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ON THE HEIGHT OF THE UNIVERSAL ABELIAN VARIETY

JOSE IGNACIO BURGOS GIL AND JURG KRAMER

ABSTRACT. In this paper we extend the arithmetic intersection theory of adelic divisors on quasi-
projective varieties developed by X. Yuan and S. W. Zhang to cover certain adelic arithmetic
divisors that are not nef nor integrable. The key concept used in this extension is the relative
finite energy introduced by T. Darvas, E. Di Nezza, and C. H. Lu. As an application we compute
the arithmetic self-intersection number of the line bundle of Siegel-Jacobi forms on the universal
abelian variety endowed with its invariant hermitian metric. The techniques developed in this
paper can be applied in many other situations like mixed Shimura varieties or the moduli space
of stable marked curves.
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1. INTRODUCTION

1.1. Background. Let 27,(C) denote the moduli space of principally polarized abelian varieties of
dimension g over the complex numbers and w the Hodge bundle on 7,(C). The calculation of the
geometric degree of w has been of fundamental interest in the past. Since Chern—Weil theory holds
on 7;(C), this degree computation amounts to calculating the volume of <7 (C) with respect to
the natural invariant metric. The validity of Chern—Weil theory is due to the fact that the natural
invariant metric has only mild logarithmic singularities when approaching the boundary of <7, (C).
The volume computation has been carried out by C.L. Siegel in [Sie36] and leads to the formula

deg(w) = (=1)¥Ca(1 —29) - Go(3 —29) - ... Co(-1),

where d' = g(g + 1)/2 = dimc(27,(C)) and (g(s) is the classical Riemann zeta function.

Shifting now our attention to arithmetic intersections, we need first to replace the complex
varieties under consideration by arithmetic varieties. Thus, we consider the moduli stack .7, of
principally abelian schemes of dimension g over Spec(Z). We point out that in order to avoid to
work with stacks we will have to introduce level structures; however, for the sake of exposition,
we do not use level structures here. Considering then the Hodge bundle @ = (w, || « |inv) on
<y equipped with the natural invariant metric, it was striking when U. Kiihn in and

J.-B. Bost in [Bos99] independently computed in the case g = 1 the arithmetic degree c/k%(w) of
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w, roughly speaking, as the logarithmic derivative of its geometric degree. More precisely, they
obtained the formula

=)

This result was instrumental for various subsequent developments: Let us mention first the estab-
lishment of an arithmetic intersection theory generalizing the theory of H. Gillet and C. Soulé [GS90]
in the series of papers [BGKKO05] and [BGKKO0T] taking into account logarithmically singular met-
rics. Second, the result was important for the further development of the so-called “Kudla Pro-
gram”, see for example [KRY06]. As a third ingredient, we refer to the conjectural generalization
of formula (II)) in the form (see also [MR02])

Gl —2g9) (o8 —29) G(=1)
G-29) GB-29) ~ Ce(-1)

with a,b € Q; this conjectural formula has been verified for g = 2 (see [JvP22]) and for certain
Hilbert modular surfaces (see [BBGKOQT]).

After having established an arithmetic intersection theory on the moduli stack <7, the question
arises if such a theory could also be developed on the universal abelian scheme 7: %, — 47,.
An interesting example would be the calculation of the arithmetic degree of the line bundle .Z
corresponding to the principal polarization of %, since it is related to w by means of the “formule
clé” stating that 7,2 = w®1/2,

However, it turned out that even in the geometric setting the degree computations on the
universal abelian variety are more complicated than on the moduli space of universal abelian
varieties. This is the reason, why our next focus was to understand the situation on the universal
abelian variety m: %,(C) — 27,(C) together with the line bundle J = n*w ® L, where L is the
rigidified symmetric line bundle corresponding to twice the principal polarization. As a first step,
we investigated the case g = 1, where %) (C) becomes an elliptic surface. There, it turns out that
the natural invariant metric on L acquires singularities which are more severe than logarithmic
ones, which leads to the fact that Chern—Weil theory no longer holds on % (C). In the respective
investigations [BGKK16], we found that by replacing divisors on %;(C) by b-divisors given by a
limit of divisors on a sequence of blow-ups of %; (C) along its boundary where the metric becomes
singular, allows us to define sequences of intersection numbers which converge in such a way that
Chern—Weil theory continues to hold in the limit. This work was generalized in [BBGHdJ21] to
arbitrary genus g > 1 and the authors established the formula

(1.2) deg(b-div(J)) =29 - % - deg(w),

where d = d' + g = dim¢(%,(C)) and b-div(J) is the b-divisor associated to the line bundle J.
This shows that the degree of the b-divisor associated to the line bundle J on %,(C) is up to an
elementary rational factor given by the degree of the Hodge bundle on .27, (C).

Of course, it is now immediate to ask if there is a framework such that formula (C2)) carries over
to the arithmetic setting. Thus, we next consider the universal abelian scheme %, with the line
bundle 7 = m*w®.Z, where, as before, Z = (£, || |linv) is the rigidified symmetric line bundle on
A, corresponding to twice the principal polarization equipped with the natural invariant metric.
As mentioned above, Chern-Weil theory fails to hold on %,(C), which is one of the main reasons
that the generalized arithmetic intersection theory developed in [BGKKO05] no longer applies to
define arithmetic intersections on %,. Thus, the question arises, if there is a further extension of
arithmetic intersection theory that allows one to define and compute the arithmetic degree of the
line bundle 7 More specifically, one might ask, if formula (LZ) has an arithmetic analog. We
are able to answer both questions affirmatively in this paper.

d/e\g(w) = —deg(w) < +alog(2) + b)

1.2. Main results. In order to find a promising attempt to establish a generalized arithmetic
intersection theory for hermitian line bundles equipped with singular metrics on %,, it is worth
noticing that the use of b-divisors in the geometric setting as described above can be extended to
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the arithmetic setting by means of the theory of adelic arithmetic line bundles over quasi-projective
arithmetic varieties developed by X. Yuan and S. W. Zhang in [YZ21]. In their theory, X. Yuan
and S. W. Zhang defined arithmetic intersection numbers for so-called adelic arithmetic divisors
as limits of “classical” arithmetic intersection numbers as long as the adelic arithmetic divisors
are sufficiently positive, i.e., nef as arithmetic divisors. The arithmetic intersection numbers can
be extended by linearity to integrable adelic arithmetic divisors, that are differences of nef adelic
arithmetic divisors.

It turns out that the hermitian line bundle .Z discussed above, defines an adelic arithmetic
divisor on %, which is nef so that its arithmetic self-intersection number is well-defined. On
the other hand, even though the hermitian line bundle @ also gives rise to an adelic arithmetic
divisor on 27, we are not able to show its arithmetical nefness (in fact, we suspect that it is
not even integrable), which prevents us from defining its arithmetic self-intersection number using
the theory of X. Yuan and S. W. Zhang, although the existence of such an intersection number
is known from [BGKKO7]. Therefore, in order to have a well-defined arithmetic self-intersection
product of ¢, we need to “merge” the results of [BGKKO07] with those of [YZ21]. To this end,
in our first main result, we extend the theory of X. Yuan and S. W. Zhang in Theorem [£4] to be
able to define arithmetic self-intersection numbers for certain adelic arithmetic divisors, which are
not necessarily nef like @. This extension uses two recent analytical tools: The theory of non-
pluripolar products of positive currents developed in [BEGZ10] and the theory of relative energy
introduced in [DDNLI8D] (that uses non-pluripolar products in an essential way). We refer to the
recent survey [DDNL23| and the references therein.

The relation between the theory developed in [YZ21] and the relative energy is as follows. Let

D = (D,gp) and D = (D, g») be two nef adelic arithmetic divisors on an arithmetic variety X
that share the same geometric part and only differ in the Green function’s part. Then, by choosing
a “sufficiently large” arithmetic reference divisor € = (€, gg) and by putting

wp =dd°gp +0p, ¢ =g9p—9ge, ¥ =gp—9E

the functions ¢ and ¢’ turn out to be wg-plurisubharmonic on X' (C) with ¢ having finite relative
energy I, (¢) with respect to ¢’. We are now able to establish the relationship

d+1 —/d+1
=D + Lp/(@)

D
between the corresponding arithmetic self-intersection numbers; here d is the relative dimension
of X. The relative energy I, (¢) is computed by means of non-pluripolar products. This shows
that we can define an arithmetic self-intersection number for an adelic arithmetic divisor (D, g),
even if it is not nef nor integrable, as long as the function ¢” = g%, — gg is wg-plurisubharmonic
and ¢ has finite relative energy with respect to ¢’. One can argue that this is the largest possible
extension of the theory given in [YZ2I] to semipositive adelic divisors since one can say that a
divisor with infinite relative energy should also have infinite arithmetic self-intersection. Many
singular metrics that appear in practice are examples of metrics with finite relative energy, so we
expect that this theory can be applied in many different situations.

Our second main result in Theorem [5.26 then states that the arithmetic self-intersection number
of the adelic arithmetic line bundle j =TT ® 7, i.e., its arithmetic degree, is a well-defined
real number. We compute this number as the third main result in Theorem and obtain the
formula

Bee(7) =27 ey deR(@).

which confirms that the arithmetic analog of formula (2] holds.

1.3. Outline. In Section Bl we gather the analytic prerequisites needed for the remainder of
the paper. Namely, we review the theory of plurisubharmonic functions and its relation with
semipositive hermitian metrics and Green functions. We also discuss the non-pluripolar product
of positive currents as well as the notion of relative energy. We end the section by recalling the
notions of algebraic and almost algebraic singularities.
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In Section Bl we give a summary of the theory of adelic arithmetic divisors. We divide the
discussion into three cases: The geometric case, the local arithmetic case, and the global arithmetic
case. We also discuss the relationship between adelic arithmetic line bundles and adelic arithmetic
divisors, and finally investigate the functorial properties that are needed for the computation of
arithmetic self-intersection numbers (arithmetic degrees).

Section Ml is devoted to the extension of the theory to the finite relative energy case. To this
end, we first show that the difference of two arithmetic self-intersection numbers can be expressed
in terms of the relative energy. We then give a definition of arithmetic self-intersection numbers
in terms of relative energy. We end the section by showing that some of the functorial properties
are also satisfied by this extended arithmetic intersection product.

Finally, in Section [B, we recall the theory of Siegel-Jacobi forms and compute the arithmetic
self-intersection number of the arithmetic line bundle of Siegel-Jacobi forms.

Acknowledgements. We are grateful to the Humboldt-Universitat zu Berlin, to the Instituto de
Ciencias Matematicas (ICMAT), to the Mathematisches Forschungsinstitut Oberwolfach (MFO),
and to the Centre International de Rencontres Mathématiques (CIRM) for their hospitality during
the preparation of this paper. We warmly thank A. Botero, S. Boucksom, T. Darvas, W. Gubler,
K. Kinnemann, G. Peralta, X. Yuan, and S. W. Zhang for many helpful conversations.

2. ANALYTICAL PREREQUISITES

In this section we summarize the analytical prerequisites that are fundamental for this paper.
Here, X will denote a projective complex manifold of dimension d.

We refer to [Dem92al, [Dem92b], and [NO90], but also to [Bou04], [BEJ16], and [Kim10] for
definitions and proofs of the analytic properties discussed in this section.

2.1. Notation. We define the twisted differential d® by the formula

In this way, we obtain '
7 _
dd® = — 90.
2w
This is the usual convention used in Arakelov theory as, for example, in [Sou92]. However, we
point out that it differs by a factor of 1/2 from the convention used in [Dem12].

2.1. Plurisubharmonic functions.

2.2. Definition. Let V be an open coordinate subset of X, which we identify with an open subset
of C". A function ¢: V — RU{—oo} is called plurisubharmonic, if it satisfies the following two
conditions:

(i) The function ¢ is upper semi-continuous and not identically equal to —oco on every con-

nected component of V.
(i) For every z € V, every € > 0 such that the closed ball B(z,¢) is contained in V', and every

w € C™ with |w| < e, the inequality

1 27 X
< _ it dt
o) < 50 [ ole+we)
holds.

A function ¢: V — RU{—00} on an arbitrary open subset V of X is called plurisubharmonic, if
V' can be covered by open coordinate subsets {V;};es such that ¢|y, is plurisubharmonic on V;
for all j € J.

2.3. Remark. Let V C X denote an open subset of X. As usual, we then denote by L{. (V) the

set of functions defined on V' that are locally integrable on V. If ¢ € Ll (V), then ¢ defines a
distribution on V and thus a (0, 0)-current on V', which we denote again by ¢. Viewing the locally
integrable function ¢ as a (0, 0)-current, allows the formation dd®yp, which then becomes a closed

(1,1)-current.
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Plurisubharmonic functions can be characterized in terms of positive currents. For the notion of
positive currents and their properties, we refer to [Dem12, Chapter III]. The next result is [Dem12]
Chapter I, Theorem 5.8].

2.4. Proposition. Let V C X denote an open subset and ¢: V — R U {—o0} be a function.

1
loc

(i) If ¢ is plurisubharmonic on V, then ¢ belongs to Li, (V) and dd°yp is a closed positive
(1,1)-current.
(ii) Conversely, if ¢ belongs to L, (V) and dd°y is a closed positive (1,1)-current, then there

exists a unique plurisubharmonic function @g that agrees almost everywhere on V. with .

2.5. Remark. We note that part of Proposition 2.4lis the best we can achieve so that altering
a function in a set of measure zero does not change the associated distribution, but may result
that the function is no longer plurisubharmonic. Thus, in the sequel, when talking about plurisub-
harmonic functions, we will tacitly use the L{ -topology, i.e., we will identify two functions that
define the same distribution.

Since X is compact, any plurisubharmonic function on the whole X is known to be constant.
To have a richer global theory, we need to allow some more flexibility.

2.6. Definition. Let wy be a smooth closed positive (1,1)-form on X. A function ¢: V —
R U {—o0} defined on an open subset V' C X is called wo-plurisubharmonic, if it satisfies the
following two conditions:

(i) The function ¢ is upper semi-continuous and locally integrable on V.
(ii) The current dd®p + wy is a closed positive (1,1)-current on V.

The space of wp-plurisubharmonic functions on X is denoted by PSH(X, wp).

When working in the L] -topology, there is no need to insist on the upper-semicontinuity. In
fact, a consequence of Proposition 2.4I[(ii)] is the following global result.

2.7. Corollary. Let V C X be an open subset, wg be a smooth closed positive (1,1)-form, and
p: V. — RU{£oo} be a locally integrable function such that ddp + wg is a (closed) positive
(1,1)-form. Then, there exists a unique wo-plurisubharmonic function that agrees with ¢ almost
everywhere.

The plurisubharmonic functions can be classified by their type of singularity.

2.8. Definition. Let ¢; and @2 be two wp-plurisubharmonic functions on X. We say that ¢
is more singular than g, if there is a constant C' such that ¢; < @9 + C. We say that ¢1 and
o have equivalent singularities, if at the same time ¢; is more singular than ¢y and @9 is more
singular than ;. An equivalence class of singularities is called a singularity type. If ¢ is an
wo-plurisubharmonic function, then [¢] denotes its singularity type. If @1 is more singular than
2, we write [p1] < [p2].

Note that [p1] = [p2] if and only if the difference @1 — @3 is bounded.

2.9. Remark. Definition 2.§]is tailored along the assumption that X is compact. When X is not
compact, we have to replace the positive constant C' above by a locally bounded function.

2.2. Semipositive hermitian metrics.

2.10. Remark. If L is a line bundle on X, we recall that a smooth hermitian metric || - ||o on L is
given by hermitian metrics on the fibers of L that vary smoothly across X. Moreover, if s denotes
a non-trivial rational section of L, we have the equation

dd*(—log [[s]13) + daiv(s) = wo,

where wy is a closed smooth real (1,1)-form on X, the so-called curvature form of the hermitian
line bundle L = (L, || - ||o), which is known to be independent of the choice of s.
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2.11. Definition. Let L be a line bundle on X equipped with a smooth hermitian metric || - ||o.
We call a hermitian metric || - | a singular hermitian metric on L, if it is of the form

=1 llo- e,

where ¢ is a locally integrable function on X. Two such metrics will be identified if they agree
almost everywhere on X.

2.12. Remark. Let L be a line bundle on X equipped with a singular hermitian metric || - || =
|- llo-e%/? with p € L} (X) as in the above definition. Then, for any open subset V' C X and
any non-vanishing section s of L over V', we observe that

—log ||s[|* = —log||s]I§ + ¢
which shows that — log ||5H2 € Llloc(v)'

2.13. Definition. Let L be a line bundle on X equipped with a singular hermitian metric || - ||.
Then, the singular metric || - || is called semipositive, if for any open subset V' C X and any
non-vanishing section s of L over V, the locally integrable function — log||s||? is plurisubharmonic
on V.

2.14. Remark. Let L be a line bundle on X equipped with a singular hermitian metric || - ||. Let

then s and s’ be non-vanishing sections of L over V and V', respectively. Since s and s’ differ only
by a unit on the intersection V N V', we arrive at the equality of currents

2 2

ddc(_ log ||S|| )}val = ddc(_ 10g ||S/|| )’va/

on V NV'. This shows that the (1,1)-current dd®(— log ||s||?) gives rise to a (1,1)-current on the
whole of X.

2.15. Lemma. Let L be a line bundle on X equipped with a smooth hermitian metric || - ||o with
curvature form wg. Then, there is a bijective correspondence

{ semipositive metrics || - || on L} +—  {wo-plurisubharmonic functions ¢ on X},

given by the assignment || - | — ¢, where ¢ is locally, on a open subset V. C X, determined by

Is)?
= —1
4 °g<|s||% !

with s being a non-vanishing section of L over V.

Proof. We start by noting that the local definition of ¢ globalizes, thus ¢ is defined on the whole
of X. Next, given a semipositive metric || - || on L, we have for any open subset V' C X and any
non-vanishing section s of L over V that

¢ = —log|s||* +log 5|3

on V. Since the locally integrable function — log||s||? is plurisubharmonic on V' by Definition 213}
part |(i)| of Definition is fulfilled. Furthermore, since —dd®log||s||2 = wo, we find that

ddp + wo = dd°(~log ||s[|*) + dd°(log [|s[|3) + wo = dd*(~log s]]*),

which, again using the plurisubharmonicity of —log||s||?, is a positive (1,1)-current on V, and
thus verifies part of Definition In total, we have proven that ¢ is an wp-plurisubharmonic
function on X.

On the other hand, if ¢ is an wp-plurisubharmonic function on X, we define || - || = |
and easily check that || - || becomes a semipositive metric on L.

lo- e—®/2
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2.3. Green functions. For our purposes, it will be convenient to translate the above results into
the language of divisors and Green functions. Note that for us a Green function will be more
appropriately called a Green current (of degree zero).

2.16. Definition. Let D be a divisor on X. A Green function for D is the current associated to
a locally integrable function g: X — R U {£o00}. A Green function g for D is called of smooth, of
continuous, of locally bounded, or of plurisubharmonic type, if g can be chosen in such a way that
for any open subset V' C X and any local equation fp for D on V, the function

g +log|fpl|?

is smooth, continuous, locally bounded, or plurisubharmonic on V', respectively.

Note that two locally integrable functions on X define the same Green function for D if and
only if they agree almost everywhere.

2.17. Definition. Let g be a Green function for the divisor D. Then, we define the (1, 1)-current
wp(g) =dd°g + 0p.

If ¢ is a Green function for D of smooth type, then wp(g) is a smooth (1, 1)-form. Moreover, if g
is a Green function for D of plurisubharmonic type, then wp(g) is a closed positive (1, 1)-current.

2.18. Lemma. Let D be a divisor on X, L = O(D) the corresponding line bundle, and s a section
of L with div(s) = D. Then, there is a bijective correspondence

{singular hermitian metrics || - || on L} ~ «—  {Green functions g for D},

given by the assignment || - || = —log ||s||?>. Moreover, this correspondence sends smooth, continu-
ous, or semipositive hermitian metrics on L to Green functions for D of smooth, continuous, or
plurisubharmonic type, respectively.

