Qnh:S78:'¡�58EF:=9;:35��J��AhR%:=E�7�<?>d4g>M>;AhN3E°<YL;EFn�EFLOkYLO>M]h:=>M:3L;N
]h:39O<?78:�w�EzL®CDEWUFv�:jnhAh5�@6Ah9MAhUWUW<Y9 � � � ��EWw ^�<?UWU

d = 3
R%:'��EW:3>;:35��d:39;78:35�Za<?585�� | EF:

f�L;9;T8ZtLOTV9{78EF:=>M:=9À[\9;T8i8i%:358Ahi%:39O<YL;EWAh50B�<pL{N=<?B8UF9;:=EFGHBV:g465���:=5878TV58]h:35Ì�JnhAhw b�:3�d:3EW>d78:=9
^�:=9Mw0<pLO>;G.B8:35cË�:39;wxTVL;T858]�RVEW>ÀB8EW5jN3T89D@6Ah58>ML;9;T8ZtL;EWAh5j:3��:=ZtLOEznh:=9ÀË�:=9M>;G.B8UW£8>M>;:3UWT858]?:=5��

¯ °ÅÆ²±YÚjÝ3Û�Þ�ÆjÃ�¿�¹�Ã

}:0�2 ³�_?C*;k´^ADJB�*5�J6LN_?mon p*;bµ�58JBCDmo��465 H�JMLN_?4rC
��EW9{R%:3L;9O<?G.B�L;:=578EW:\46R8R8EFUW78T85V]

σ : P
2 → P

2

z0 : z1 : z2 7→ [z1z2 : z0z2 : z0z1].
| EF:=>;:~4gRVR8EWUF78T858]}B8:=EF±?LD<?T8G.B

Cremona
I
Transformation

�
| <

σ
7VT89;G.BÊB8Ahw�Ah]?:=58: e AhUzúJ5VAhw�:�]hUW:3EWG.B8:=5Ê[\9O<?7V:=>¨]?:=]h:3R%:=5ÊEW>QL!�YEF>ML¨>;EF:¶�)v¢<?>ML¨£8R%:39O<?UFU·�

�dA?B8UW78:'¡�58EF:=9ML=�84gUWUF:=9M78EW5V]h>{>ML;:=UFUW:=5���EF9{v�:=>QL!��7�<?>M>D78EF: e T85VZ�L;:

[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1]
58EFGHBtL®N3T8w | :'¡�58EzLOEWA?58>;R%:39;:=EFG.B�]h:3B8�h9M:=5���7�< >;EW:�<?TVv

[0 : 0 : 0]
<?RVR8EWUF78:=5Ó��£89M78:=5,�

4g5V78:=9M:=9;>M:=EzLO>DR%:=>QLO:=BtL67�<?>Dy69MR8EWUF7�78:=9 e T858ZtLO:

[1 : 0 : 0], [0 : 1 : 0]
R8N3�~�

[0 : 0 : 1]
<?T8>�78:35�[~:39O<?7V:=5

z0 = 0, z1 = 0
R8N3�~�

z2 = 0
��7��ÍB���78EW:3>;:�[~:39O<?78:35Õ�d:=9M78:=5�<YTVv

e T858ZtLO:dZ?A?5�LO9;<?B8EF:=9ML=�a4gTV±h:=9MB�<?UFR�7V:=>¨^�T85V7�<?w�:=5tL.<?UF789;:3EW:3GHZ�>�EW>QL�78EW:�4gR8R8EFUW78TV58] m :378A�G.B
R8E m :=ZtLOEzn�I§>;EF:~EF>ML�78A?9ML�>;Ah]t<Y9�N3T>MEWG.Bc>;:3UWR8>QLDEW5�nh:39;>3Ï

σ ◦ σ([z0 : z1 : z2]) = [z0(z0z1z2) : z1(z0z1z2) : z2(z0z1z2)],
T8587jv¢<?UFUW>

z0z1z2 6= 0
��7�<?5V5EF>ML�7�<Y>D7VEW:\ÉK78:35�LOEzL.kYL=�

4g5V78:=9M:=9;>M:=EzLO>�i�<?>M>;EW:39;:35<?TVv�7V:=w ^�T8587�<Yw�:35�LO<?UW789M:=EF:=G.Z�A?��:=5�R�<?9À>MEW]?58EF¡�Za<?5�L;:S]h:=Ahw�:HI
LO9MEW>MGHB8:6Ë�:39Ok?5V78:=9MT858]h:35��V��EF:g7�<?>{bd:=EF>;i8EF:=U%78:=>{ÉK58Z�9;:3EW>M:=>

z2
0 + z2

1 + z2
2 + z0z1 + z0z2 +

z1z2 = 0
N3:=EW]YL!Ï | :=>M>;:=5Óy69MR8EWUF7 EW>MLx78EF:®CDú�i%AhN3ú�Z�UWA?EW78:

z2
0z

2
1 + z2

1z
2
2 + z2

0z
2
2 + (z0 +

z1 + z2)+ z0z1z
2
2 = 0

��:=EF58:6@\T89Mnh:6w�EFL�789M:=E,f�i8EFL;N=:=5�EW5�7V:=50789;:3E%Z�9;EzLOEW>MG.B8:=5 e TV58ZtLO:=5,�
��EW5¯<?5878:39;:=>}bd:3EW>;iVEW:=U§EW>QL�78:=9x@~9M:=EF>

z2
0 + z2

1 + z2
2 = 0

��78:39x78EF:�fJ:3EFL;:=5¯78:=>}^�T85V7�<pI
w�:=5tL.<?UF789;:3EW:=G.Z�>xEW5 m :�N'�d:3E e T858ZtLO:35ÕLO9;<?58>Mn?:=9;>;<?UÀ>;G.B85V:=EW7V:3L!� | :=9M:=5Óy69MR8EWUF7¯EW>MLx:=EW5V:
@\UW:3:=R8UW<YL;L;Z�T89Mnh:\w�EzLÀ789M:=E | AhiVi%:=UWiVT858ZtLO:35��%]?:=]h:3R%:=578T89MGHB

z2
0z

2
1 + z2

2z
2
0 + z2

2z
2
1 = 0

�
� T8wÇË�:=9;>QL.k?5V7858EW>�78EW:3>;:39�Ë�Ah9M]tk?58]?:0T85tLO:=9M>;T8G.B8:=5��EW9�7�<?>}[~:3>;G.B8:=B8:35ÕEF5¯7V:=5Z�9;EFL;EzI
>;G.B8:35 e T858ZtLO:35�]h:3>;Ah5V78:=9QL!� | EF:=>Àv�£8BV9MLDTV58>6<?TJv�78:=5bd:=]?9;EF�o78:39
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}:0WV XP;=¸DCD_WLN_?4rCFADCD�º¹�;�4rH�;GLo58_?;�Or4BCF»dAD�¼9D>hJBmoADC*@B;�C
â��tã¨��ä��aä��%�bz�æ¢ç�æ\è�ø�ø�$'&

P ∈ P
2
$'&)*î�r�*�&pu w ï?ó¾½6ó)êtó,¿�ó�ê�$'1Êî�r�*�&pu [0 : 0 : 1]

ódô\&ë$
¿6r'µ3ì=(z«pø'r�*�ª

BlPP
2 é &)1Mê®ê�$�÷�*�&ë$'1'u�«?( ø�ê?&ë$�#%$'&)(+/0$'*�ª�$�ê�$.ø\õ�1O$'r?ñQs%1Oï!ê?r¡&puK$.ø

P
2[z0 : z1 : z2]× P

1[x0 : x1],

ê?&ë$�ê?&ë$ q (W$'&ëí.-�rJ*�ª
x0z0 = x1z1

$'1)µ�e�()(+uëó

��EW9¨Z?�h5858:3507VEW:3>�>;:=BV9�<?58>MGHB8<?T8UWEFGHBÊ]h:3Ahw�:'LO9MEW>;G.BÊEW5tLO:=9Mi89;:'LOEF:=9;:35��?��EW9�R%:3N=:3EWG.B858:350w�EzL
π : BlPP

2 → P
2
78EW:~��EW5V>;G.B89Ok?5VZ�TV58]�78:=9 e 9;A m :3Z�L;EWAh5

P
2[z0 : z1 : z2]