Proof. The proof of the lemma follows immediately from Definition and the preceding dis-
cussion. ]

2.19. Remark. Note that by Definition any locally integrable function on X is a Green
function for any divisor. For example, we can start with a Green function g for a divisor D of
smooth, continuous, or plurisubharmonic type. We can then think of g as being a Green function
for another divisor D’. But now the function g, viewed as a Green function for D’, may become
singular or may no longer be of plurisubharmonic type.

The next lemma shows that positivity is always preserved when increasing the divisor.

2.20. Lemma. Let D and D' be divisors on X such that the divisor C == D’ — D is effective. If
g s a Green function for D of plurisubharmonic type, then g also is a Green function for D' of
plurisubharmonic type.

Proof. Let V C X be an open subset and let fp, fps, and f¢ be local equations on V for D, D’,
and C, respectively, satisfying fpr = fp- fc. Since C'is effective, the function f¢ is holomorphic on
V and hence the function log | fc|? is plurisubharmonic on V. Now, since the function g+log|fp|?
is plurisubharmonic on V' by hypothesis, and since the sum of plurisubharmonic functions is again
plurisubharmonic, we deduce that

g+log|fp|* = g+log|fpl* + log|fc|?

is also plurisubharmonic on V. This proves the claim. (I

Let us next rephrase the result of Lemma [2.20] in terms of metrized line bundles. To do this,
we need the following remark.

2.21. Remark. Let D be a divisor on X and assume that the corresponding line bundle O(D) is
equipped with a semipositive hermitian metric || - ||. Furthermore, let D" be another divisor on X
such that the divisor C' := D’ — D is effective. Therefore, we have an inclusion O(D) C O(D’)
of line bundles. By definition, we can view the line bundles O(D) and O(D’) as subsheaves of
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the sheaf of rational functions Kx of X. Thus, the unit function 1 of Kx, which gives rise to a
rational section of O(D), can also be viewed as a rational section of O(D’). In this way, we can
define by means of the semipositive hermitian metric || - || on O(D), a hermitian metric || - || on
O(D’) through the formula

LI = [IL1,
which will turn out to be again semipositive in the subsequent lemma.

2.22. Lemma. Let D and D' be divisors on X such that the divisor C' == D’ — D is effective. If
II-1| is a semipositive hermitian metric on O(D), then the hermitian metric || - ||" on O(D") defined
as in Remark[2.21] is also semipositive.

Proof. By our assumptions, we have
O(D") =0(D)® O(C).

By now choosing V' small enough as an open subset of X, we find non-vanishing sections s, s’, and
sc of the line bundles O(D), O(D’), and O(C) over V, respectively, such that we have

s’ =s-sc.

Observing next that the inclusion O(C) C Kx is provided by the assignment s¢ — fg L. h, where
fo € Kx (V) gives rise to a local equation for the divisor C on V and h € Kx (V) is a unit, we
find

s'=s- fCTl - h.
From this equality we compute
—log||s'||"* = ~log||s||* — log| f&'[* — log |A|*
= —log 5] +log | fc|* — log |h[*.

Arguing now as in the proof of Lemma 220, the plurisubharmonicity of —log||s||? on V implies
the plurisubharmonicity of —log ||s’||’? on V/, which proves the semipositivity of the hermitian
metric || - || on O(D). O

In the next lemma we give a criterion when the change of divisor preserves positivity even if
the change of divisor is not increasing.

2.23. Lemma. Let D and D’ be divisors on X. If gp is a Green function for D of plurisubharmonic
type, and if for each point x € X, there is a neighbourhood V of © and a local equation fp of D’
such that gp + log |fp|? is locally bounded above on V', then gp also is a Green function for D'
of plurisubharmonic type.

Proof. We begin by choosing a covering of X by open subsets V such that in each open subset
there are equations fp and fp/ for D and D', respectively. Moreover, gp + log |fp|? extends to a
plurisubharmonic function on V' and gp + log | fp|? is bounded above on V. On V' \ (|D|U|D’|),
the function

gp +1log|fp/|*> = gp +log|fp|* +log|fp/fp|?

is plurisubharmonic because the function fp./fp is holomorphic there. Since the function gp +
log | fp/|? is bounded above on V, by [Dem12, Theorem 5.24], it extends to a plurisubharmonic
function on V, proving the lemma. (Il

2.4. Divisors with real coefficients. Since later on we will be interested in different completions
of spaces of divisors, it is natural to use real coefficients instead of rational or integral ones. We
will write

Divg(X) := Div(X) ®z R.

The notion of Green function can be directly extended to divisors with real coeflicients.
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2.24. Definition. Let D be a divisor on X with real coefficients. A Green function g for D is the
current associated to a locally integrable function g: X — R U {+oo}. It is said to be of smooth,
of continuous, or of locally bounded type, if there are decompositions

(2.1) D= Zaij and g= Z a;g;,
i=1 =1

with D; € Div(X) and a; € R such that g; are Green functions for D; of smooth, of continuous, or
of locally bounded type for j = 1,...,n, respectively. If D is a divisor on X with real coefficients
and g is a Green function for D, we continue to write

wD(g) = ddcg + 5[).

The definition of a Green function of plurisubharmonic type does not rely on writing the divisor
as a linear combination of ordinary divisors, but can be written directly.

2.25. Definition. Let D be a divisor on X with real coefficients. A Green function g for D is said
to be of plurisubharmonic type, if the closed (1, 1)-current wp(g) is positive.

The next lemma gives a characterization of Green functions of plurisubharmonic type.

2.26. Lemma. Let D be a divisor on X with real coefficients and gy be a Green function for D of
smooth type; put wo = wp(go). A Green function g for D is of plurisubharmonic type, if and only
if the function g — go s wo-plurisubharmonic.

Proof. We first compute
wp(g) =dd°g + dp = dd°g + wo — wo + dp = dd®g + wo — dd°go = dd°(g — go) + wo.

Therefore, if g — go is wp-plurisubharmonic, then wp(g) is positive, and hence g is of plurisubhar-
monic type. For the converse, assume that wp(g) is positive. Then, dd®(g — go) + wo is positive.
By Corollary 2.7 there is a unique wp-plurisubharmonic function ¢ that agrees with g — gy almost
everywhere. Then, the function ¢’ := go + ¢ defines the same Green function as g and ¢’ — go is
wo-plurisubharmonic. (I

2.27. Remark. If D is a divisor with integral coeflicients, then both definitions of Green functions
of plurisubharmonic type, namely Definition and Definition 2.25] are equivalent, after identi-
fying functions that agree almost everywhere. Indeed, if g is a Green function of plurisubharmonic
type for D according to Definition .16] then for any open subset V' C X and any local equation
fp for D on V, we have that g + log |fp|? is plurisubharmonic. In particular, we have that

wp(g)lv = dd(g + log|fp|?) > 0.

Hence, ¢ is of plurisubharmonic type according to Definition Conversely, assume that g
satisfies Definition Let go be a Green function of smooth type for D and put wg = wp(go).
Then, the proof of Lemma shows that there exists an wg-plurisubharmonic function ¢ that
agrees with g — go almost everywhere; in other words, the function ¢’ = go + ¢ agrees with g
almost everywhere. Locally, on V', we now have

g +1og|fpl* = go+ log|fo|” + ¢

Since go +log| fp|* is smooth and ¢ is wy-plurisubharmonic, we deduce that ¢’ +1log|fp|* is upper
semicontinuous, does not take the value +o0o, and that dd®(¢’ + log |fp|?) is positive on V. Thus,
g’ +log|fpl|? is plurisubharmonic on V.

| ?

We can extend Lemma [2.20] to divisors with real coefficients.

2.28. Lemma. Let D and D’ be divisors on X with real coefficients such that the divisor C =
D' — D is effective. If g is a Green function for D of plurisubharmonic type, then g also is a Green
function for D' of plurisubharmonic type.
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Proof. Since the divisor C' = D’ — D is effective, the current ¢ is positive. Assume now that g is
a Green function for D of plurisubharmonic type. Then, we have

wpr(g) =dd°g +dp = dd°g + dp + dc = wp(g) +dc > 0.
Hence, g is a Green function for D’ of plurisubharmonic type. O

2.5. Non-pluripolar product of currents. In general, currents cannot be multiplied. Never-
theless, the Bedford—Taylor calculus allows us to define currents of the form

dd®p1 A ... AddCp, and wo dd®p1 A ... Add gy,

whenever the functions g, 1, ..., ¢, are locally bounded plurisubharmonic functions on an open
subset V' C X. In order to extend these products to plurisubharmonic functions that are not
locally bounded on V', one can follow two directions.

One direction consists in imposing conditions on the sets, where the functions g, p1,...,¢p
take the value —co. For this approach, we refer for instance to [Dem12, Chapter III, § 3].

The other direction is to “throw away” the part of the currents that is supported on the so-
called pluripolar sets. This point of view is introduced in [BEGZ10]. We recall this construction
next.

2.29. Definition. Let Z C X be a subset of X. Then, Z is called a complete pluripolar set, if for
each x € Z, there exists a connected open subset V, C X containing x and a plurisubharmonic
function ¢, : V, = RU{—0c0}, not identically equal to —co, such that

ZNVy ={z€Vy|ps(z) = —c0}.

We note that it can be shown that any proper analytic subvariety Z of X is a complete pluripolar
set. Any subset of a complete pluripolar set is called a pluripolar set.

2.30. Definition. A function ¢: X — RU {—o0} is said to have small unbounded locus, if there
exists a complete pluripolar set Z such that ¢ is locally bounded outside Z.

2.31. Definition. For j = 1,...,p, let w; be closed smooth real (1,1)-forms on X and let ¢,
be wj-plurisubharmonic functions on X having small unbounded locus. Then, the non-pluripolar
product of (1,1)-currents

(2.2) ((dd°p1 +w1) A ... A (dd%pp + wp))
is the (p, p)-current defined as follows: For each k € Ny g, we introduce the set
Up ={x e X|pjlz)>—-kforj=1,...,p}

we observe that the functions ¢; are locally bounded on Uy, for j = 1,...,p. Then, letting ¢ := d—p
and n be a smooth (g, ¢)-form on X, the non-pluripolar product (2.2]) is defined as

(2.3) ((dd°p1 +w1) A... A (dd®pp + wp))(n) = lim (dd®p1 +wi) A .. A (ddSpp +wp) A,
Uk

k—o0
where the right-hand side of equation (2.3]) is defined using Bedford—Taylor theory.

The basic properties of the non-pluripolar product of (1,1)-currents just defined are the fol-
lowing. They follow from [BEGZI0, Proposition 1.6], [BEGZI0, Proposition 1.4], and [BEGZI0,
Theorem 1.8], because we are assuming that X is projective, and hence is Kéahler.

2.32. Theorem. With the notations of Definition[2.31], we set T; = dd®p; +w; forj=1,...,p.
Then, we have the following statements:

(i) The non-pluripolar product <T1 A.. ./\Tp> is well-defined and depends only on the currents
T; and not on the particular choice of functions ¢; for j=1,...,p.

(i) The non-pluripolar product <T1 AL, /\Tp> is symmetric. Moreover, it is multilinear in the
following sense: If, for example, w} is another closed smooth real (1,1)-form on X, ¢} is
an wh -plurisubharmonic function on X having small unbounded locus, T] := dd°¢} + wf,
and A1, \; € Rso, then we have

(MTL+NT)A ATy = M{(Tu A ATp) + MN{(T{ A ATy).
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1) The current {(Th A ... NT,) is closed and positive.
( ) P p

Since <T1 VAN Tp> is closed, we will denote by cl (<T1 VAN Tp>) the associated cohomology
class in HP?(X,C).
The following monotonicity criterion is contained in [BEGZI10, Theorem 1.16].

2.33. Theorem. For j =1,...,p, let w; be closed smooth real (1,1)-forms on X and let p;, ¢}
be wj-plurisubharmonic functions on X having small unbounded locus. If there are constants
¢;j € Ry such that gp} < @j + ¢4, i e., the functions <p3» are more singular than the functions y;
for j=1,....p, then the cohomology class

el (((dd°p1 4+ wi) Ao A (ddpp +wp))) — el (((dd°p) +wi) A ... A (dd°@), + wp)))

is strongly positive. This means that for any closed smooth and weakly positive form n, the in-
equality

/<(ddc<p1+w1)/\.../\(ddc<pp+wp)>/\n—/ <(ddc<p'1+w1)A.../\(ddC¢;+wp)>/\n20
X X

holds. In particular, if p = d, the inequality

/ ((dd°@} +wi) A ... A (dd°) + wa)) < / ((dd°p1 +wi) A ... A (dd°pq + wa))
X X

holds.

The non-pluripolar product of (1,1)-currents given in Definition 2:3T] can be used to define a
non-pluripolar product of (1, 1)-currents of the form wp(g) associated to Green functions g for a
divisor D on X which are of plurisubharmonic type.

2.34. Definition. For j =1,...,p, let D; be divisors on X and let g; be Green functions for D;
of plurisubharmonic type having small unbounded locus. Furthermore, let g; o be Green functions
for D; of smooth type, and put wjo = wp,(g;0). Then, the difference ¢; = g; — g;0 is an
wj,o-plurisubharmonic function on X. We thus define

{wp, (1) A .. Awp,(gp)) = ((dd°p1 + w1,0) A ... A(dd°pp, + wp0)).

We note that by part of Theorem 2.32] the non-pluripolar product introduced above is
well-defined and does not depend on the choice of Green functions g;¢ for D; of smooth type
(j = 1,...,p). What is surprising is that it only depends on the Green functions g;, but not
on the actual divisors D; as long as g; are Green functions for D; of plurisubharmonic type
(G=1,...,p).

2.35. Proposition. Forj=1,...,p, let D;, D;- be divisors on X and let g; be Green functions for
D; of plurisubharmonic type such that they are also Green functions for D;- of plurisubharmonic
type. Then, we have the equality

<wDi (1) Ao A wpy (gp)> = <wD1 (g1) N ... ANwp, (gp)>.

Proof. We can find divisors D} such that DY — D; and DY — D’ are effective. It is then enough
to prove the two equalities

<wDi (1) A ... Awpy (9p)) = <wD;’(91) A...Awpy (9p)) = (wpy (g1) A ... Awp, (gp)).

Hence, without loss of generality, we can assume that we are in the case when C; = D; —Dj is
effective for j =1,...,p.

By construction, we have that wp; (95) = wp,(g;) + ¢, for j = 1,...,p. By part of
Theorem 2.32] we are thus reduced to prove that

(6cy Awpy(g2) A+ Awp,(gp)) = 0.

However, this follows directly from the definition of the non-pluripolar product of (1, 1)-currents:
For this, let g be a Green function for Cy of smooth type and let w = we, (g), so that w is a
smooth (1,1)-form. Now, put ¢ = —g, so that ¢ becomes an w-plurisubharmonic function on X
satisfying dd°¢ + w = d¢,. On any of the sets Uy introduced in Definition Z31] the function ¢
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will be bounded below. Therefore, we have U, NCy = @, which implies that after replacing 1 and
w1 in equation (23) by ¢ and w, respectively, all the integrals on the right-hand side of (Z3]) will
vanish. This concludes the proof of the proposition. ([

2.36. Example. Let D and D’ be divisors on X such that the divisor C' := D’ — D is effective.
Let || - || be a semipositive hermitian metric on O(D) and define the hermitian metric || - ||" on
O(D’) as in Remark 22T} by Lemma 2.22] we know that || - ||’ is also semipositive. Choosing a
non-trivial rational section s of O(D), which can also be viewed as a non-trivial rational section
of O(D'), we obtain the relation (see the proof of Lemma [2.22))

dd®(~log [s]|*) = dd*(~log||s||*) + dc,
which shows that we have the following equality of non-pluripolar parts
(dd°(~log |s[|"*)) = (dd°(~log |s[*))-

Letting ¢ and ¢’ denote the wy-plurisubharmonic functions on X corresponding to the semipositive
hermitian metrics || - || and || - ||’, respectively, we can rewrite the above relation as

dd®y’ 4w = ddp + wo + ¢,

which shows that the wg-plurisubharmonic function ¢’ is “more singular” than the wq-plurisub-
harmonic function ; the equality of non-pluripolar parts translates as

<ddc<p/ + w0> = <ddcg0 + w0>.

2.6. Capacity and monotonicity of non-pluripolar products. The monotonicity result given
in Theorem [2.33] has been strengthened in [DDNLI18b| to obtain weak convergence of measures.
We need some preliminary definitions (see [GZ17, Chapter IX]).

2.37. Definition. Let w be a Kahler form on X. Write V = fS w?. For every Borel subset K C X,
the w-capacity of K is defined as

1
Cap,,(K) = sup {V / (dd°ep + w)™?
K

v € PSH(X,w), 0< p < 1}.

If K C X is any subset, the outer w-capacity of K is defined as
Capl,(K) = inf { Cap,, (W) | W open, K C W }.

2.38. Definition. A sequence of functions (¢, )nen is said to converge in capacity to a function
p, if for any § > 0, we have

nh_)rrgo Capl, {z € X | |¢n(z) — ¢(z)] > 6} = 0.

2.39. Example. Let (¢, )nen be a sequence of plurisubharmonic functions that converges mono-
tonically almost everywhere to a plurisubharmonic function ¢. Then, the sequence (@, )nen con-
verges in capacity to . See [GZ17, Proposition 4.25].

The following result is [DDNLI18bl Theorem 1.2].

2.40. Theorem. For j=1,...,p, let w; be closed smooth real (1,1)-forms on X and let ¢; be w;-
plurisubharmonic functions on X. Furthermore, let (©;n)nen be a sequence of w;-plurisubharmonic
functions on X converging in capacitiy to ¢; and satisfying

/ ((dd°p1 +w1) A ... A (ddSpq + wa)) > limsup/ ((dd°p1, +w1) Ao A (A0 + wa)).
X X

n—00

Then, the sequence of measures (<(ddcgol7n +wi) AL A (ddCpq, + wd)>)n6N converges weakly to
the measure ((dd®p1 4+ w1) A... A (dd®pa + wa)).
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2.7. Relative energy. In this subsection, we assume that w is a Kdhler form on X and that wq
is a smooth closed positive (1,1)-form on X. We start by recalling the definitions of relative full
mass and relative energy following [DDNL18b].

2.41. Definition. Let v € PSH(X,wp) having small unbounded locus. The space £(X,wp, 1) of
functions with relative full mass (with respect to 1) is the subspace of PSH(X, wy) consisting of
those functions ¢, which are more singular than ¢ and such that

/<(ddcga+w0)Ad>:/ {(dd°y + wp)").
X X

2.42. Definition. Let ¢ € PSH(X,wp) and ¢ € £(X,wo, ¥) with [¢] = [¢], i.e., ¢ — ¢ is bounded,
then the relative energy of ¢ (with respect to v) is defined as

d
Iy(p) = ﬁ kzzo /X(so — ){(dd°p + wo)* A (dd°y + wo) 4R,

Moreover, if ¢ € PSH(X, wq) does not satisfy [¢] = [¢)], its relative energy is defined as
Iy(p) = inf{L/,(u) |u € E(X,wo, V), [u] =[], ¢ < u}
With this notion at hand, the space £'(X,wo,) of functions of finite relative energy is then

defined as the subspace of £(X,wp, 1) consisting of those functions whose relative energy is finite.

We have the following characterization of functions with finite relative energy, whose proof is
given in [DDNL23| Lemma 5.6].