2 × P
1[x0 : x1]→ P[z0 : z1 : z2]

<?TVvx78EF: l :=EFUWw�:=5V]h:
BlPP

2
� | <?>�yD9;R8EFUW7�7V:=> e T858ZtLO:3>

P
EF>ML7VEW: ]?:=>O<Yw�LO: [\:=9O<Y78:

{P}×P[x0 : x1]
�?�dk?B89;:3587

π
<YT8±h:=9MB�<?UFRxnhAh5

P
RVE m :=ZtL;EFn�EW>QL!�Y4g58>MGHB8<?T8UWEFGHB}]h:3>;i89MA�GHBV:=5

Z�UW:3R%:=5c��EF9ÀEW5j7VEW:~��R%:=58:�:=EF58:�[\:=9;<?78:~£VR%:=9�78:=w e T858ZtL
P
:3EW5��

| EF:�4gTJv�R8U°<?>MT858]0EW>QLS<?UW>MAÀf�T�<?>;E�:=EW5V:}[\EW9;UW<Y5878:�w�EFL6:3EW5V:=9g58:3T8:35�[\:=9;<?78:=5�<?UF>64ÀGHBV>;:?�
| EF: e T85VZ�L;:d<?TVv87V:=9�:=EF58]h:3Z�UW:=RJLO:=5x[\:=9;<?78:35�:=5�L;>;i89M:=G.B8:=5x78:35�4658>MLOEF:=]?:=5�nhAh5x[\:=9O<Y78:=5
78T89MGHBc78:=5<?TVv�]h:3R8U°<Y>;:=5V:=5 e TV58ZtL!�
��:=585���EW9�7�<?9;<?5�7V:=58Z?:35��D78<?>;>c:3EW5V:�Z?Ahw�i8UW:H`J:�i89MA m :3ZtLOEFn?: [\:=9;<?78:o��EW:�:=EW5V: @\TJI
]h:3UWAhR%:39�g�kYGHB8: <?T8>;>MEW:3B�L!�À7�<?585�Z?�?5858:=5���EW9jTV58>78<?>��EW5VZ�UF:=R%:35�nhAh9;>QLO:=UFUW:35�<?UW>�7�<?>
4gTJv�i8T8>ML;:=578:=9D��R%:=5V:�w�EFL{:=EF58:=wÔf�LO9MAhB8B�<?UFw�J78:39DEF5j78:=5 e T858ZtL6]h:=>QLO:3GHZtLD��EW9;7,�

}:0i/ Á�;=58>?;�@BADCD@�OB4BC�»�9*9c_?>?�DA*CD@B;�CÂH�_WLZ»dA*�¼9c>?JBmNA*CD@B;�C
��EW9��dAhUFUW:=55�T85o78EF:}¤d9M:=w�Ah5�<pI l 9O<?58>Qv�Ah9;w�<YL;EFAh5�<YT8>

4.1
<?UF> � T8>O<Yw�w�:=58>M:3L;N=T85V]®nhA?5

4gTJv�R8U°<?>MT858]h:35~nh:=9M>MLO:3B8:=5�I%78A?9ML�B�<?R%:35���EW9 m <À78EF:§fJEFL;T�<YL;EWAh5,�=7�<Y>;>�£VR%:=9 m :=78:3w�7V:=9�789M:=E
e T858ZtLO:}:=EF58:Ê[\:=9;<?78:xUFEW:3]?L!�%y6wº7VEW:�4gTVv�RVU°<?>MT858]�EF5o789;:3E e TV58ZtLO:=5�w�EzL\[\UW:=EFG.B�T858]?:=5
N=T R%:3>;G.B89;:3EWR%:35���R%:3LO9;<?G.B�LO:35 ��EF9�EWw @\9;:3T8N=iV9;A�78T8ZtL

P
2[z0 : z1 : z2]

2 × P
2[x0 : x1 :

ù¡	



x2]
78EW: l :=EFUWw�:=58]?:

P̃
��78EW:�78T89MGHB�78EW:�[\UW:=EFG.B�T858]?:=5

x0z1 = x1z1 = x2z2

]?:=]h:3R%:=5
EW>QL!� | EF:oR%:3EW78:35 e 9MA m :3ZtLOEFAh58:=5�<?TJv�78EF:�^�<YZ�L;Ah9;:35�78:3>j@\9;:=TVN=i89MA�78T8ZtLO:3>cUFEW:'v�:=9M5�T85V>
4gRVR8EWUF78T858]?:=5

P
2[z0 : z1 : z2]

π1←− P̃
π2−→ P

1[x0 : x1 : x2].
��EW9�9M:=G.B858:35�UF:=EFGHBtLD5�<?G.B��%78<?>;>

P̃
w�EzL�78:=5�4gRVR8EWUF78T858]?:=5
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z0 = 0, z1 =
0, z2 = 0
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π1

78EF:x[~:39O<?78:35���7VEW:�T85tLO:=9
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:=EF58]h:3Z�UF:=RVL6�d:39;78:35��,T8587oT8w�]h:3Z?:=B89QL!�
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F : P
2 → P

2

z0 : z1 : z2 7→ [F0(z0 : z1 : z2) : F1(z0 : z1 : z2) : F2(z0 : z1 : z2)]
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2
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F : P

2 → P
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F
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F : P
2 → P

3

z0 : z1 : z2 7→ [F0(z0 : z1 : z2) : F1(z0 : z1 : z2) : F2(z0 : z1 : z2) : F3([z0 : z1 : z2])]
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F0, F1, F2, F3
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^�<?UFU�7VT89;G.B��87�<Y>;>À78EF: e T858ZtLO:�fJG.B858EFLMLOi8TV58ZtLO:SnhAh5�n�EW:39�[~:39O<?7V:=5j>MEW587,�8<?TVv�78:39 m :S789M:=E
78:39 e T85VZ�L;:�UWEW:3]h:=5,��Px�Îbg�Í7��Î4���>;:=EF:=5c78EF:=>�78EF: e TV58ZtLO:

[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : −1 : 0], [1 : 0 : −1], [0 : 1 : −1];

78EF:\[\:=9O<Y78:=5®>;EW5V7�78<?585�78TV9;G.B
z0 = 0, z1 = 0, z2 = 0

T8587
z0 + z1 + z2 = 0

]h:3]h:=R%:35��
| EF:\@~TVR8EWZ?:35j78T89MGHBj78EF:=>;: e T85VZ�L;:~>;EF587�7�<?585j]?:=9;<?78:

z0z1z2 = 0
�
z0z1(z0 + z1 + z2)

�
z0z2(z0 + z1 + z2)

T85V7
z1z2(z0 + z1 + z2)

�
| <?>DbdEFUW7�EWw

P
3[x0 : x1 : x2 : x3]

EF>ML�78<?585c78EW:~�DT8UWUF>MLO:3UWUF:358w�:=58]?:S78:=96[\UW:=EFG.B�T858]

x0x1x2 + x0x1x3 + x0x2x3 − x1x2x3 = 0.

| EF:=>;:
Cayley

I
Kubik
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xy = 078:35�f�GHB85VEFL;L;i8T858ZtL
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y2 = x3
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$'&)*,$�õ�rJ1Hö?$ w ê?&ë$jê?rJ1Oí.-Ö$'&)* î�ïp(+ðp*,ïp/ F (x, y)

ª�$ëª�$=ì'$'*
&Wø'uëó�è�&)*oî�r�*�&pu

P ∈ C
-�$'&vu�u�ø'&)*�ª?r�(z¬?1 w µ3«?()( ø�ê?&ë$Às8«?1Hu¢&ë$'()(W$'*�¿Sì=(W$'&)u r�*�ª�$'*

∂F/∂x
rJ*�ê

∂F/∂y
&)*

P
ì'$'&¢ê�$®ö?$'1Oø�í.- é &)*%ê�$'*%ó�è�&)*Õî�rJ*N&pu w ê�$'10*�&ëí.-�ugø'&)*�ª?rJ(�¬h10&Wø'u w -�$'&vu�u�«?r�í.-
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∂F/∂x = 3x2

T8587
∂F/∂y = 2y
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y2 − x2(x+ 1)
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