2.43. Lemma. Let p € PSH(X,wo) with [¢] < [¢]. Then, ¢ € EY(X,wo,%) if and only if
Y E E(Xa wan/}) and

[ - ate e > o
X

2.44. Remark. The spaces &(X,wo,?) and £'(X,wp,9) are convex. Moreover, the spaces
E(X,wo, ) also satisfy a convexity condition when we change the reference functions . Namely,
assume that ¢ € PSH(X,wg) and ¢’ € PSH(X,w(). Under the assumption that

/((ddc¢+w0)Ad>>O and /((ddcw’+w6)Ad>>O,
X X

one can prove that given ¢ € &(X,wo,9) and ¢’ € E(X,w(,¢’), then the sum ¢ + ¢’ €
E(X,wo + wj, ¥ + 1'). Nevertheless, this convexity property is no longer true for the spaces
EYN(X,wo, ). That is, given ¢ € E1(X,wo, 1) and ¢’ € E1(X,w), '), then the sum ¢ + ¢’ need
not necessarily belong to (X, wo + wj, ¥ + ¢'). See [DN15, Example 4.5] for an example.

Before we introduce next the mixed version of the relative energy, we need some additional
notation.
2.45. Notation. Given smooth closed positive (1,1)-forms w; on X for j = 0,...,d, we write
w = (wp,...,wq) and PSH(X,w) = PSH(X,wp) X ... x PSH(X,w,). Next, given functions 1; €
PSH(X,w,) of small unbounded locus, we write ¥ = (¢o,...,%q) to obtain ¢ € PSH(X,w) of
small unbounded locus; we also write &(X,w,®) = E(X,wo,0) X ... X E(X, w4, 1q). Finally,
given functions ¢; € £(X,w;,v;), we write ¢ = (¢o,...,%q) to obtain ¢ € £(X,w,9). The
notation ¢ < 1 means @; < 1;; similarly, the notation [¢] = [¥] means [p;] = [¢;].

]
2.46. Definition. Let w = (wp,...,wq) be smooth closed positive (1,1)-forms on X and let
% € PSH(X,w) be of small unbounded locus. For ¢ € £(X,w,®) with [p] = [¢], we define the
mized relative energy of ¢ (with respect to ¥) by

d
Iy(p) = Z / (r — ¥r)((dd®po + wo A ... A (dd®pr—1 + w—1)A
k=0 Y X

(2.4) A (ddci/JkJrl + wk+1) VANIRVAN (ddc1/)d + wd)>.
When % is clear from the context, we will call I (¢) simply the mixed relative energy of ¢.
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2.47. Lemma. With the notations and assumptions of Definition [2.46] the following statements
hold:

(1) The mized relative energy Ly (@) is symmetric with respect to the simultaneous permutation

of wo,...,pq and Yo, ..., g as well as of wo, . ..,wq, i e., we have
(2.5) L) (0(9)) = Iy(p)
for every permutation o of the symmetric group Sqi1 of the set {0,...,d}, where o(p)

means (%(o), ) %(d))-

(1t) The mized relative energy Ly (@) is multilinear in the following sense: If, for example, w is
another smooth closed positive (1,1)-form on X, ¢ € PSH(X,w() is of small unbounded
locus, ¢ € E(X,wy, i) with [ph] =[], and Ao, Aj € R, we have

Dot Xy pa (P00 + X005 -+ -5 Pa) = MoLyo,..pa (P05 - s 0a) + oLy pa (P05 - -+ )

(i) The mized relative energy Iy(p) is monotonous with respect to the functions . That is,
if ' € E(X,w, ) with [p'] = [Wland ¢’ < ¢, then

Iy (@') < Iy ().

(iv) Given ¢ € E(X,w, ) with [p] = ], let (Pn)nena+1 be sequences of (d + 1)-tuples of
functions in E(X,w, ) with [pn] = ], converging componentwise from above to @. Then,
the net of mized relative energies (Iy(¢n))neni+1 converges from above to the mized relative
energy Iy (p), i. e., we have

i Ty (pn) = Iy (p).

Proof. We start with the proof of We note that it is enough to prove that the claimed equal-
ity ([23) holds for the transpositions 7; j41 € Sq41 interchanging ¢;, ¥, w; with @41, %11, wjt1
for j =0,...,d—1 and leaving the remaining entries fixed, since these transpositions generate the
whole symmetric group. For this, we recall from [BEGZ10, Theorem 1.14] applied to the bounded
functions ¢; —; and ¢;11 — 41, and the symmetry of the non-pluripolar product, the equality

/X(%' —;)(dd(pjs1 — hj11) AO) = /X(<Pj+1 — ¥41)(dd(g; — ¥;) A O),
where © stands for the product of currents
o = (ddcgﬁo + WQ) VANIRAN (ddc<pj71 + wj;l) N (ddc1/)j+2 + wj+2) VANPAN (ddc1/)d + wd).

Rearranging terms, this leads to
/X(%‘ — ) {((ddPj1 4+ wit1) AO) + (wj41 — Y1) ((ddp; +w;) A O)

= /X(<Pj+1 — ;41)((dd°Y; 4+ w;) A O) + (5 — ¥;){(dd°pjt1 + wjp1) A O).

The latter equality immediately implies the claim for the transposition 7; jy1.

The proof of follows immediately from the multilinearity of the non-pluripolar product of
(1,1)-currents stated in part of Theorem

We next prove By the symmetry of the mixed relative energy, it is enough to prove that

11/10 ----- ¢d(¢05"'5@d)_1¢0 ,,,,, wd(¢6a"'7</)d)20'
A repeated use of the integration by parts [BEGZ10, Theorem 1.14] shows that

Lpo.pa (005 - 0d) = Lo, (00, - -+ > ©a)
(2.6) = /X(goo —00){(dd°p1 +w1) A ... A (dd®pa + wq)).

Since g —¢f, > 0 and the non-pluripolar product defines a positive measure, we deduce the claim.
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We finally prove In order to prove convergence in the sense of nets, by the monotonicity
property it is enough to prove iterated convergence. This can be done using one function at
the time. Again by the symmetry property it is thus enough to show that
(2.7) lim 1y,

no—»0o0

As in (26), we have that

»»»»» wd(@oﬂloa ey @d) = Lﬁoymﬂbd (9007 ceey <Pd)

Iﬂ’o »»»»» Pq (wo,nov ) @d) - L/Jo ----- g (‘POa ey @d)
_ / (Gomg — 90){(dd g1 +w1) A ... A (dd%pq + wa)).
X

The claimed equality (2.7)) now follows from this and the theorem of dominated convergence. O

2.48. Definition. Let w = (wp,...,wq) be smooth closed positive (1,1)-forms on X and let
% € PSH(X,w) be of small unbounded locus. For arbitray ¢ € £(X,w, ), we define the mized
relative energy of ¢ (with respect to ¥) by

Iy () = inf {Iy(u) |u € E(X,w,v), [u] = @], ¢ <u}.

The space EY(X,w, ) of functions of finite mized relative energy is then defined as the subspace
of £(X,w,®) consisting of those tuples of functions ¢ whose mixed relative energy is finite.

2.49. Remark. Given functions ¢; € E1(X,wj,v;) for j =0,...,d, Remark 244 then shows that
it is not necessarily true that ¢ = (o, ..., ©q) belongs to E*(X,w, ). Therefore, the properties
of the mixed relative energy have to be proven anew. Anyhow, the proofs are based on the
corresponding properties of the usual relative energy.

For every ¢ € £(X,w, ) and real number C' > 0, the canonical approximants are defined as
(€)= max(gp, 1 — C).

We claim that ¢(©) € £(X,w,v) and that [o(©)] = [¢)]. Indeed, since ¢(©) is a maximum of
two plurisubharmonic functions, it is also plurisubharmonic, whence ¢(¢) € PSH(X,w). Moreover,
since ¢ € £(X,w, ), it is more singular than v, from which we derive that ©(©) has also to be more
singular than . Since, by definition 1 < ©(©) + C, we deduce that ¢ and ¢(©) have equivalent
singularities, that is, ¢(©) — 1 is bounded. Whence, taking also into account Theorem 2.33, we
deduce that ¢(©) € £(X,w, 1) and that [p()] = [4].

2.50. Proposition. Let w = (wp,...,wq) be smooth closed positive (1,1)-forms on X and let
¥ € PSH(X,w) be of small unbounded locus. Then, all the properties of Lemma [247 can be
extended to functions of finite mized relative energy. In particular, if ¢ € EX(X,w, ), then Ly(p)
is symmetric with respect to the simultaneous permutation of ¢q, ..., pq and g, ..., Y as well as
of Wo, - . .,wa. Moreover, if (Pn)penet1 is a sequence of (d + 1)-tuples of functions in EY(X,w, ),
converging componentwise from above to ¢, then, the net of mized relative energies (Iy(@n))nend+1
converges from above to the mized relative energy Iy(p), i. e., we have

i Ty (pn) = Iy (p).
Proof. The proof is based on [BEGZ10, Proposition 2.10]. We start by proving that

(2.8) Iy(p) = lim I, (oY),

C—o0

where p(©) = (cp((JC), e goglc)). For this, let u; € (X, wj, ;) satisfying [u;] = [¢;] and ¢; < u;

for j = 0,...,d. Introducing the functions u; ¢ = max(cpg-c), uj), we observe that u, ¢ converge
from above to u; as C' — oco. Then, by Lemma [2.47] parts and we find that

Iy(u) = lim Iy(uc) = lim Ly ('),
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where uc = (do,c,- -, Ua,c). Applying the definition of the mixed relative energy as an infimum
and using Lemma DE_ZI once again, we deduce

> i @)y >
Ly(p) = lim Iy(p ) > Iy (),

from which equation ([Z8) follows. This convergence result allows us to easily transfer the proper-
ties of the mixed relative energy Iy (¢) from functions ¢ € £(X,w, ) with [¢] = [1] to arbitrary
functions ¢ € £Y(X,w, ). For instance, we show the continuity of the mixed relative energy with
respect to monotone sequences. Let (pn)peni+1 be a sequence of (d 4 1)-tuples of functions in
EYN(X,w,v), converging componentwise from above to . Then, we have by Lemma m

: (C)y (C)
nhHl I’I/J ((pn ) = I’I/l (‘P )7
while the previous discussion gives

Jim Ly(pl) = Iy(n)  and  lim Iy(9'D) = Iy (p).

C—o0

By monotone convergence, we deduce
i Ty (¢n) = Ly ()-
O

2.51. Lemma. Letw = (wy,...,wq) be smooth closed positive (1,1)-forms on X, let9 € PSH(X,w)
be of small unbounded locus, and let ¢ € EY(X,w, ). Then, for j =0,...,d, the integral

/ (5 — ¥3){((dd°po + wo) A ... A (dd°pj 1 +wj—1) A (dd°Pjq1 +wjpr) A A (dd g + wa))
X
is finite.

Proof. The proof is based on the proof of [BEGZ10), Proposition 2.11 (ii)]. Since each function ¢;
is more singular than the corresponding v}, i.e., ¢; < ; + O(1), we can assume, after adding a
constant to each ¢;, that ¢; < ;. Then, for any k € N, we consider the sets

Up={xeX|p; >¢;—k, for j=0,...,d},

and the canonical approximants <p§k)

(:jk = <(ddcg08k) + wo) VANIRVAN (ddc(pgk_)l + wj,l) AN (ddc1/)j+1 + U.}jJrl) AN (ddC’L/)d + wd)>

= max(p;,¥; — k) giving rise to the measure

on X. By the very construction, it turns out that the measure
0= <(ddccp0 + OJQ) VANPRAN (ddccpj_1 + wj_l) VAN (ddc’lqu_l + Wj+1) AN (ddC’Q/Jd + wd)>

is the increasing limit of the measures © = 1y, ék, where 1y, denotes the characteristic function
for Uy, in other words
© = lim @k.

k— o0
Furthermore, we note that the measure ék — Oy is a positive measure on X. For each ¢ € N, the

o _ ; are bounded, measurable, and non-positive on X. Therefore, we arrive at the

functions ¢;

estimates

[0 —vpe=jin [ (6 -venz tm [ @ -we.
X oo JX X

k—o00

> lim [ () =)0k > lim Iy (™M) = Iy (p).

k—oo [Jx

Here, we note that we have used in the third inequality above that the mixed relative energy
Iy ((p(k)) is a sum of non-positive terms, one of them being the one in the preceding inequality. By
monotone convergence, we finally deduce that

[ tei =02 i) > .
X

which proves the claim of the lemma. O
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2.52. Theorem. Let w = (wp,...,wq) be smooth closed positive (1,1)-forms on X, let ¢ €
PSH(X,w) be of small unbounded locus, and let ¢ € EY(X,w,v). Then, formula 24 holds,
that is

d
To(0) = 3 [ (5 = 00 + 0) Ao A (A5t + w5 1)A
i=0 "X

A (ddcwﬁ.l + wj+1) VANRWAN (ddcl/Jd + wd)>.

Proof. The proof of this result is based on the proof of [DDNLI8al Proposition 2.5]. As in the
proof of Lemma [Z51] we can assume that ¢; <1); for j =0,...,d. We note that, in the notation
of Lemma [2.57] it is enough to prove that

(29)  lim (05 — o) (At + wi) Ao A (dd% + wa))
©JXx

= /X(<p0 — 1/)0)<(ddcg01 + wl) VANPAN (ddcgﬁd + wd)>,

as the mixed relative energy of the canonical approximants Iy (™)) converges to the mixed rel-
ative energy Iy(¢), and the mixed relative energy is a sum of integrals of the above shape, after
reordering and replacing some of the ¢;’s by the respective 9;’s. For each k£ € N and each subset
I CHo,...,d}, we now write
i > —k, ifjégl
Vig = cX e .
Lk {:v w; <y;—k, ifjel
In particular, we note that the set Vj 4, is the open set Uy introduced in the proof of Lemma 2511
Since we trivially have that

lim (08 = o) ((dd°e™ + wi) AL A (dd + wa))

k— o0 Vw &

—tim [ (o — Yo){(ddpy +wi) A A (A +wa))

k—o0 Vo k

= /X(SDO —1ho)((dd®p1 +wi) A ... A (dd®pq + wa)),

we are reduced to show that, for I # (), we have

(2.10) lim [ (o = vo)((ddel? +w) A A Al +wa)) = 0.
IV

To do so, we note that on V; j, the function cpg-k)

j € 1. Since dd°(¢; — k) = dd°y; and 0 > goék) — o > o — Yo, we can assume that the integrand

is independent of k£ and thus corresponds to a non-positive function multiplied by a measure that

does not charge any pluripolar set of the shape considered in Lemma [2.51] Thus, the integral over

the whole of X is finite. Since the sets Vr . for I # () converge to a pluripolar set, we deduce that

the limit (ZI0Q) is zero, completing the proof of the theorem. O

is equal to ¢; if j &€ I, and agrees with ¢; — k if

The following criterion together with Lemma will be useful to check that a (d + 1)-tuple
of functions has finite mixed relative energy. To state the result we use the following notation: If
I C{0,...,d} and @ = (po,...,pa), we write o7 = >, ; ¢; and similarly w; =37, w; as well
as Py = Zjel (G
2.53. Proposition. Let w = (wo,...,wq) be smooth closed positive (1,1)-forms on X, let ¥ €

PSH(X,w) be of small unbounded locus, and let ¢ € E(X,w,¥). If for all subsets I C {0,...,d}
the condition @5 € EY(X,wr,1) holds, then ¢ € EY(X,w,v) and the usual polarization formula

(2.11) (d+Dylp) = > (=D)L, (pr)
1¢40,....d}
is satisfied.
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Proof. By the multilinearity of the non-pluripolar product and the definition of the mixed relative
energy, formula (ZIT) is satisfied when we have minimal relative singularities, that is, when
[¢;] = [¥;] for § =0,...,d. In particular, we find

A+ D) @) = > (=)L, (0 9))).
1¢qo,....d}

If pr € EY(X,wr, %) for all I C {0,...,d}, then the right-hand side has a finite limit as C' — oco.
Therefore, the left-hand side also has a finite limit, so ¢ € £1(X,w,?) and equation ZII) is
satisfied. O

2.8. Algebraic and almost algebraic singularities. In this subsection, we fix a smooth closed
positive (1, 1)-form wy.

2.54. Definition. An wy-plurisubharmonic function ¢ on X is said to have algebraic singularities,
if the function ¢ can locally be written as

(2.12) p = glog(|f1|2+---+|fzv|2) +A

where ¢ € Q> is a constant, fi,..., fy are non-zero algebraic rational functions, and X is a
bounded function.

2.55. Definition. An wg-plurisubharmonic function ¢ on X is said to have almost asymptotically
algebraic singularities, if there is a sequence of wp-plurisubharmonic functions (¢x)r>1, an wo-
plurisubharmonic function f, having algebraic singularities, and a constant C' > 0 such that the
inequalities

1
hold.

It is easy to see that, if a function satisfies this definition, then it also satisfies [BBGHdJ21,
Definition 3.2].

3. REVIEW OF THE THEORY OF ADELIC ARITHMETIC LINE BUNDLES

In this section we summarize some concepts and results from [YZ21], although the presentation
is slightly different. For instance, instead of working with mixed (Q, Z)-divisors, we will work with
divisors with real coefficients.

3.1. The geometric case, adelic divisors and b-divisors. Let X be either a projective normal
variety over a field k or a projective flat normal scheme, separated and of finite type over a
Dedekind domain, B an effective Cartier divisor on X (the “boundary” divisor) with support | B,
and U := X \ |B|. We denote by R(X,U) the category of all proper normal modifications of X
which are isomorphisms over U. Given 7 € R(X,U), i.e., m: X — X, we denote by Div(X) the
group of Cartier divisors on X, and we write Divg (X, ) := Div(X,) ®z R.

3.1. Definition. The space of model divisors on U is defined as the limit
Divg (U)™ed = lim  Divg(Xr).
TER(X,U)
On Divg(U)™°4 there is a B-adic norm (possibly taking the value oo) defined by
(3.1) ID| :=inf{e € Rsg| —eB < D <eB};
here D € Divg(U)™°4, which means that there is a 7 € R(X,U) such that D € Divg(X,). The

condition D < B, means that the divisor e 7*B — D is effective on X . Finally, the infimum of
an empty set is assumed to be oco.

3.2. Definition. The space Divg(U)2%¢! of adelic divisors on U is the completion of Divg(U)™m°d
with respect to the B-adic topology induced by the B-adic norm defined above.
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In other words, an element D € Divg(U)2d°! is represented by a sequence of Cartier divisors
(Dy)nen that is Cauchy with respect to the B-adic norm. Two Cauchy sequences (D,,)nen and
(D;,)nen are equivalent if the sequence (Dj))nen with D3, = D, and Dy, | = D;, is still Cauchy.

3.3. Remark. If B’ is another boundary divisor with |B| = |B’|, then there is a positive constant
¢ > 0 such that (1/¢)B < B’ < ¢B. Therefore, the B-adic norm and the B’-adic norm are
equivalent. Thus, the definition of Divg(U)2d¢! only depends on the open set U and not on a
particular choice of boundary divisor B.

3.4. Definition. The cone Divg(U)"f of nef adelic divisors on U is the closure of the cone of
nef model divisors on U inside of Divg (U)°!. The space of integrable adelic divisors on U is the
vector space

Divg (U)™ = Divg (U)"! — Divg(U)".

3.5. Remark. If V C U C X is an inclusion of open subsets, then there are injective maps
Divg (U)* — Divg(V)24! Divg(U)"" — Divg (V).

The notion of nef adelic divisor we give here corresponds more precisely to the notion of strongly
nef adelic divisor in [YZ21]. Nevertheless, if one is willing to go to a smaller open subset, there
is no essential difference between nef and strongly nef adelic divisors in [YZ21]. Namely, if D is a
nef adelic divisor in an open subset U, then there is a subset V' C U such that the image of D in
Divg (V)24 is strongly nef in the sense of [YZ21].

From now on we assume that we are in the case when k is a field. The following results are
proven in [YZ21].

3.6. Proposition. If 7 € R(X,U) and B’ is an effective divisor on X, with |B'| = X, \ U,
then the B’-adic norm is equivalent to the B-adic norm. Therefore, the definitions of the spaces
Divg(U)2! Divg(U)®!, and Divg(U)™ only depend on U and not on a particular choice of
compactification X and divisor B.

3.7. Theorem. The intersection pairing of nef Cartier divisors extends by continuity to a unique
symmetric multilinear pairing

Divg(U)" @ ... ® Divg(U)"f — R.

dim(U)-times

This pairing can be extended by linearity to a pairing
Divg(U)™ @ ... ® Divg(U)™ — R.

dim(U)-times

Theorem BT means that, if D; € Divg(U)"*f with j = 1,...,d = dim(U) are nef adelic divisors
on U represented by the Cauchy sequences (D )nen of nef model divisors on U, then the limit

(3.2) Dy-...-Dygi= lim Dim, ... Dan,

(n1,...,nq)—(00,...,00)

exists and is independent of the choice of approximating sequences.
3.8. Remark. In [YZ21] it is only stated that the diagonal limit
lim Dy ... - Dgn

n—oo

exists and is independent of the chosen Cauchy sequences. But their proof actually shows that
the multi-limit exists. In particular, we can compute it using iterated limits.

We next want to relate the notions of adelic divisors and of b-divisors. Recall that the spaces
of Cartier b-divisors and Weil b-divisors on X are defined as

C-b-Dive(X) = lim Dive(Xr)  and W-b-Divg(X) = lim Dive(Xx),
TER(X) TER(X)
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respectively, where the limits are taken with respect to all possible proper modifications of X,
ie, R(X)={m: X, — X | is a proper modification}. Both limits are defined in the category
of topological vector spaces and thus they have a topology.

There is a map b: Divg(U)™°? — C-b-Divg(X), since the directed set used to define the
first one is a subset of the one used to define the second one. Since there is a canonical inclu-
sion C-b-Divg(X) — W-b-Divg(X), we obtain a map, also denoted by b, from Divg(U)™°? to
W-b-Divg (X).

mod

3.9. Lemma. Let (Dy)nen be a Cauchy sequence in Divg(U) with respect to the B-adic topol-
ogy. Then, the sequence (b(Dy,))nen is convergent in W-b-Divg(X).

Proof. We start by recalling the topology of W-b-Divg(X). Since it is defined as an inverse limit,
an element of W-b-Divg (X) is a collection (D )rer(x) of divisors, one on each proper modification
X of X, that are compatible by push-forward. A sequence ((Dy, x)rer(x))nen in W-b-Divg(X)
converges to (Dr)rer(x), if and only if the sequence (Dy, )nen converges to D, for all 7 € R(X).
This means that there is a divisor E; on X, such that |D,, | C |E,|, that is, the supports of all
the divisors D,, » are contained in a common divisor for all n € N, and the divisors D,, . converge
to D, componentwise.

Now assume that (D, )nen is a Cauchy sequence of model divisors on U. This means that, for
all ¢ > 0, there is n. € N such that the inequality

(3.3) —-eB<D, —D,, <eB

holds for all n,m > n.. Here, D,, lives on some modification X,,, D,, on some modification X,,,
B is the boundary divisor on X defining U, and the inequality is to be understood on a suitable
modification of X that dominates both. For each modification 7: X, — X, we define B, = n*B,
and we choose a proper modifications X - that dominates at the same time X., X,,, and X,,.
Then, we define D,, . and D,, . by first pulling back D,, and D,, to X, and then pushing forward
the resulting divisors to X, respectively. The obtained divisors do not depend on the choice of
7. Condition ([B.3]) implies that, for all n > n., the support of D,,  is contained in | D, |U|B]| and
that the multiplicities of (Dy, r)nen form a Cauchy sequence. Therefore, the sequence (D, x)nen
converges to a divisor D, in X,. It is clear that the various D,’s obtained in this way are
compatible with respect to push-forward and hence define an element of W-b-Divg(X). The
sequence (b(Dy,))nen by construction converges to this element. O

Lemma [3.9] implies that the map b can be extended to a continuous map
b: Divg(U)*4°! — W-b-Divg(X).

In order to link adelic nef divisors with approximable nef b-divisors in the sense of [BBGHdJ21],
Definition 4.8], it is convenient to have a monotonous approximation to a nef adelic divisor. This
can always be achieved as soon as the boundary divisor is nef.

3.10. Lemma. Let X be a complex projective manifold with boundary divisor B and U = X \ |B|
such that B is a nef divisor. Let D be a nef adelic divisor on U. Then, there is a sequence
(Dp)nen of nef model divisors on U converging monotonically decreasingly to D in the B-adic
topology. That is, for all n € N, we have Dypy1 < Dy,

Proof. Since D is a nef adelic divisor on U, there is a sequence of nef model divisors (E,,)nen on
U converging to D in the B-adic topology. After extracting a subsequence, we can assume that

1 1
D—2—nB§En§D+2—nB.

Writing Dy, = Ey, + 5 B, we find

7 4
B < Ey+ gy B < Eu+ 5B = Do,

4
Dnp1=Enpi+ g B<D+ ooy B<

This complets the proof of the lemma. (I
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3.11. Corollary. If D is a nef adelic divisor on U, then b(D) is an approzimable nef b-divisor in
the sense of BBGHdAJ21l Definition 4.8]. Moreover, the intersection product of nef adelic divisors
agrees through the map b with the intersection product of nef b-divisors introduced in [DF20].

Proof. If D is a nef adelic divisor, after shrinking U if neccesary, we can assume that the boundary
divisor B is nef. Therefore, by Lemma[3.10, it can be aproximated monotonically by nef Cartier b-
divisors, so b(D) is approximable nef. The intersection products of [YZ21] and of [DF20] now agree
because both are continuous extensions of the intersection product of nef Cartier b-divisors. [

3.2. The local arithmetic case over an archimedean place, Green functions. In this
subsection, let X be a complex projective manifold of dimension d. Let B be an effective Cartier
divisor on X with support |B| and let U := X \ |B|. Let gp be a Green function of continuous
type for B such that there is an n > 0 with gg(xz) > n for all € U. Such Green functions exist
because B being effective, any Green function of continuous type for B is bounded below, and we
can add to it a big enough constant to make it bigger than . We call B = (B, gg) an arithmetic
boundary divisor for X.

We now repeat the steps of Subsection Bl for the local arithmetic case. For this, let R(X,U)
be as in the previous subsection.

3.12. Definition. An arithmetic divisor D on X, of smooth type is a pair (D, gp), where D €
Divg(X,) is a Cartier divisor on X, and gp is a Green function for D of smooth type; here
7 € R(X,U). The vector space of arithmetic divisors on X, of smooth type is denoted by

Dive(X,).
The space of model arithmetic divisors on U of smooth type is defined as the limit
Divg(U)™? == lim  Divg(Xy).
TER(X,U)

Similarly we can define model arithmetic divisors on U of continuous type by asking that the
Green functions are of continuous type. To shorten the notation, by a model arithmetic divisor on
U, we will mean a model arithmetic divisor on U of smooth type, and when we consider a model
arithmetic divisor on U of continuous type, we will say so explicitely.

On ISER(U ymod there is a B-adic norm (possibly again taking the value co) defined by
DIl = [(D, gp)|| = inf{e € Rxo| —eB < D <eB, —egp < gp < egn};

here D € Divg(U)™°4, which means that there is a 7 € R(X,U) such that D € Divg(X,), and
gp is a Green function for D of smooth type.

3.13. Definition. The space ﬁ/R(U)adCI of adelic arithmetic divisors on U is the completion of
Divg (U)™°? with respect to the B-adic topology induced by the B-adic norm defined above. As

before, elements of ISER(U )2del are represented by Cauchy sequences of model arithmetic divisors
on U.

3.14. Remark. Since the set of smooth functions is dense inside of the set of continuous functions
with respect to the topology of uniform convergence on compacta, the space Divg(U)2%¢! can also
be seen as the completion of the space of model arithmetic divisors on U of continuous type with
respect to the B-adic topology.

3.15. Definition. A model arithmetic divisor D = (D, gp) € ISR/R(U)mOd is called nef, if D is a
nef divisor on X for some 7 € R(X,U) and gp is a Green function for D that is at the same time
of smooth type and of plurisubharmonic type.

The cone ]SER(U yeet of nef adelic arithmetic divisors on U is the closure of the cone of nef
model arithmetic divisors on U inside of ]SER(U )2del That is, the divisors that can be represented
by a Cauchy sequence of nef model arithmetic divisors on U. An adelic arithmetic divisor on U is
called integrable, if it can be written as the difference of two nef adelic arithmetic divisors on U.

The space of integrable adelic arithmetic divisors on U is denoted by ﬁ/R(U )

3.16. Remark. The discussion of Remark [3.5]is also valid in this case.

int
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3.17. Remark. By the global Richberg’s regularization of continuous plurisubharmonic functions
(see [Dem92al, Lemma 2.15]), an adelic arithmetic divisor on U is nef if and only if it can be
written as the limit of a sequence of model arithmetic divisors on U with Green functions that
are of continuous and of plurisubharmonic type, and which is Cauchy with respect to the B-adic
norm.

The analogue of the following result in the non-archimedean case is contained in [YZ21l Theo-
rem 3.6.4]. The proof in the archimedean case is much simpler.

3.18. Proposition. Let (D,,gp, )nen be a Cauchy sequence of model arithmetic divisors on U
representing an element in ISR/R(U)adCI. Then, the sequence (Dy)nen converges to an element
D € Divg(U)®! and the sequence of functions (gp, Jnen converges pointwise on U to a function
gp- Moreover, the convergence is uniform on compact subsets K C U. In particular, there is a

short exact sequence
0 — C%(U)y —> Divg(U)*®" — Divg(U)*d! — 0,

where C°(U)o denotes the set of continuous functions f on U satisfying that the quotient f/gp
can be extended to a continuous function in the whole of X, taking the value zero in |B|. In other
words,

|/ (@) = o(gp(2)),

as x — |B|.

As a consequence of PropositionB.18| every element of ﬁi;R(U)adCl will subsequently be written
as (D, gp) with D € Divg(U)23! and gp a function on U giving rise to a function on X up to a
set of measure zero.

3.19. Definition. Let D € Divg(U)2d¢!. A function gp on U is called an admissible Green

function for D, if the pair (D, gp) belongs to ISF/R(U)HCf. In particular, if such functions exist,
D € Divg(U)"e!.

We next show that, after choosing a sufficiently large arithmetic reference divisor, admissible
Green functions can be related to plurisubharmonic functions whose singularities are at most
asymptotically algebraic.

3.20. Proposition. Let D € Divg(U) and let gp be an admissible Green function for D.
Choose a sufficiently large arithmetic reference divisor E = (E, gg) on X with gg a Green function
of smooth type for E such that E > B and E > D + 2B. Letting wo = wg(gg), the following
statements hold:

(i) The function ¢ = gp — gg is wo-plurisubharmonic. In particular, gp belongs to Llloc(X)
and is a Green function for E of plurisubharmonic type.

(i) The function ¢ has almost asymptotically algebraic singularities in the sense of Defini-
tion [2.50.

Proof. To prove let (Dy, gD, )nen be a sequence of nef model arithmetic divisors on U con-
verging to (D, gp) in the B-adic topology. Since E > D + 2B, there is an ng € N such that
E > D, and gg > gp, for all n > ng. By taking a suitable subsequence, we can assume that
E > D,, and gg > gp, for all n € N. Then, by Lemma [Z20, the functions gp, are Green func-
tions for E of plurisubharmonic type for all n € N. Therefore, the functions ¢, = gp, —gr <0
are wo-plurisubharmonic for all n € N. Thus, the sequence (¢, )nen is bounded above by 0 and
converges to the function ¢. By [H6r94, Theorem 3.2.12] (see the comment before Theorem 4.1.8),
the function ¢ is wy-plurisubharmonic. This proves

To prove choose a sequence (D, gp, Jnen of nef model arithmetic divisors on U converging
to (D, gp) formed by nef divisors with rational coefficients and a strictly increasing sequence
(nk)k21 such that

1 < 1 < <1 <1
P98 S 198BS 9D —9Dny = 798 = LIE-
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The functions ¢ = gp,, — ge are now wo-plurisubharmonic functions with algebraic singulari-
ties. Similarly, the function f = —gp < 0 is also a wg-plurisubharmonic function with algebraic
singularities. Since we have

1 1
et S@< -],

we deduce that ¢ has almost asymptotically algebraic singularities. O

3.21. Remark. 1iote that the inequalities E > B and E > D + 2B chosen for the arithmetic
reference divisor E in Proposition B.20 could be relaxed as the above proof shows. However, for
later purposes and the sake of uniformity, we have decided to stick to these inequalities from now
on.

We next show that the adelic convergence has strong consequences with respect to the conver-
gence of the associated non-pluripolar Monge—Ampeére measures.

3.22. Proposition. Forj=1,...,d, let ﬁj = (Dj, g;) be nef adelic arithmetic divisors on U and
let (Djn,gjn)nen be sequences of nef model arithmetic divisors on U converging in the B-adic
topology to D;j. Choose a sufficiently large arithmetic reference divisor E = (E,gg) on X with
gr a Green function of smooth type for E such that E > B, E > D; + 2B, and hence, without
loss of generality, E > Dj,, + B for all j,n. Letting wo = wg(gg), the functions p; = g; — gE
and Qjn = gjn — gr become wo-plurisubharmonic on X by Proposition and Lemma [2.20,
respectively. Then, the following statements hold:

(i) For j =1,...,d, the sequences of functions (@;n)nen converge in capacity to the func-

tions ;.
(i) There is an equality of integrals

/ ((dd°p1 4+ wo) A ... A (dd®pq + wp)) = lim ((dd°p1m +wo) A ... A (dd®pan + wo)).
b's

n—oo X

(iii) The sequence of measures ((dd°p1n +wo) A ... A (ddpan +wo)) converges weakly to the
measure ((dd®p1 +wo) A ... A (dd®pq + wo)).

(iv) Let (0,f) € Divg(U)™ with |f| < C. Let (Do,ms 9o,m)men and (Dom; gy m)men be
sequences of nef model arithmetic divisors on U converging in the B-adic topology to
(Do, g) and (Do,g'), respectively, such that f = g —g" and |gom — 95| < C. Write
fm = goﬂn—gé)m. Then, the net of signed measures fm<(ddccp1,n—|—w0)/\. . ./\(ddccpd,n—i—wo)>
converges weakly to the measure f((dd®p1 4+ wo) A ... A (dd°pq + wo)). In particular, we
have

lim S ((dd°@1m +wo) A ... A (dd°pq,n + wo)) = /X f{(dd®p1 +wo) A ... A (dd°pq + wp)).

m,n—oo

Proof. By means of Theorem [Z.40), statement follows immediately from statements and

We start by proving For every open subset W C X containing B, the set X \ W is compact.
Therefore, the Green function gg is continuous on X \ W and there is a positive constant M such
that 0 < gp|x\w < M. Let now 6 > 0. Since the sequences of nef model arithmetic divisors

(Dj n»gin)neny on U converge in the B-adic topology to the nef adelic arithmetic divisors (Dj,g5)
for 5 =1,...,d, there is an ng € N such that
0
|gj,n - gj| < MQB
for n > ng. Thus, the set
{z € X|lgjn — g5 > 6}

must be contained in W. Therefore, we find that

lim sup Capy, {|@j.n — ¢;| > 6} < Cap,,(W).
n—oo
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Since B is a proper analytic subset, its outer capacity is zero. Therefore, we can find open sets
W O B with arbitrarily small capacity. We thus deduce that

lim_Cap, {lojm — @il >0} =0,

which proves part o
We next prove For this, let 0 < € < 1. Then, the convergence in the B-adic topology
implies that there is an n. € N such that

(3.4) i <pintegs  and g <@ +egn
for all n > n.. Since we have
dd®(¢jn +egB) +wo = dd*(gjn — g +€9B) +wo
=wp; . (gjn) —0p,, —wo +0p +cwp(gr) — 6B + wo
= wp, . (9jn) +ewp(9B) +0p-D; ,—B > 0,

the functions ¢, , + £gp belong to PSH(X, wp) by Corollary 2.7 In a similar way, one shows that
the functions ¢, + egp also belong to PSH(X, wp).

The inequalities [B.4]) in conjunction with Theorem [2Z33] imply

A <(ddccp1 +wo) A A(dd%pq + w0)>

(3.5) < /X ((dd°(¢1,n +£9B) +wo) A ... A (dd*(pan + €9B) + wo)),

/ {(dd°p1,n +wo) A ... A(dd°pqn + wo))
X

(3.6) < /X ((dd°(¢1 +egB) + wo) A ... A (dd°(pa + €9B) + wo)).

Recalling that
dd(g95 — gp) + wo = ddgp + 0k,

we find from the effectivity of £ and the properties of the non-pluripolar product that the right-
hand side of (B3] can be rewritten as

/X ((dd°(p1,n +€9B) +wo) A ... A (dd*(@a,n +€gB) +wo))
= /x (((dd°p1,n +wo) +£(dd°gp + ) A... A ((dd®pan + wo) +e(ddgp + 0k)))

= /X <((dd0801,n + wo) + E(ddc(glg — gE) + wo)) VANAN ((ddcgﬁd,n + wo) + €(ddc(gB — gE) + wo))>.

Now, we can apply the multilinearity of the non-pluripolar product stated in Theorem [Z32)|(ii)| to
the right-hand side of the above inequality to deduce, with a constant C' > 0 independent of ¢,
from (B.H) that

(3.7) / ((dd°p1 +wo) A ... A (ddpq + w0)> < / <(ddcip1,n +wo) Ao A(ddCpaq, + wo)> +eC
X X

for all n > n.. In a similar way, we derive from (B8] the inequality

(3.8) / <(ddcgal,n Fwo) A A (ddpan —|—wo)> < / <(ddcg01 +wo) A...A(dd%pq +CUO)> +eC
X X

for all n > n.. It is now evident that the inequalities (37 and (B8] imply the claimed state-
ment |(ii)| of the proposition.

We are finally left to prove To do this, we follow the proof of [DDNL18b, Lemma 4.1].
For brevity, we set

fin = ((dd®p1pn +wo) A ... A(dd°@an +wo)) and = ((ddp1 +wo) A ... A (dd®pa + wo)).
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Since, by we can freely add a constant to the function f, we can assume that f and the
functions f,, are all non-negative. Furthermore, we need the following data: We fix ¢ > 0 and let
W €V & X\ |E| be relatively compact subsets such that u(X \ W) < e. We also fix a continuous
function x on X and a non-negative continuous function p on X, which is identically 1 on W
and 0 on X \ V. Since the sequence of functions (¢, ,)nen converges uniformly to ¢; on compact
subsets contained in U, the functions ¢;, and ¢; are uniformly bounded on V for j =1,...,d
and n € N. From |[GZI7, Theorem 4.26], we deduce that x f, ., converges weakly to xfu on V.
The usual Bedford—Taylor theory now implies that also u, converges weakly to u on V; of course,
we could also use the above statement restricted to V for that. Hence, we find

lim inf 2, (W) > p(W),

and thus
limsup p,, (X \ W) < p(X\ W) <e.

n—oo
Since the functions x, p, fm, and f are uniformly bounded on X, there is a constant C' > 0 such
that the quantities

limsup/ pIxfml tn, 1imSUP/ Ixfmlum/ plelu,/ Ixflu
m,n—o00 J X\W m,n—c0 J X\W X\W X\wW

are all bounded by €C. Since the x fmpn converges weakly to xfu on V' and p is 0 outside of V,
we deduce

m,n—oo

lim PX S pn = / pxf .
X X

Thus, we arrive at

lim sup / XJm bin — / xf n
m,n— o0 X X
< limsup / PX fm b —/ px [ p| + limsup / (L= p)Xfm tin —/ (I=p)xfp
m,n—>00 X X m,n—o0 X\W X\W
< limsup / OX fm tn —/ oxful+4-eC=4eC.
m,n— 00 X X
Letting € tend to 0, we prove the claim. O

We now link the intersection product of nef adelic arithmetic divisors to the non-pluripolar
product of currents. For this, it is convenient to have the analogue of Lemma [3.10lin the current
setting.

3.23. Lemma. Let X be a complex projective manifold with boundary divisor B and U = X \ |B|
such that B is a nef arithmetic divisor. Let D be a nef adelic arithmetic divisor on U. Then,
there is a sequence (Dy)neny = (Dn, gD, Jnen of nef model arithmetic divisors on U converging
monotonically decreasingly to D in the B-adic topology. That is, for alln € N, we have D, .1 < D,

and 9D, 41 < gp,, -

Proof. Repeat the proof of Lemma [B.10 by putting bars on all the divisors used there. (|

Let D = (D, gp) be a nef adelic arithmetic divisor on U. Choose a sufficiently large ample
reference divisor £ on X such that F > B and E > D + 2B. Consider the line bundle L = O(F)
and a section s with div(s) = E. The Green function gp defines a singular semipositive metric
I llgp on L by the rule

~log|lsll3, = 9.
We consider the b-divisor D(L, || - ||4,,s) introduced in [BBGHdJ21], § 5.1].

3.24. Proposition. With the above notations, the equality D(L, || - ||45,5) = b(D) holds.
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Proof. By [BBGHdJ21, Example 5.5], the result is true if (D,gp) € ISER(U)‘HOd. Moreover,
the monotonicity of Lelong numbers implies that, if (D1,gp,) < (D2,gp,) and E > D1, Dy, then
D(L,|*llgp,»8) < D(L, [|[lgp,,5)- Let (Dn, gp, )Jnen be a Cauchy sequence of nef model arithmetic
divisors on U converging to (D, gp). Let 0 < e < 1 and let n. € N be such that

—eB < D— En < eB
for all n > n.. By the monotonicity discussed above, we have
D(L7 H ! ||.(JD7S) < D(Lv ” : HgDn-‘r&ngS) and D(L7 H ! ||.(]Dn78) < D(L7 H : ||9D+€QB7S)'

In turn, by the case of model arithmetic divisors and the additivity of Lelong numbers, this implies
that
D(L,|| - llgps8) < Dp+eB and D, <D(L,| " |lgp,s) +eB.

Hence the sequence (D, )nen converges to D(L, || - |45, S), which proves the claimed equality. O

3.25. Corollary. Forj=1,...,d, let D; = (Dj, g;) be nef adelic arithmetic divisors on U. Choose
a sufficiently large arithmetic reference divisor E = (E,gg) on X with gg a Green function of
smooth type for E such that E > B and E > Ej +2B. Letting wo = wp(gr), the functions
©; = g; — g become wo-plurisubharmonic on X by Proposition [T200 Then, the equality

Di-...-Dy :/ {((dd®p1 4+ wo) A ... A (dd®pq + wo))
X
holds.

Proof. This is a consequence of Corollary B.11] Proposition[3.24] and [BBGHdJ21, Theorem 5.20].
O

3.3. The global arithmetic case. We recall the definition of an arithmetic variety. Our defini-
tion is a particular case of an arithmetic variety in the sense of [GS90].

3.26. Definition. Let K be a number field and Ok its ring of integers. An arithmetic variety
X over Spec(Ok) is a flat quasi-projective normal scheme over Spec(Og) such that its generic
fiber X = & Xgpec(0y) SPec(K) is smooth. The arithmetic variety & is called projective, if X' is
projective over Spec(Ok).

If X is an arithmetic variety over Spec(Ok) and ¥ is the set of complex embeddings of K, we
set
X5 = U Xk X Spec(C),
ceEX
which gives rise to the complex manifold X = Xx(C).

3.27. Notation. Given an arithmetic variety X over Spec(Of) together with its complex manifold
X = X5(C) as above, we adopt in the sequel the following notation: R-Cartier divisors on X" will
be denoted by calligraphic letters, the corresponding divisors induced by base change on X will
be denoted by the corresponding latin letter. More concretely, if D € Divg(X) is an R-Cartier
divisor on &, it determines by base change a divisor Dy, on Xx, which gives rise to an R-Cartier
divisor on the complex manifold X, which is consequently denoted by D.

3.28. Definition. Let X be an arithmetic variety over Spec(Ok) and X its associated complex
manifold as above. An arithmetic divisor (with R-coefficients) on X is a pair D = (D, gp), where

D € Divg(X) and gp is a Green function on X of smooth type for D. We let ]SER(X) denote the
group of arithmetic divisors (with R-coefficients) on X.

We recall the definitions of nef and ample arithmetic divisors.

3.29. Definition. Let X be a projective arithmetic variety over Spec(O ). An arithmetic divisor

D = (D,gp) € ISF/R(X) is called nef, if D is relatively nef, the Green function gp for D is of

plurisubharmonic type, and the height hz(z) > 0 for every point € X(K). It is called ample,
if D is relatively ample, the Green function gp for D is of plurisubharmonic type, and the height

hz(z) > 0 for every point z € X (K).
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We now let X be a projective arithmetic variety over Spec(Ok) and let X be its associated
complex manifold as above. Let B be an effective Cartier divisor on X with support |B| and let
U = X\ |B|, as well as U := X \ B; we note that |B| may contain whole fibers. Let gp be a
Green function of smooth type for B such that there is an n > 0 with gg(z) > 7 for all x € U.
Such Green functions exist because B being effective, any Green function of smooth type for B
is bounded below, and we can add to it a big enough constant to make it bigger than n. We call
B = (B,gg) an arithmetic boundary divisor for X.

We now repeat the preceding subsections in the arithmetic setting. For this, we denote by
R(X,U) the category of all proper normal modifications of X which are isomorphisms over .

3.30. Definition. The space of model arithmetic divisors on U of smooth type is defined as the
limit
Dive )™ = lim  Diva(Xy),
TER(X U)
Similarly, one can define model arithmetic divisors on U of continuous type, by asking that the
Green functions in the definition of ISR/R(XT,) are only of continuous type.

3.31. Definition. A model arithmetic divisor on U, given by D = (D, gp) € ISF/R(XTF) for some
7 € R(X,U), is called a nef model arithmetic divisor on U, if D is nef in the sense of Definition 3291
The set of these divisors defines a convex cone.

On ISER(M)mOd there is a B-adic norm defined as in Subsection

3.32. Definition. The space ]SER(U)adel of adelic arithmetic divisors on U is the completion of
Divg (U)™°d with respect to the B-adic topology induced by the B-adic norm. Again, elements

of ISER (U)*3! are represented by Cauchy sequences of model arithmetic divisors on U of smooth
type. As in Remark B4l a Cauchy sequence of model arithmetic divisors on U of continuous type
also defines an adelic arithmetic divisor on U.

Clearly, if (D, gn)nen is a Cauchy sequence with respect to the B-adic topology, then the
sequence (D, )nen is a Cauchy sequence in the B-adic topology, hence defines an adelic divisor D €
Divg (U)24¢!. Moreover, the sequence of functions (g, )nen is Cauchy in the gp-adic topology. This
implies that the sequence of functions (g, )nen converges pointwise to a function g on U. Moreover,
this convergence is uniform on compact subsets of U. The global analogue of Proposition B.I§ is
given by the following statement.

3.33. Corollary. There is a short exact sequence
0 — C%(U)o —> Divg (U)**" —s Divg ()™ — 0,
where Divg (U)2°! are the geometric adelic divisors on U as in Subsection [T

We next recall the notions of nef adelic arithmetic divisors and integrable adelic arithmetic
divisors. These are adaptations of [YZ21, §2.1.5] and [Zha95, Corollary 5.7] to divisors with real
coefficients.

3.34. Definition. The cone ISF/R(Z/{)HCf of nef adelic arithmetic divisors on U is the closure of the

adel

convex cone of nef model arithmetic divisors on U inside of ISF/R (U)2°e 1. e., any nef adelic arith-

metic divisor D on U can be represented by a Cauchy sequence (D,,),en of nef model arithmetic
divisors on Y. The space of integrable adelic arithmetic divisors on U is the vector space

Divg (U)™ = Divg ()™ — Divg (U)"".
We make the following easy observation.

3.35. Lemma. Let (D,q1),(D,g2) € ISER(U)adCI. Assume that (D, g1) € ISER(Z/{)“Cf and that
(D,gg) (S DiVR(U)HEf. Ifgg > 91, then (D,gg) S DiVR(U)nef.

The following results are proven in [YZ21].
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3.36. Proposition. If r € R(X,U) and B = (B, gp) is an effective arithmetic divisor on Xy with
|B'| = X, \ U, then the B -adic norm is equivalent to the B-adic norm. Therefore, the definitions
of the spaces ISR/R(Z/{)adCI, ISF/R(L{)““, and ISR/R(Z/{)““ only depend on U and not on a particular
choice of arithmetic boundary divisor B for X.

3.37. Theorem. The intersection pairing of nef arithmetic divisors on X extends by continuity
to a unique symmetric multilinear pairing

Dive (U)™ © ... ® Divg )" — R.

dim(U)-times

This pairing can be extended by linearity to a pairing
Dive ()™ ® ... ® Dive ()™ — R.

dim(U)-times

3.38. Remark. As in the geometric case, Theorem .37 means that, if D; with j = 0,...,d are nef
adelic arithmetic divisors on U represented by Cauchy sequences (D, )nen of nef model arithmetic
divisors on U, then the limit

(39) 50 .. '5(1 = lim 50)710 tee .5117"«1

(n0,...,ng)—+(00,...,00)

exists and is independent of the choice of approximating sequences.

3.39. Remark. If V C U is a smaller open subset, then there is a map ]SER(U) — ]SER(V)
and the intersection product is the same computed in both spaces. Therefore, for the purpose
of computing arithmetic intersection products it is harmless to enlarge the boundary divisor, for
example in order to ask it to be ample or nef.

The analogue of Lemma [3.10] in the current context is the following.

3.40. Lemma. Let X be a projective arithmetic variety over Spec(Ok) with boundary divisor B
and U = X \ B such that B is a nef arithmetic divisor. Let D be a nef adelic arithmetic divisor
on U. Then, there is a sequence (Dp)nen = (Dn, gn)nen of nef model arithmetic divisors on U
converging monotonically decreasingly to D in the B-adic topology. That is, for alln € N, we have
DnJrl S Dn and gn+1 S dn-

Proof. Copy the proof of Lemma O

The next result deals with integrable adelic arithmetic divisors on &/ whose geometric part is
trivial.

3.41. Lemma. Let X be an arithmetic variety over Spec(Ox ), B a nef arithmetic boundary divisor
for X, and (0, f) € ISF/R(Z/{)““. Then, the following statements hold:
(i) We can choose sequences of nef model arithmetic divisors (Dy, gn)nen and (Dy, gh)nen on
U with the same divisorial part, converging to (D, g) and to (D, g’), respectively, and such
that f =g—g'.
(i) If the function f is globally bounded, i. e., |f| < C, then we can choose the above sequences
in such a way that |g, — g,,| < C for all n € N.

Proof. To prove we note that since (0, f) is an integrable adelic arithmetic divisor on U,
there exist sequences of nef model arithmetic divisors (Do n, go,n)nen and (D}, g n)nen on U
converging to (D, g) and (D, g), respectively, such that f = g — ¢/. After adding to (Do.n,go.n)
a small positive multiple of B (which continues to be a nef model arithmetic divisor on ¢ by the
nefness of B), we can further assume that Dy, > Dy ,,. For n € N, we now set

Dy, =Dy n, gn = max(go,n, Jo.n — 1), 9p, = max(gy ,,, Jon — 1)

Then, the functions g,, and g/, are Green functions for D,, of continuous and of plurisubharmonic
type. We claim that the sequence (D,,, gn )nen converges in the B-adic topology to (D, g) and the
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sequence (D, g )nen converges in the B-adic topology to (D, ¢’). To prove the claim we start by
showing that for each € > 0, there exists an ng € N such that the inequalities
(3.10) 9—€98 < gn < g+egn

hold for all n > ng. By Corollary 3.33] the function f is continuous on U, and we have that
|f| = o(gs) when approaching the boundary B. Furthermore, since X is compact, there is a
constant C' > 0 such that

€
=g =171 <C+5gp
for given € > 0. Now, choose ng > C such that the inequalities
€
lgom —9l <egp  and g5, —¢'| < 9B
hold for all n > ng. Then, for n > ng, we derive the bounds
/ / €

Jom—n=g -—ntogp<g+C-—ntegp<g+tegs

Since we have that g —egp < go,n < g+ €gB, we deduce for n > ng that

9—¢98 < gon < gn = max(go,n, go., — 1) < g+ €95,

which proves the claimed inequality and thus the convergence of the sequence (g, )nen to g.
Similarly, one shows that the sequence (g/,)nen converges to g’. We note, if needed, using global
regularization of plurisubharmonic functions that we can change the Cauchy sequences in question
so that the Green functions are of smooth and of plurisubharmonic type.

To prove[(ii)] in case that |f| < C, it is enough to define

gn = max(go,n, go,n — C) and 9, = max(gy ,, go.n — C).

The same argument as above now completes the proof in this case. O

The last technical result we need to prove states that, given two adelic arithmetic divisors on U
with the same divisorial part, we can approximate the more singular one by Green functions that
have the same singularity type as the less singular one.

3.42. Proposition. Let X be an arithmetic variety over Spec(Ok) and B a nef arithmetic bound-

ary divisor for X. Let (D,g) and (D,g’) be elements of ISR/R(L{)adCI sharing the same divisorial
part. Furthermore, assume that g’ < g at every point of U. For n € N, we set

Yn = max(g —n,g’).
Then, for each n € N, the arithmetic divisor (D,~,) belongs to ]SER(M)adel and the sequence

(D, ¥n)nen converges to (D, g') in the B-adic topology. Moreover, if (D, g) and (D,g’) belong to
Divg (U)™, the same is true for (D,~y,).

Proof. By Corollary B33 the difference g — ¢’ belongs to C%(U)o. Since 0 < v, — ¢ < g—¢,
we deduce that 7, — ¢’ also belongs to C°(U)g, and by the same corollary, the pair (D, ~,) thus
belongs to Dive (U)2det,

We next prove that the sequence (D, 7y, )nen converges in the B-adic topology to (D, ¢'). Since
g — ¢’ belongs to C(U)o, there is a continuous function h that vanishes on |B| and such that
g—¢g =h-ggonU. For every € > 0, let

K. ={x e X|h(x)> e},

which is a compact subset of U. Since h - gp is continuous on U, there is an integer n. > 1 such
that h-gp < n. in K. For n > n., we claim that

(3.11) 0<v,—¢ <egp.

Obviously, the left-hand inequality is clear. For the right-hand inequality, let € U. If g(x) —n <
g'(x), then v, (z) = ¢’(x), and the right-hand inequality follows from the positivity of gg. If, on
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the other hand, g(z) — n > ¢'(z), then h(x) - gp(z) = g(z) — ¢'(z) > n > n.. Therefore, v ¢ K.,
and hence h(z) < e. From this, we derive

(@) = g'(x) = 9(x) — g'(x) —n < g(z) — () = h(z) - gp(x) < egp(2),
which proves the right-hand inequality in BI1)). The claimed convergence now follows directly

from (BII).
Assume finally that (D, g) and (D,g’) belong to Divg(U)**f. By Lemma .41, we can find

sequences (D, gm)men and (D, g5, )men of nef model arithmetic divisors on U sharing the same
divisorial part and converging to (D,g) and (D,g’), respectively. Writing vy, ,n = max(gm, —
n,gn,), we obtain a sequence (Dy,Yn,m)men of nef continuous model arithmetic divisors on U
that converges to (D,~,) showing that (D,~,) € Divg(U)"*t. O

3.4. Adelic arithmetic line bundles. We start this subsection by recalling the notion of Q-line
bundles. Let X be a scheme. Denote by Pic(X) the category of locally free sheaves of rank one
and by Pic(X) the group of isomorphism classes of objects in Pic(X) with group law given by the
tensor product. The category Picg(X) of Q-line bundles on X is the category whose objects are
pairs (n, L), where n € Ny and L is a locally free sheaf of rank one on X, and whose morphisms
are
Hompie,(x) ((n, L), (0, L)) = lim Hompie(x) (L®*", L'®");

a€Ns g
The group structure on Picg(X) is given by the tensor product (n, L)®(n/, L') = (nn', L% @ L'®").
The group of isomorphisms classes of Picg(X) is denoted by Picg(X) and is nothing else than

Picg(X) = Pic(X) @z Q.
The global Q-sections of a Q-line bundle are defined as
(X, (n, L)) = h_rr>1 I'(X,L®),

a€Ns o
where the maps T'(X, L®?) — I'(X, L®%) are given by s +— s®° for b € Nyg. A global Q-section
of (n, L), represented by a global section s of L%, is formally given by s®/%", We note that, for
n,n’,a,a’ € N, the groups I'(X, (n, L%%)) and I'(X, (n/, L®%)) are canonically isomorphic and
that we have the identification

I‘(X, (n,L)) Hompie, (x) ((1 Ox), (n,L)).

The divisor of a global Q-section is defined as
1
div(s®Y ) = — div(s) € Divg(X).
an

Let now X be an arithmetic variety over Spec(Ok). The category ﬁ:()( ) of hermitian line
bundles on X is the category whose objects are pairs £ = (L, || - ||), where £ is a locally free
sheaf of rank one on X and || - || is a hermitian metric on the base change Ly over Xs, and whose
morphisms are

H (L,Z) = {p € Hompie(a) (£, £) | [lp ()] < [[v]]}-

OmPlc (X)

For instance, Ox will denote the trivial line bundle Ox with the metric [|1]| = 1. We note that
Homgy X)(6 L) can be identified with the set of small sections

T(X,L)={seD(X,L)||s]| <1}.

The group Isl\c(X ) is the set of isomorphism classes of objects in ﬁl\C(X ) with group law given by
the tensor product.

The category I/’i\cQ(X ) of hermitian Q-line bundles on X is the category whose objects are pairs
(n, L), where n € Ny and £ € ]?/’i\c()(), and whose morphisms are

HomﬁQ(X) ((’ILZ),( )) - lg Hom (X (£®a" ,Z/®an)'

a€Ns
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If (n,Lo) € I/’i\cQ(X ) and s¢ is a rational section of £, a power of the underlying line bundle

Lo, then s defines a section s = s? Y “" whose associated arithmetic divisor is defined as
— 1 .
div(s) = —(div(so), — log ||so||?).

an

Following [YZ21], we introduce the category of adelic arithmetic line bundles. To this end,
we assume that the arithmetic variety & is projective with arithmetic boundary divisor B and
U = X\ |B|. Note that U is a quasi-projective arithmetic variety.

Let £ € Picg(U). A sequence of triples (X, , Ln, n)nen, where m, € R(X,U), L,, € I/’i\cQ(XM),
and £,,: L — L]y is an isomorphism, is called a Cauchy sequence (in the B-adic topology), if
for any non-zero rational section s of £, the sequence (&i\v(ﬁn(s)))neN is a Cauchy sequence with
respect to the B-adic norm of model arithmetic divisors.

The category of adelic arithmetic line bundles I/’i\cQ (U)*de! is the category of pairs
(L, (Xr, , Loy ln)nen), where £ € Picg(U) and (X, , L, £n)nen is a Cauchy sequence as before. A
morphism between (£, (X;, , Ly, €n)nen) and (£, (X/Tn,z;, 0 Vnen) is an isomorphism A: £ — L'
over U such that, if the write

Vi (Xr aznvén), if k= 2n,
TI'k7M 5 == L
(y ’ mk) {(X;'n7£;,7€»/no)\)7 lfk=2n—1,

the sequence (Vr, , Mg, my)ken is Cauchy. As we have defined I/’i\cQ U)2%! it is a groupoid, that
is, all the morphisms are isomorphisms. The tensor product of hermitian line bundles induces a
tensor product in I/’i\cQ(Z/{)ad"l. The group of adelic arithmetic line bundles Isi\CQ(M)adel is the set
of isomorphism classes in ﬁ:Q (U)?4! with group law given by the tensor product.

3.43. Remark. Let £ = (£, (Xy,, Ly, 4n)nen) be an adelic arithmetic line bundle on ¢ and let
U =U(C). All the line bundles £,,, when restricted to U, agree with L = L|;;. The metric of each

L, induces a metric || - ||, on L. These metrics converge (uniformly on compact subsets of U) to
a metric || - || on L over U. We call this metric the archimedean component of L.

3.44. Remark. Let £ = (L,(Xy,,Ln,ln)nen) be an adelic arithmetic line bundle on ¢ and
s a non-zero rational section of £. Then, the sequence (div(¢,(s)))neny determines an adelic
arithmetic divisor in Divg(U)*!°! that we will denote simply by div(s). We will say that £ =
(L, (X, Loy ln)nen) is nef if and only if div(s) is nef for any rational section s of L.
3.5. Functorial properties of the adelic arithmetic intersection product. We well only
discuss the functoriality in the global arithmetic case. The first functorial property is the restriction
to a smaller open subset.

Let X be an arithmetic variety over Spec(Ok). Let U’ C U be two open subsets. If m: X; — X
belongs to R(X,U), it also belongs to R(X,U’). Therefore, there is a map

Divg (U)™% — Dive ('),

Let B = (B, gp) and B = (B',gp’) be boundary divisors with & = X\ |B| and U’ = X'\ |B'|.
Then, there is a constant ¢ > 0 such that B < B Therefore, the B-adic and B -adic norms satisfy
Iz <cl- s

This implies that there is a continuous restriction map

(3.12) Divg (U)*" — Divg ().

This map sends ISF/R(Z/{)’“ef to ISER(L{’)“‘“C.

More generally, let X and X’ be arithmetic varieties over Spec(Ox), and let B and B be
boundary divisors on X and X', respectively. Write Y = X\ |B| and U’ = X"\ |B|. For every
dominant morphism f: U’ — U, there is a pull-back map

f;dcl: EFZR (u)adcl N ISR/']R (u/)adcl
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that sends ISF/]R(L{)“Cf to ISF/R(L{’ )eet. This pull-back map is constucted as follows. Given 7 €
R(X,U), there exist 7' € R(X',U') and fr: X., — Xy such that the diagram
f

U ——u

L,

fﬂ'

XT’F, — X
commutes. From this we obtain a pull-back map

£5 4t Dive(U)™? — Divg (@)™

induced by mapping (D, gp) € ISR/R(Xﬁ) to (f*D, fxgp) € ﬁi;R(X;T,). After taking the respective
B-adic and B -adic completions, we obtain the pull-back maps

Fre: D) — Dive(U)*%  and  fr: Dive)"" — Dive (@)™
For more details see [YZ21], § 2.5.5].

3.45. Remark. We have defined pull-back maps of adelic divisors only for dominant morphisms.
By contrast, for adelic arithmetic line bundles, given an arbitary morphism f: U’ — U, there is a
well defined pull-back functor f*: Picg(U)*d®! — Picg(U)*I! that preserves nefness and tensor
products.

The intersection product and the pull-back are related by the following projection formula.

3.46. Proposition. Let f: U — U be a dominant morphism as before. Furthermore, assume
that f is projective and flat of relative dimension e, and let d be the relative dimension of U
over Spec(Ok). Let Do, ..., Dy be integrable adelic arithmetic divisors on U and E1,...,E be
integrable adelic arithmetic divisors on U’. Then, we have the formula

El"-"Ee'f;delﬁo"-"f;delﬁd:deg(glle-'age|F)'50'-'-'5d7

where F is a generic fiber of f and deg(E1|F, ..., E|F) is the degree of the generic fiber with respect
to the underlying geometric divisors.

Proof. See [YZ21, Lemma 4.6.1]. O

3.47. Proposition. Let f: U — U be a finite flat dominant morphism of degree n and let d be the
relative dimension of U over Spec(Ok). Let Dy, ..., Dy be integrable adelic arithmetic divisors on
U. Then, we have the formula

fisaDo .. fagqaDa=nDq - ... Dq.
Proof. This result also is covered in [YZ21, Lemma 4.6.1]. 0

4. EXTENSION OF YUAN—ZHANG’S ARITHMETIC INTERSECTION PRODUCT

4.1. Comparison of log-log singular and adelic arithmetic line bundles. In the study of
the arithmetic of pure Shimura varieties, log-log singular line bundles appear in a natural way. The
paradigmatic example is the Hodge bundle on the moduli space of principally polarized abelian
varieties with a level structure. In [YZ21] § 5.5], it is proven that the Hodge bundle equipped with
the Faltings metric is an example of an adelic arithmetic line bundle. However, it is not proven
that it is integrable and we suspect that, in general, this is not the case. In this subsection, we
give an example of a toric line bundle that has the same kind of singularities as the Faltings metric
on the Hodge bundle over the modular curve and give the sketch of a proof that this line bundle
is not integrable, at least when the boundary divisor is small enough to be able to apply toric
methods. The details will appear in the PhD thesis of Gari Peralta.
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4.1. Construction. We consider the arithmetic variety X = P} over the integers Z with homoge-
neous coordinates (x : y) and affine coordinate t = z/y. On P}, we consider the line bundle O(1)
with the section s = y, so div(s) = [(1 : 0)]. At the archimedean place v = oo, we equip O(1)s

with a hermitian metric || - || defined as follows: We define the function @ : R — R by
1+ log(u), foru>1,
puclu) = {1 718
u, for u < 1.

On P{ \ {0, 00}, we then set
log ||s|| = @oo (—1log [¢]),
which becomes an S'-invariant hermitian metric on O(1)no, where S! is the compact torus {z €
C||z| = 1}. This metric is singular at the point (0 : 1), where it has a singularity similar to the
singularity of the Faltings metric when approaching a cusp of a modular curve.
For all non-archimedean places v, we equip the line bundle O(1), with the canonical metric
I - ||lv,can induced by the function ¢, (u) = min(u,0). This is the same as the metric induced by

the model O(1)z over P}. We denote by O(1) the line bundle O(1) with this metric. Write
g = —log||s||? and let D = (div(s), g).
Let 4 C X be an open subset such that

(4.1) (0:1) €Uy and  PH\{(0:1),(1:0)} CU.

A consequence of Corollary B33 is that D € Divg (U)adel,

loglog

4.2. Proposition. For any choice of U satisfying conditions ([@I)), we have D ¢ ISF/R(L{)““.

Proof. For the proof we will use freely the theory of arithmetic intersection products on toric
varieties developed in [BGPS14].

Assume that the adelic arithmetic divisor D is integrable. Then, we have D = D; — Dy with
D.,D,y € ISER(Z/{)“&. Thus, there are Cauchy sequences (D1 ,)nen and (Dap)nen of nef model
arithmetic divisors on I converging to D; and Do, respectively.

By the conditions on U, the divisors D; , @, for i = 1,2 and n € N, are of the form

(42) Di,n,@ = aiyn[(() : 1)] + bz,n[(l : O)] + E,

where a;n,bin € R and E is a divisor supported on P§, \ {(0 : 1), (1 : 0)}, which is independent
of i and n. Since for large enough ¢ € R, the divisor ¢[(1 : 0)] — E is nef, after adding to all the
divisors D; ,, a suitable nef model arithmetic divisor, we can assume that the divisor E in {@Z) is
zero. This means that the divisors D; ,, g are toric. Therefore, using [BGPS14] Proposition 4.3.4]
for the smooth metric over the archimedean place and [BGPS14l Proposition 4.3.4] for the model
metrics over the non-archimedean places, we can average the initial nef model arithmetic divisors
. . . S =S —S

to obtain sequences of toric arithmetic divisors (D ,,)nen and (D, ,,)nen. These sequences are
again Cauchy sequences of nef model arithmetic divisors and converge to nef adelic arithmetic
divisors 5? and 52, respectively, satisfying D = 5? - 52. In conclusion, we can assume that
the Cauchy sequences (D1.)nen and (D2, )nen are made of toric nef model arithmetic divisors.
Furthermore, by Lemma [3.40) we can assume that they are monotonically decreasing.

For each ¢ = 1,2 and n € N, the toric nef model arithmetic divisors 51-)” are encoded by a
family of concave functions ¢, ; », one for each place v of Q. The Legendre—Fenchel dual of ¢, ; »
is the function

Vyin(z) = ;Ig% (<337 u) — ‘Pvzn(u))

and is called the local roof function of 51-1,1. The global roof function of 51-7" is given by
ﬁi,n = Z ﬁv,i,n-

The function ¥; , and the functions 9, ;, are concave and they all have support on a common
polytope A, ,. The fact that the toric model arithmetic divisors D; ,, are nef is reflected by the
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condition
for all x € A;,, (see BGMPSI16l Theorem 6.1]).

The fact that the Cauchy sequences (5i1n)n€N are monotonically decreasing implies that the
sequences of polytopes (A; ,)nen are nested for i = 1,2. We define A; as the intersection of
all the A;,,’s for n € N. This is a closed bounded convex subset and the roof functions ¥, ,
converge monotonically to a concave function ¥; on A;. Condition (@3] implies that ¢; > 0. By
concavity, this implies that the functions 1J; are bounded for ¢ = 1,2. We define the functions ;
as the Legendre—Fenchel dual of the functions ¥;. Note that one could have gone directly from the
functions ¢, ;, by taking a sup-convolution (see [BGPS14, § 2.3]) and a limit. We also introduce
the functions ¥; as the support functions (see [BGPS14, Example 2.2.1]) of the convex sets A;.
Since the functions ¥; are bounded, the functions ¢; — ¥; are also bounded.

We finally come back to the adelic arithmetic divisor D, which we assumed to be integrable.
For the non-archimedean places v, the Legendre—Fenchel dual 4, of ¢, becomes the function zero
over the interval [0, 1]. However, for the archimedean place, the Legendre—Fenchel dual ¢ of ¢
becomes

Yoo(z) = Inf ((z,u) — poo(u)).
() = inf ((z,u) = oo (u))
This infimum is achieved for u, € R satisfying ¢’ (uy) =z, i.e.,
— = = Uy = —.
Uz T
This gives

1 1
Voola) =2 — = (1+1og () ) = log(a).
()= =~ (1+10g (1)) = log(x)
Thus, the total roof function ¥ is given by

) = 3 0, (x) = log(x),

which is unbounded as x — 0. The Legendre—Fenchel dual of 9 is the function ¢ = ¢o. Let ¥ be
the support func‘ion of_the _interval [0,1]. Then, ¥ = ¢, for any non-archimedean place v.
The equation D1 = D + D5 implies the equations

gﬁlzgﬁ—i—gﬁg and \111:\114-\1/2

The contradiction now comes from the fact that (o1 — ¥1) — (92 — ¥2) is bounded, while ¢ — ¥
is not. 0

4.2. Adelic arithmetic intersections and mixed relative energy. In this subsection, we
relate the adelic arithmetic intersection product with the non-pluripolar product of currents and
the mixed relative energy.

As in Subsection B3] let K be a number field with ring of integers O, let X’ be a projective
arithmetic variety of dimension d over Spec(Ok), and let X be its associated complex manifold.
Let B = (B,gp) be an arithmetic boundary divisor for X and write as before U = X'\ |B|, as well
as U = X \ B. Furthermore, we assume that B is nef to be able to use Lemma 3411

4.3. Lemma. For j =1,...,d, let D; = (Dj,g;) € ER/R(L{)“‘“C be nef adelic arithmetic divisors
onU. Moreover, let Dy = (Dy, go), 56 = (Do, g() € ]SER(U)““ be two integrable adelic arithmetic
divisors on U sharing the same diwvisorial part and such that f = go — g{ is globally bounded.
Choose sufficiently large reference divisors Ej on X such that E; > B and E; > D+ 2B. Then,
the equality

50.51.....m_@g.@l....ﬁd:/ Fwsy (g0) A+ Ay (90))
X

holds.
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Proof. By multilinearity, the arithmetic intersection product (0, f)-Dj - ... - Dy does not depend
on how we write (0, f) as a difference of adelic arithmetic divisors on U sharing the same divisorial
part. Therefore, we can assume that (Do, go) and (Do, g{,) are nef adelic arithmetic divisors on U.
Thus, there are Cauchy sequences (Do )nen, (587,1)”61\;, and (D;,)nen of nef model arithmetic
divisors on U converging in the B-adic topology to Dy, 56, and ﬁj for j =1,...,d, respectively.
By Lemma B.41] we can assume that Dy ,, = (Do n, go,n) and 58171 = (Do,n, 95.,,) share the same
divisorial part and that the functions go,» — g5, are globally bounded by the same bound as the
one for f. By assumption, we have E; > D; 4+ 2B, which implies that E; > D;, for all n € N
after possibly taking suitable subsequences. By Lemma[2.28 the Green functions g; , thus become
Green functions for E; of plurisubharmonic type for all j =1,...,d and for all n € N. From this
we obtain

Do-Dy-....Da—Dy-Dy-...-Da= lim Doy Din-.. Dap—Dpp Din-..-Dan)

n—00

= lim [ (go.n — 90.n) WDy, (91,0) A ... Awp,, (9d.n)
X

n—oo

= lim [ (gon — 9on) (We (G10) A - Awr, (gdn)),
X

n—00

where, for the last equality, we have used Proposition [2.35 Proposition S’IJ now shows that

im | (gon — 90.0) (W (91,0) A - AwE, (gan)) = / (90 — 90) (we, (G1) A ... Awg,(94)),
X X

n—r oo

which proves the claim. (I

Now we are able to relate the adelic arithmetic intersection product with the mixed relative
energy.

4.4. Theorem. For j =0,...,d, let D; = (Dj,g;) € Dive ()" and D; = (D;. g}) € Dive(U)""
be two nef adelic arithmetic divisors on U sharing the same divisorial part. Choose sufficiently
large arithmetic reference divisors €; = (£j,9E;) on X such that E; > B and &; > D; + 2B with
g, Green functions of smooth type for Ej;, so that the functions p; = g; — gE,; and gpg = g; — 9E,
become wj-plurisubharmonic, where w; = wg;(9r,;). Assume that the Green functions g;’s are
!

more singular than the g’ ’s, that is, [p;] < [p}]. As in Subsection[2.7, we write ¢ = (o, - - -, ¥d),

¢ = (¢, ¢, and w = (wo,...,wq). Then, we have

(i) ¢ € E(X,w,¢").
(ii) ¢ € EY(X,w,¢’) and the formula

— — — —
D0~...-Dd:D0~...-Dd+1¢/((p)
holds, where I, (p) is the mized relative energy of ¢ with respect to @' defined in Defini-
tion [2:46]
Proof. To prove (i)} we just note that for j =0,...,d, we have by Corollary 3.25]

[ (aacg; oty = pf = [ (g +p)
X

X

Together with the assumption [p;] < [¢}], this implies that ¢; € (X, wj, ¢}).
To prove assume for the moment that |g; — g| is bounded for j = 0,...,d. Since the nef

adelic arithmetic divisors 5j and 5;- have the same divisorial part for j = 0,...,d, we compute,
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using Proposition 2.35] and Lemma [£.3] that

/

Bo-...- Da—Dh-...- D,

d
— — J— — — —_ —_ — — —
:Z(DO-...-DH-Dk-DkH-...-Dd—DO-...-Dk,l-Dk-DkH-...-Dd)
k=0

d
= Z / (gk - g;c)<wEo (90) AN wEk—l(gk*1> /\wEk+1 (g;c—i-l) AN wEd(g:i)>'
k=0 VX

Since we now have for j =0,...,d that
WE; (gj) = ddcgj + 6Ej = ddc(gj - gEj) + 5Ej + dngEj
= ddcgoj + 5Ej +wj — 5Ej = ddcgoj + wj,
and similarly wg, (97) = dd°¢); + w;, we find, using g, — g, = ¥r — ¥}, that
— — — —
Do-...-Dg—Dy-...-Dyg=1I,(p),
after recalling formula ([2.4)).
Next, we consider the general case when |g; — g;| is not necessarily bounded. For each n € N,
we write
Pin = max(so; - n,p;) and 9in = 9E; + Pjn-
Since the functions ¢; are more singular than the functions cp}, we deduce that g; —n < gj, < g;.
Thus, the functions |g;, — g;| are bounded. Writing Djn = (Dj,gjn), we deduce from the
preceding case that
— — — —
DO,n'---'Dd,n_Do'---'Dd:Lp/((Pn);
where @, = (@on,---,%dn). By the continuity of the arithmetic intersection pairing and Propo-
sition [3.42] we have that
lim 50771-...-5,17":50-...-5,1.

n—oo
Moreover, since the sequence (¢, ,)nen converges monotonically to ¢; for j = 0,...,d, we know
from Proposition 2.50] that
Jim Ty (pn) = Ly ()
This completes the proof of the theorem. O

Before being able to define generalized arithmetic intersection products, we need the following
definition.

4.5. Definition. Let D = (D,¢') € Divg (U)"*f be a nef adelic arithmetic divisor on ¢. A function
g is said to be a Green function for D of plurisubharmonic type and relative full mass with respect
to ¢', if the following three conditions are satisfied:

(i) The function g — ¢’ is bounded above, that is, g is more singular than ¢'.

(ii) The function g|y is plurisubharmonic.

(iii) If £ = (£, gE) is a model arithmetic divisor with £ > D on X and gg a Green function of
smooth type for F with wy = wg(gg), the function ¢’ = ¢’ — gp is we-plurisubharmonic
by the nefness of D' and conditions[(7)] and imply that the function ¢ = g — g is also
wo-plurisubharmonic, and we further require the relative full mass condition

/<(ddc<ﬂ+w0)Ad>:/ <(ddcsﬁl+w0)Ad>;
X X

in other words, ¢ € £(X,wo, ¢').

Theorem 4] together with the above definition allows us to make the following definition for
generalized arithmetic intersection numbers.
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4.6. Definition. For j =0,...,d, let 5;- = (Dj,9;) € ISF/R(Z/{)HCf be nef adelic arithmetic divisors
on U and let D; = (Dj,g;) € ﬁi;R(Z/{) be adelic arithmetic divisors on U so that g; are Green
functions for D; of plurisubharmonic type and relative full mass with respect to g}. Choose
sufficiently large arithmetic reference divisors £; = (€;,gg;) on A’ such that £; > B and &£; >
D; + 2B with gg, Green functions of smooth type for Ej, so that the functions ¢; == g; — gp, and

¢} = g; — gr; become w;-plurisubharmonic, where w; = wg, (gg;). Then, for ¢ = (¢o,...,¢a) €
E(X,w,¢’), the generalized arithmetic intersection product Dy - ... Dy is defined as

— — — —
(4.4) Do-....Dg:=Dy-...-Dy+ L, (p).

We will say that (Do, ..., Da) has finite energy with respect to (5&, . ,5;), if I/ (¢) > —o0. In
this case, the arithmetic intersection product (&4 is a real number.

Similarly, if D = (D,¢) € ]SER(Z/{)“Cf is a nef adelic arithmetic divisor on & and D = (D, g) €
Divg (U) is an adelic arithmetic divisor on i so that g is a Green function for D of plurisubharmonic
type and relative full mass with respect to ¢/, we say that D has finite energy with respect to 5/,
if (D, ..., D) has finite energy with respect to (5/, e ,5/).

4.7. Lemma. The generalized arithmetic intersection product of Definition [{-6] does not depend
on the choice of the arithmetic reference divisors £; (j =0,...,d).

Proof. This follows easily from the definitions. O

4.3. Functoriality. All the functorial properties of Subsection carry over to the finite energy
case. In particular, we have the following two propositions.

4.8. Proposition. Let f: U — U be a dominant morphism as in Subsection [T Furthermore,
assume that f is projective and flat of relative dimension e, and let d be the relative dimension
of U over Spec(Of). Let Do, ..., Dq be adelic arithmetic divisors on U and &1, ...,Ee be adelic
arithmetic divisors on U' having finite energy with respect to some nef adelic arithmetic divisors.
Then, we have the formula

El"-"Ee'f;delﬁo"-"f;delﬁd:deg(glle-'age|F)'50'-'-'5d7

where F is a generic fiber of f and deg(&1|p, ..., E|F) is the degree of the generic fiber with respect
to the underlying geometric divisors.

Similarly, we have

4.9. Proposition. Let f: U — U be a finite flat dominant morphism of degree n and let d be the
relative dimension of U over Spec(Ok). Let Dy, ..., Dy be adelic arithmetic divisors on U having
finite energy with respect to some nef adelic arithmetic divisors. Then, we have the formula

f;dclﬁo"-"f* 15d=n§o-...-'Dd.

ade

5. THE SELF-INTERSECTION OF THE LINE BUNDLE OF SIEGEL—JACOBI FORMS

5.1. The line bundle of Siegel-Jacobi forms. The basic reference for this subsection is the
book [FC90] by G. Faltings and C-L. Chai. We let <7, denote the moduli stack of principally
polarized abelian schemes of dimension g over Spec(Z) and we let 7: %, — <7, be the universal
abelian scheme over Spec(Z) with zero section e: &7, — %B,. Recall that d' = g(g + 1)/2 is the
relative dimension of 7, over Spec(Z) and that d = d’ + g is the relative dimension of %, over
Spec(Z).

The Hodge bundle w on 2 is defined as the line bundle

w=¢* det(Q}@g/dg).

For g > 1, the global sections of the line bundle w®* are arithmetic Siegel modular forms of weight
k, i.e., Siegel modular forms of weight & with integral Fourier coefficients. By identifying %,
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with the dual abelian scheme %;/ via the principal polarization, the Poincaré bundle &, is the
tautological invertible sheaf on the product %, x o, %,;. By means of the diagonal morphism

A: By — By Xy, By,

we obtain via pull-back the distinguished line bundle £ := A*%_, which is m-ample and sym-
metric. The restriction of £ to any fiber of %, is the line bundle associated with twice the
principal polarization of the fiber. The line bundle of Siegel-Jacobi forms of weight k and index
m on A, is now defined as
Iem =T W L™,

For g > 1, the global sections of the line bundle _#j, ,,, are arithmetic Siegel-Jacobi forms of weight
k and index m, i. e., Siegel-Jacobi forms of weight k£ and index m with integral Fourier coefficients.
The arithmetic theory of Siegel-Jacobi forms has been investigated in detail in [Kra95].

Next, we fix an integer N > 3 and let &7, y denote the fine moduli space of principally polarized
abelian schemes of dimension g with full level N-structure over Spec(Z[1/N,(n]), where (y is a
primitive N-th root of unity, and we let mn: By n — 4 N be the universal abelian scheme
over Spec(Z[1/N,(n]) with zero section en: oy n — By n. We recall that o7, y and B, n are
smooth, quasi-projective schemes over Spec(Z[1/N, (n]). We denote by p/y: & v — , and by
PN : By N — By the respective morphisms of stacks forgetting the level N-structure.

As before, the Hodge bundle wy of level N on /g n is defined as the line bundle

wy =Y det(Q}@gyN/%,N).

For g > 1, the global sections of the line bundle w%k are arithmetic Siegel modular forms of weight
k and level N, i.e., Siegel modular forms of weight k and level N with Fourier coefficients lying
in Z[1/N,(n]. Recalling from [FC90, Chapter IV, Theorem 6.7] that %, n is the pull-back of %,
to o, v, we observe that wy = pf¥ w. The pull-back Zn = p}-Z becomes a line bundle on the
scheme %, n, which is again 7-ample and symmetric. For the sequel, we note that the symmetric
line bundle %y satisfies the theorem of the cube with respect to the morphism [2]: Zy v — By N
given by fiberwise multiplication by 2, i. e., there is an isomorphism

(5.1) 2]* Ly = L8

of line bundles over %, n. The line bundle of Siegel-Jacobi forms of weight k, index m, and level
N on B,y n is now defined as

Fem,N = W?Vw%k ®LEm.
For g > 1, the global sections of the line bundle ¢} ., n are arithmetic Siegel-Jacobi forms of
weight k, index m, and level N, i.e., Siegel-Jacobi forms of weight k, index m, and level N with
Fourier coefficients lying in Z[1/N, {n].

5.2. Siegel-Jacobi forms over the complex numbers. In this subsection, we recall the clas-
sical definition of Siegel-Jacobi forms over the complex numbers. We start by recalling the con-
struction of <7, n(C) and %, n(C) as quotient spaces. Let g > 1 be an integer. The symplectic
group Sp(2¢g,R) is the group of real (2g x 2g)-matrices of the form

(5.2) (g‘ g)
such that
A'C=C'A, D'B=B'D, A'D-C'B=1,,
where 1, is the (g x g)-identity matrix. There is an inclusion
Sp(2¢9,R) < Sp(2¢g + 2, R),
sending a matrix of the form (B2]) to the matrix
A0

= o o O

B
0 1 0
¢ 0 D
0 0 O
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For any commutative ring R, let Hl(f’l) be the Heisenberg group

HEY = ([ )l | A € R, € R),

where R(1:9) denotes the set of row vectors of size g with coefficients in R, with composition law
given by
[ ), 2] o (N, ), 2} = [N+ X )+ 2 4w = )],

The real Heisenberg group Hﬂ%‘]’l)

matrices of the form

can be realized as the subgroup of Sp(2g + 2,R) consisting of

t

I, 0 0 pu
A1l opw T
0 0 1, -\
0 0 O 1
The full Jacobi group G]gg’l) = Sp(2¢,R) x Hﬂ(f’l) is the subgroup of Sp(2¢g + 2, R) generated by

Sp(2¢g,R) and Hﬂg{g’l).
Let
H, = {Z =X +iY | X,Y € Mat,,,(R), Z' = Z, Y > 0}
be the Siegel upper half-space. The group Sp(2g,R) acts transitively on Hy, where for M =
(& 5) €Sp(29,R) and Z € Hy, this action is given by
Z— M(Z)=(AZ + B)(CZ + D).

On the other hand, the group G]gg’l) acts transitively on H, x C9) where for (M, [(A, 1), :v]) €
G]%g’l) and (Z,W) € H, x C(19) this action is given by

(Z, W) — (M(Z),(W +\Z +p)(CZ + D)™1).

For a subgroup I' C Sp(2g,Z) of finite index, we write I' = I' i Hég’l) - G%q’l), and define the
quotient spaces o7 r .= I'\H, and %, r := I'\H, x C19) | In particular, these definitions apply to
the principal congruence subgroup of level N of the symplectic group defined by
I'(N) = ker (Sp(2g,Z) — Sp(29,Z/NZ)),
for which we then find that
Dyrny) = Dgn(C) and B, rv) = By, (C).

We next recall the classical definition of Siegel-Jacobi forms by introducing a suitable auto-
morphy factor for the group G]%;q’l) (see, e.g., [ZieBY]). For k,m € Z and M = (4 B) € Sp(2¢,R),
¢ =1[(\p),z] € Hﬂ%q’l), we define for a complex-valued function f: H, x C9) — C the slash-
operators

(flimM)(Z,W) = det(CZ + D) ke 2mimW(CZ+DYCW" ¢ (N 7y W (CZ + D))
and
(f|k,m<) (Z, W) — e2m’m(>\Z>\ F22AW (2 4pA ))f(Z, W+ \Z + M)'

A quadratic matrix T is called half-integral, if 2T has integral entries, while the diagonal entries
of T are even. Note that if T is symmetric, then T is half-integral if and only if the associated
quadratic form is integral.

5.1. Definition. A meromorphic function f: Hg x C19) — C is called a meromorphic Siegel-
Jacobi form of weight k and index m for the subgroup T' C Sp(2g,7Z) of finite indez, if the following
conditions are satisfied:

(i) flemM = f for all M €T.

(i) flemC = f for all ¢ € HY.
A meromorphic Siegel-Jacobi form f of weight k£ and index m for I is called a Siegel-Jacobi form
of weight k and index m for ', if f is holomorphic and
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(iii) for each M € Sp(2g,Z), the function f|g.,M has a Fourier expansion of the form

(f|k,mM) (Z, W) — Z Z C(T, R)SQTFZ'/HM tr(TZ)eQTFiWR
T=T'>0 ReZ(:V
T half-integral

for some suitable positive integer njys depending only on I'" and such that ¢(T, R) # 0

implies
( Rt/2 m z 0.
The C-vector space of Siegel-Jacobi forms of weight k and index m for I" is denoted by Ji  (T).
A Siegel-Jacobi form f € Ji (') is said to be a Siegel-Jacobi cusp form of weight k and
index m for T, if ¢(T, R) # 0 implies

(11;{:% Rn{b 2) > 0.

We note that when g > 1, if f is holomorphic, condition is a consequence of conditions
and due to the Koecher principle (see [Zie89, Lemma 1.6]).

5.2. Remark. Fix N > 3. The meromorphic Siegel-Jacobi forms of weight & and index m for
I'(N) are the meromorphic sections of the line bundle _#y .m N ®z1/n,cy] C over %y n(C). For
g > 1, the Siegel-Jacobi forms of weight k& and index m for I'(\V) correspond to the global sections
of the line bundle _Z ;N ®z[1/n,cy] C over By n(C), i.e., we have

Jem(T(N)) =T(Zy,~n(C), Zrm,N RZ[1/N¢N] C).

For g = 1, Jacobi forms of weight & and index m for I'(N) correspond to the global sections of a
certain extension of _Z N ®zp1/n,cx] C to a suitable compactification of %, v (C).

5.3. Toroidal compactifications. We give a brief account of the theory of toroidal compactifi-
cations of the smooth, quasi-projective schemes 7 n and %, v over Spec(Z[1/N,(n]) for N > 3.
For more details we refer again to the book [FC90] by G. Faltings and C.-L. Chai.

Let Cj be the open cone of real symmetric positive definite (g x g)-matrices and Ug the cone
of real symmetric positive semidefinite (g X g)-matrices with rational kernel. Let ég C aq x R(1:9)
be the cone defined by

Cy={(¥,8) € Cy x RM9 | Ja e RM9): g =aY}.

We will denote by C 7 the subset of half-integral matrices of Cy. Furthermore, we set CN’g,Z =
ég n (6972 X Z(l’g)).

Let P, C Sp(2g,Z) denote the parabolic subgroup consisting of the symplectic matrices (6‘ g )
Then, there is a group homomorphism

Py — GL(9,2),

given by the assignment (6‘ g) — A. We denote the image of the intersection I'(N) N P, by
this homomorphism in GL(g,Z) by T'(N). Similarly, we denote the image of the intersection

L(N)N Pyiqin GL(g +1,Z) by ['(N). Then, the group I'(N) is given as the semi-direct product

T(N) x Z19 and is therefore contained in the subgroup of matrices of the form (4 ), where

A € GL(g,Z) and A € Z(19); in the sequel, we denote the elements of T(N) by (A, \). The group
T(N) acts on C, by the rule

A Y = AY A,
and the group f(N) acts on ég by the rule
(5.3) (A,) - (Y. B) = (AY A", (B + AY) A").

5.3. Definition. An admissible cone decomposition of C is a set of cones X in C, such that the
following conditions are satisfied:
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(i) Each o € X is generated by a finite set of elements of Cyy 7 and contains no lines. In other
words, it is a rational polyhedral strictly convex cone.
(ii) If o belongs to X, each face of o belongs to X.
(iii) If o and ¢’ belong to 3, their intersection is a common face.
(iv) The union of all the cones of ¥ is C|,.
(v) The group I'(N) leaves ¥ invariant with finitely many orbits.

5.4. Definition. Let ¥ be an admissible cone decomposition of Cy. An admissible cone decom-
position of C’ over ¥ is a set of cones II in C such that the following conditions are satisfied:
(i) Each 7 € II is generated by a finite set of elements of C%Z and contains no lines.
) If 7 belongs to II, each face of 7 belongs to II.
) If 7 and 7’ belong to II, their intersection is a common face.
(iv) The union of all the cones of IT is Cy.
)
)

The group I'(N) leaves II invariant with finitely many orbits.
For each 7 € II, the projection of 7 to Ug is contained in a cone o € X.

We say that ¥ and II are smooth, if every cone of ¥ and every cone of II is generated by part
of a Z-basis of the abelian groups generated by C,z and C, 7, respectively. We say that II is
equidimensional (over X), if for every cone 7, the projection of 7 to C, is a cone o € X.

5.5. Definition. Let ¥ be an admissible cone decomposition of C,. An admissible divisorial
function on X is a continuous and I'(N)-invariant function ¢: Cy; — R satisfying the following
properties:
(i) Tt is conical, in the sense that ¢(tY) = t¢(Y) for all Y € C,, and t € R>y.

(ii) It is linear on each cone o € X.

(iii) Tt takes integral values on C, 7.
An admissible divisorial function ¢ on 3 is called strictly anti-effective, if, in addition, it satisfies

(iv) ¢(Y)>0forall Y € C,\ {0}.
A strictly anti-effective admissible divisorial function ¢ on ¥ is called an admissible polarization
function on %, if the following two additional properties are satisfied:

(v) The function ¢ is concave.

(vi) The function ¢ is strictly concave on ¥, in the sense that, if ¢’ is a cone in C, such that
the restriction of ¢ is linear on o', then ¢’ is contained in a cone o € X; in other words,
the maximal cones of ¥ are the maximal cones of linearity of ¢.

5.6. Remark. For a given admissible cone decomposition ¥ of Ug it may happen that there are
no admissible polarization functions on . An admissible cone decomposition > of Ug that admits
an admissible polarization function is called projective. As explained in [FC90, Chapter V, § 5],
every admissible cone decomposition ¥ of Ug admits a smooth projective refinement.

5.7. Definition. Let ¥ be an admissible cone decomposition of Ug and II an admissible cone

decomposition of CN'g over X. An admissible divisorial function on II is a continuous and f(N )-
invariant function ¢: ég — R satisfying the following properties:
(i) It is conical, in the sense that ¢(tY) = té(Y) for all Y = (Y, ) € C, and t € Rx.
(ii) It is linear on each cone 7 € II.
(iii) It takes rational values on C‘M with bounded denominators.
(iv) For A € Z(19) and Y = (Y, ) € C,, the condition

H(Y) — (A -Y) = AV A + 287
holds, where we recall from (5:3) that A -Y = (1g,A) - (Y,8) = (Y,6+\Y).

An admissible divisorial function ¢ on II is called an admissible polarization function on 11, if the
following two additional properties are satisfied:

(v) The function ¢ is concave.
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(vi) The function ¢ is strictly concave over each cone o € X, that is, for each maximal cone
7 € Il over 0 € %, there is a linear function ¢, such that ¢, (Y) = ¢(Y) for each
Y =(V,8) €7, but o, (Y) > @(Y) for each Y = (Y, 3) ¢ 7, but with Y € 0.

5.8. Remark. For a given admissible cone decomposition II of 6’9, even smooth, it may be possible
that there are no admissible polarization functions on II. Nevertheless, there is always a refinement
IT' of II such that there exists an admissible polarization function on II'. As in the case of the
admissible cone decompositions ¥ of Ug, an admissible cone decomposition II of C; that admits
an admissible polarization function is called projective.

The theory of toroidal embeddings allows us to compactify the smooth, quasi-projective schemes
oy N and By n over Spec(Z[1/N,(n]) for N > 3. The precise statements are as follows.

5.9. Theorem. Let X be a projective admissible cone decomposition of Cy and Il a projective
admissible cone decomposition of ég over 3.
(i) Given the cone decomposition X, there is a projective scheme o/ 4 N5 over Spec(Z[1/N,(n])
that contains 25 N as an open dense subscheme.
(ii) Given the cone decomposition 11, there is a projective scheme %4 n 11 over Spec(Z[1/N,(n])
that contains By N as an open dense subscheme and a projective morphism

et BgNn — D g N

that extends the canonical projection Ty : By N — g N.

(iii) If 3 or II are smooth, then the corresponding schemes E%N,E or QQMH are smooth over
Spec(Z[1/N,(n]), respectively. If 11 is equidimensional over ¥, then ms 11 is equidimen-
sional.

(iv) The projective scheme EmN’E admits a stratification by locally closed subschemes indexed
by the T(N)-orbits of ¥, i. e., we have

EQ,N,E = U EgﬁNﬁE.
GEX/T(N)

The correspondence between cones @ € X/T(N) and strata </ , x5 reverses dimensions;
a stratum o/ ; N5 lies in the closure of another stratum .;zfg N,  if and only if there are
representatives o and o' of @ and &', respectively, such that o' is a face of 0.

(v) There is an analogous stratification of B4 n 11 indezed by the f(N)—orbits of II.

5.10. Remark. As in Theorem (.9, we assume that ¥ and II are smooth projective admissible
cone decompositions of Cy and ég, respectively, so that we have a projective morphism of smooth
projective schemes s 11: By N1 — 4 N5 over Spec(Z[1/N,(xn]). A T(N)-orbit 7 now deter-
mines a stratum %, n = of B, ny 1. In the sequel, we will need local coordinates around a point
pr € B4 .n=(C), which we recall from [FC90, Chapter V, p. 141]; we note that these local coordi-
nates will depend on the choice of a representative 7 of the orbit under consideration. Assume that
dim(7) = n and recall that dim(%y n(C)) = d. The chosen cone 7 is then generated by the set
{(Y1,81),---,(Yn, Bn)}, where Y; are half-integral symmetric positive semidefinite matrices and
B; are integral row vectors of the form ; = o;Y;, which is part of an integral basis

{(iflaﬂl)v"'v( nvﬂn) ( n+1vﬁn+1> (Yd;ﬂd)}

of CN'%Z. Then, there exists a pair (Yp, fp) with Yy a real symmetric positive definite (g X g)-matrix
and a row vector By € RM9) satisfying By = aoYp, and there are real numbers 0 < rq,...,rqy < 1/e
such that the set of pairs

d
V' {(ZW)-@YO,[?O —|—sz Y;,B5)| 7z € C:

Jj=1

2nIm(z;) > —log(r;), 5 =1,...,n
|z <rj, j=n+1,....d

constitutes an open subset of Hy x C(19). We note that the set of pairs {(Y1,51),..., (Ya,Ba)}
can also be chosen to be an integral basis of any maximal cone 7/ that has 7 as a face. By
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choosing V' small enough, the uniformization map H, x ctho) - Ay n(C) maps the open subset
V' CHy x C19) to the coordinate neighbourhood V C gy,N,H(C) centered at p= by means of the
assignment

2miz;
e™% 9 =1,...,n,

(5.4) (21, oy 24) = (@1, -+, q4), whereqj:{zj7 i—mal.d

so that V' maps surjectively onto V N%, n(C). By construction, the coordinate neighbourhood V'
is of the form A, x...x A,,, where A,; C C is the open disk of radius r; (j = 1,...,d) centered
at the origin.

5.11. Remark. We end this subsection by mentioning that the projectivity assumption made in
Theorem [5.9] is used to show that formal versions of the moduli schemes under consideration are
algebraizable.

5.4. The adelic arithmetic line bundle of Siegel-Jacobi forms. The aim of this subsection
is to upgrade the line bundle of Siegel-Jacobi forms _#j ,, n of weight k, index m, and level N > 3
in a canonical way to an adelic arithmetic line bundle on %, . However, from our construction
it will not be clear if this adelic arithmetic line bundle is integrable. In this regard, we will show
in the subsequent subsections that this adelic arithmetic line bundle has finite energy, so it will
have a well-defined arithmetic self-intersection product that we will compute.

We start by showing that the Hodge bundle wy of level N can be upgraded to an adelic
arithmetic line bundle on the fine moduli space 47, . Our presentation will follow the argument
given in [YZ21l § 5.5]. We start from the moduli stack <7, over Spec(Z) and its Hodge bundle w.
In analogy to Theorem 5.9l it is shown in [FC90, Chapter IV, Theorem 5.7] that after choosing
a smooth admissible cone decomposition X of aq, one obtains a smooth proper algebraic stack
E%E over Spec(Z), which contains 7 as an open dense algebraic substack. The universal abelian
scheme 7: %, — 4/, can now be extended to a semi-abelian scheme 7: ¥, — </, with zero
section z: &/, — ¥,. The Hodge bundle w on &, extends to a line bundle on 7,5, again
denoted by w, defined by

w=¢" det(Q;,g/Eg’E).

By [EC90, Chapter V, Theorem 2.3], after contracting the toroidal compactification &7, s; through
the linear systems associated to powers of w, one obtains the minimal compactification &/, which
is a normal proper scheme of finite type over Spec(Z) and provides a compactification of the
coarse moduli space .;zfq’ of principally polarized abelian schemes of dimension g over Spec(Z); in
particular, we have a natural morphism p': oy — ,Q/g’. We note that the construction of &7 turns
out to be independent of the particular choice of toroidal compactification E%E. By the very
construction the line bundle w on Zg)z descends as a Q-line bundle on .;zfg* and, after restriction,
gives rise to a Q-line bundle on 7], which we denote again by w.

We will now equip the Q-line bundle wgzC on &7, (C) with a hermitian metric. For this,
we first note that <7;(C) can be identified with the quotient space Sp(2g,Z)\Hj, so that the
Sp(2g, Z)-orbit of a point Z € H, corresponds to the isomorphism class of the abelian variety
Ay = C19) /(79 7 ¢ 7(1:9)). Given a holomorphic section s of wgzC over ,(C), the Faltings

metric on wgzC is now defined by the formula
2

(55) 52l =57 [ 5(2) 052

5.12. Lemma. With the above notations, the hermitian line bundle @ = (w, | - [|ra1) defines an
adelic arithmetic line bundle on <), i. e., @ € Picg(a7))*°.

Proof. Let B denote the boundary divisor of the projective arithmetic variety 7 over Spec(Z).
Then, we obtain </, = &7\ |B|. As in Subsection 3.3, we upgrade B to an arithmetic boundary
divisor B = (B, gg) by means of a suitable Green function gp of continuous type for B. Denoting
by «7;* the blow-up of &/ along B, the Faltings metric will have logarithmic singularities along
the boundary </, \ <.
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In order to complete the proof of the lemma, we additionally equip the Q-line bundle w on
/) with a smooth hermitian metric || - || to obtain the hermitian line bundle &@'. We now choose

a rational Q-section s, of w to obtain the arithmetic divisor divs (Sw), which we can view as

an adelic arithmetic divisor on . Consider next the function f = —log(||swl|F, / l|sw]?) on

,(C). Since the hermitian metric || - ||" extends smoothly to <7 (C), but the Faltings metric

I - [|ra1 develops logarithmic singularities along the boundary B, we find that f = o(gg). In this

way, we find that . .

diVU(Sw) = diVm’(Sw) + (0, f)

By CorollaryB:33] we conclude that cﬁ:/w(sw) € ISR/R(%)MCI, which implies that w € ﬁ:@(gfg’)add.

O

We are now able to upgrade the Hodge bundle wy of level N to an adelic arithmetic line
bundle on 7, y. For this, we fix a projective toroidal compactification &/, y s of @, y over
Spec(Z[1/N,{x]) as in Theorem 50l Of course, the scheme o7, v x; is not projective over Spec(Z).
However, since &7, 5. is projective over Spec(Z[1/N]), we can find a projective scheme X’ over
Spec(Z) that contains &7, y 5 as an open dense subscheme. By construction, we have that X'\.«7, y
is the support of an effective divisor, namely the union of the fibers over the primes dividing NV
together with the union of the closure of the components of the boundary divisor of the toroidal
compactification under consideration. In this way, we can view 7, y as on open dense subset of
the projective arithmetic variety X’ over Spec(Z).

5.13. Lemma. With the above notations, the hermitian line bundle Wy = (wn, || - ||Fa1) defines an

adelic arithmetic line bundle on %y v, i.e., Wy € I/’i\cQ(.QZq,N)adel.

Proof. By considering the pull-back of the line bundle w on %7, by means of the composition of
the two morphisms

(5.6) Ay N T dly Lo ),

we obtain the Hodge bundle wy of level N on o7, y. Now, Remark [3.45] shows that the adelic
arithmetic line bundle @ = (w, | - [[ra1) on <7, pulls back to the adelic arithmetic line bundle
Wn = (wn, | - ||Fal) on o7 N, as claimed. O

Next, we show that the line bundle £y can be upgraded to an adelic arithmetic line bundle
on the universal abelian scheme %, n. We introduce an analogous set-up as above. We fix a
projective toroidal compactification %, n 11 of %, n over Spec(Z[1/N,(n]) as in Theorem (9 Of
course, the scheme %, x 11 is not projective over Spec(Z). However, since %, y 1 is projective over
Spec(Z[1/N]), we can find a projective scheme X over Spec(Z) that contains %, n 1 as an open
dense subscheme. By construction, we have that X' \ %, y is the support of an effective divisor,
namely the union of the fibers over the primes dividing N together with the union of the closure
of the components of the boundary divisor of the toroidal compactification under consideration.
In this way, we can view %, n as on open dense subset of the projective arithmetic variety & over

Spec(Z).

5.14. Lemma. With the above notations, the symmetric line bundle £n has a unique extension
to an adelic arithmetic line bundle Ly = (LN, || - |lcub) on Byn, i.e., LN € Picg(By ),
making the isomorphism (B1)) provided by the theorem of the cube into an isometry. Moreover,
the adelic arithmetic line bundle £ n is integrable.

Proof. The claim follows immediately as an application of [YZ21l Theorem 6.1.3] to the symmetric
line bundle .y on the universal abelian scheme 7y : %, v — 2y N. O

Lemmas [6.13] and 5.14] now lead to the main result of this subsection.

5.15. Proposition. With the above notations, the line bundle Zi m n of Siegel-Jacobi forms of
weight k, index m, and level N has an extension to an adelic arithmetic line bundle 7k m.N 0T

ByN, i€, 7k,m,N € Picg(%y,n)*
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Proof. As we have Zj N = Thwi N ® Z3™, the proof follows immediately by pulling back the
k-th power of the adelic arithmetic line bundle oo = (WFF, | - ||k, of Lemma 513 from o7,
via Ty to %y v and then tensor this pull-back w1th the m—th power of the adelic arithmetic line

—Qm m . —
bundle ipN = (LN |- 12,) of Lemma 14 to obtain  eomn = (Femns |- [ 11 - 22 €

Picg(%,, n)el. 0
5.16. Remark. Proposition .17 shows that the complex line bundle of Siegel-Jacobi forms
Fem,N @z1/n,cn] C on By n(C) is equipped with the hermitian metric || - [|f, - || - |7,
the other, it is well-known that it can also be equipped with the natural invariant metric || - ||mv,
which is defined for a meromorphic section f by

1£(Z.W) e 1= |£(Z, W) det(¥)Femm?Y 8,

where Z € Hy, Y = Im(Z) and W € C9), 3 = Im(W). We claim that

[ [ (R [
In order to prove this claim, it suffices to consider the two cases k =1,m =0 and k =0,m = 1.
In the first case, the meromorphic section f becomes a meromorphic modular form of weight 1 for
['(N), which gives rise to the translation-invariant differential form f(Z)dw; A...Adw, on C9).
Therefore, formula (5.0 defining the Faltings metric shows
2
9 -
N2 = 5 f(Z)dwy A ... Adwy A f(Z)dwy A ... Ad,
Az

P\ 9
= (5 / |£(Z)]? dwy Adwy A ... Adwy A dw,
2) Ja, . :

=1f(2)P det(Y) = || £(Z) -

In the second case, the meromorphic section f becomes a meromorphic Siegel-Jacobi form of
weight 0 and index 1 for I'(IV), i.e., a meromorphic section of the line bundle Zy. Recalling
that the isomorphism (5.1]) becomes an isometry when Zy is equipped with the hermitian metric
I [lcub, we now verify that this is also the case when %y is equipped with the natural invariant
metric || - |liny- By the unicity of the hermitian metric || - ||cub, the second claimed equality then
also follows.

The section [2]* f corresponds to the function fo(Z, W) := f(Z,2W), which is easily checked to
be a meromorphic Siegel-Jacobi form of weight 0 and index 4 for I'(N), and thus corresponds to
a meromorphic section of the line bundle .Z5*. Therefore, the isomorphism (5.1)) sends [2]* f to
the section of .Z* corresponding to the function fo(Z, W). Since f(Z, W)* also corresponds to a
section of Z$*, there is a meromorphic function h(Z, W) such that fo(Z, W) = h(Z, W) f(Z,W)*.
By construction, the function h is f(N )-invariant and thus descends to a meromorphic function
on By n(C), again denoted by h. The isomorphism (5.I)) now becomes an isometry if and only if
we have

1£2(Z, W))llinw = [R(Z, W) L£(Z, W[y

Indeed, by the definition of the natural invariant metric, we compute
| £2(Z, W)l = |f(Z,2W) e OGO = |h(Z, W)| | £(2, W) e 27X

—27 1
= [R(Z, W)|(1F(Z, W)= "8 = h(Z, W) |(£(Z,W)]l3

inv>

which completes the proof of the second claimed equality.

5.17. Remark. We note that the proof of Lemma (and thus also of Lemma [5.13]) and the
proof of Lemma [5I4] are of very different nature. The adelic arithmetic line bundle @ = (w, || - || Fa1)
on 7, is constructed by means of the Q-line bundle w defined on the projective model <7 with
the logarithmically singular metric || - ||pa;. However, it is not clear from the construction that the
adelic arithmetic line bundle @ is integrable in the sense of [YZ21]. Therefore, we cannot apply
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the techniques of that paper to define an arithmetic self-intersection product for @, although this
can be done using the techniques of [BGKKO05].

On the other hand, with regard to the adelic arithmetic line bundle .Zy, even the underlying
geometric adelic line bundle is not a model line bundle but a true adelic line bundle. Thus, the
techniques of [BGKKO05] cannot be applied in this case. Nevertheless, it is an integrable adelic
arithmetic line bundle on %, n, therefore its arithmetic self-intersection product can be defined
using the techniques developed in [YZ21].

Thus, our objective in the remaining two subsections is to use our extension of the formalism
of [YZ21] developed in the previous sections to define the arithmetic self-intersection product for
the adelic arithmetic line bundle ?k,m, y of Siegel-Jacobi forms on %, x and compute it.

5.5. Some preparatory lemmas. For the proof of the finiteness of the arithmetic self-intersection
product for the adelic arithmetic line bundle ¢, . on %, n, we need to study and estimate
the quantity o
BY 714t = Im(W) Im(Z) " Tm(W)*
and certain derivatives thereof emerging from the definition of the natural invariant metric intro-
duced in Remark 516 as (Z, W) ranges through the open subset V' C Hy X C19) introduced in
Remark Recalling from Remark 510 that
d

(27 W) = l(Yb,ﬁo) + ZZ](S/}vﬁ])

j=1
for suitable z; = z; +1iy; € C (j =1,...,d), we find that

d d
Y=Yy, ..,ya) = Yo+ D> u¥; and  B=By,....9a) = Bo+ Yy
j=1

j=1
Thus, we will have to investigate the function ¢: R‘éo — R defined by
ey, ya) = BY 15
with Y =Y (y1,...,y4) and 8 = B(y1,-..,y4) as above.

The first task is to compute the Hessian matrix of the function . To this end, we introduce
for j =0,...,d the quantities W; = 8; — BY ~1Yj; they satisfy the linear relation

d
(5.7) Wo + Zijj =0,
j=1

which follows by a direct computation.

5.18. Lemma. With the above notations, the equality

82
I oWy W
Oy;0y;
holds fori,j =1,...,d. Therefore, the Hessian matriz of @ is a Gram matrix and, in particular,

the rank of the Hessian of ¢ is at most g.

Proof. This is a simple computation. Indeed, for the first partial derivative of ¢, we compute

g¢ — 2ﬂiyflﬂt _ Byflifiyflﬂt.
Yi
Therefore, the second partial derivative of ¢ becomes
82
S =25 Y B 2B T Y B - 28Y T YY) 4 28y Y Ty
Yi0Y;

=2(8; — BY Y)Y (B — Y 1Y)

=2W,Y W)
This completes the proof of the lemma. (I
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In order to ease the bound of the entries of the Hessian matrix above, we introduce the following
condition.

5.19. Definition. We say that the matrices Yy, ..., Yy satisfy the flag condition, if ker(Y;) C
ker(Yjtx) for j=0,...,d—1land k=0,...,d—j.

From now on, we assume that the matrices Yp,..., Yy satisfy the flag condition. We write
rk; = rk(Y;) and choose a basis such that each matrix Y; can be written in block form as

Y! 0
A
=4 o)
where Yj’ is a real symmetric positive definite (rk; x rk;)-matrix for j = 0,...,d. Note that, by

hypothesis, Yy = Yy and thus rkg = g. The following result is proven in [BGHAJI18, Lemma 3.6].

5.20. Lemma. With the above notations, there is a constant C > 0 such that the upper bound

C
(Y Y <

1+ >y

j: rkj >min(k,0)

holds for k,4=1,...,g.

Note that the number 1 in the denominator above comes from the fact that Yy has maximal
rank being positive definite and that Y{ occurs with the coefficient 1 in the definition of ¥ =
Y (v1,.--,yd). Next, we will bound the entries of W;.

5.21. Lemma. With the above notations, we have the following two results for the row vectors W;
forj=0,...,d: If g > £ > 1kj, the relation

(Wj)e=0

holds. Moreover, if 0 < £ <rtk;, there is a constant C' > 0 such that the upper bound
(Wj)e<C

holds.

Proof. The first statement follows immediately from the choice of basis that puts each Y} in the
desired block form. In order to prove the second claim, observing that W; = 8; — BY ~1Y;, it is
enough to show that the entries of 3Y ~! are uniformly bounded. In this regard, by the definition
of B = pB(y1,...,ya), there is a constant C; > 0 such that the k-th entry of 8 can be bounded as

(B < Ch (1+ > yj).
j: rkj >k

By means of Lemma [5.20] (with the constant C' renamed as C3), we then derive the bound

j: rk; >min(k,2)

This completes the proof of the second claim. (Il

As a consequence of the above two lemmas we deduce the following bound for the elements of
the Hessian matrix.

5.22. Lemma. With the above notations, there are constants C,C’ > 0 such that the upper bounds
C c’

= 1/2 1/2
k: rki>min(rk;,rk;)

WY Wl <

hold.
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Proof. As we have
9

WiY W= (W)Y Dee(W))e,
ke=1

the first claimed inequality is an immediate consequence of Lemma [5.20] and Lemma (5211 The
second claimed inequality can then be easily derived. O

For the sequel, we will need finer estimates. For this, we let T C {1,...,d} denote a subset and
we write W = Ejel y;W;. To uniformize our notation, we set yo = 1 and, given I C {1,...,d}, we
put IS = {0,...,d}\ I. For later purposes, we put I = {1,...,d}\ I and note that I¢ = I°U{0}.

5.23. Lemma. With the above notations, there is a constant C > 0 such that for all subsets
I C{1,...,d} the upper bound

dier Vi Zjezg Ys

WY 'wi<cC -
k=0 Yk
holds.
Proof. By equation (B.7)), we have that W; = — 18 from which we deduce

WY Wi = WY T W]
0
By Lemma [5.22 there is a constant Cy > 0 such that

WYy lwt < ¢ Yl
I I 1;JEXI:§ 1+ Z Yk

k: rki>min(rk;,rk;)
E Yi
iel

z:cyH'Zinyj

i€l .78
9 rg=¢ I k>0 IEN
I‘kae I‘kj—l
(5.8) < (i
=1 1+ Z Yk
k: rkip>/4

Before continuing, we observe that given a, b, c,d > 0 with a + b > 0, then the inequality

ab < (a+c)(b+d)
a+b~ a+b+c+d

holds, since we easily verify that
(a+b)(a+c)(b+d) —abla+b+c+d) = a’d + b*c + acd + bed > 0.

From this observation we can add the missing terms in the denominators of the quantity (G.8]),

as long as we add the same term to each of the factors of the corresponding numerator. Since we

can further add positive terms to the numerators, we deduce

I 23 ierVidojers Vi

WY W< 0y =g IS
=1 Zk:o Yk

which implies the result. O

3

The key estimate of this subsection is the next result.

5.24. Proposition. Let J, K C {1,...,d} of cardinality r, I = J N K, and fix e > 0. Then, with
the above notations, there is a constant C > 0 such that for (y1,...,y4) € R‘és, the upper bound
9> Diers Yi 1
det 1 <C €lo
ayjayk jeJ
keK

d 1/2 1/2
> im0 Yi HjeJ yj/ [Ther yk/

holds.
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Proof. By Lemma [5.18 we have

82(/7 T —1 t
(5.9) det <ayjayk> o 2" det (W;Y Wk)ggé
keK
We now fix ip € I and note that the determinant of the Gram matrix on the right-hand side
of (B9) remains unchanged, if we replace both occurrences of W;, by (1/y;,)Wr. Recalling that
the determinant of a real symmetric positive definite matrix can be bounded by the product of its

diagonal elements, we are led by means of Lemma [5.22 and Lemma [5.23] to the upper bound

d 0%y < Ci, Dicr Vi Zjelg Yj 1
t\ 5.3 =2 d 172 172
Yi%Yk ) jes Yio > k=0 Uk [1jes Y [Irer vy
K Jj#io k#io
Gy 2icrYi 2 jeit Vi 1

, d 1/2 1/2°
Yio > ko Yk HjeJ Yj kek Yk
where C;, > 0 is a constant; observe that in the application of Lemma [5.22] we are allowed

to remove the summand 1 in the denominator because we have (y1,...,yq) € R‘éa. Since the
inequality just obtained is true for each ig € I, we find a constant C' > 0 such that

0% DicrYi2jeis Vi 1
Z Yi, det B0y ‘ <C d 1/2 1/2°
o€l ¢k gg{ k=0 Yk Hje] Y; [eex U

from which the claim follows immediately. O

5.25. Lemma. Let e > 0 be a real number and m,n > 0 integers. Then, there is a constant C' > 0
such that for all s1,...,8m,t1,...,tn > €, the bound

Eo(l1e) cogedls

j=1 k=1 k=1 j=1

holds.
Proof. Without loss of generality, we can assume that s; > s; for j = 1,...,m. Since s; > ¢ for
7 =1,...,m, we obtain

w S S m

2 m
ZSjS’ITLSl Sms1??—FHsJ
Jj=1 Jj=1

On the other hand, using the inequality between the geometric and the arithmetic mean, leads to

n 1/n n
(Htk> < thk.
k=1 n k=1

Putting the above two inequalities together yields

Zsj<Htk> < Emm—l Ztknsﬂ"

j=1 k=1

which proves the claim. (Il

5.6. The arithmetic self-intersection of the adelic arithmetic line bundle jk m.N- We
return to the setting introduced in Subsection For this, we realize %, n, as in Subsection 5.4
preceding Lemma [5.14] as an open dense subset U of a projective arithmetic variety X of relative
dimension d = ¢g(g + 1)/2 + g over Spec(Z). The difference X \ %, n is then the support of an
effective divisor B, namely the union of the fibers over the primes dividing N together with the
union of the closure of the components of the boundary divisor of the toroidal compactification
A, n1 under consideration. As usual, we write X = X(C), i.e., X = %, nyn(C), for the asso-
ciated complex manifold, U = %, n(C), and B for the divisor induced by B on X. We upgrade
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B to an arithmetic boundary divisor B = (B, gg) by means of a suitable Green function gg of
continuous type for B.

As discussed in Subsection [5.4] the adelic arithmetic line bundle £y is integrable on %, y,
while the example presented in Subsection [£]] suggests that the adelic arithmetic line bundle
Wy is not integrable on <7 n. However, we can change the metric || - || on Wy to obtain an
integrable adelic arithmetic line bundle @y on <7 n as follows. By the definition of <7, ), we can
choose r € N large enough so that w®” becomes a very ample line bundle on o, giving rise to the
closed immersion ¢: &/ < Py for suitable n € N. Choosing next a smooth pI‘OJGCthG admissible
cone decomposition X of Cg and extending the two morphisms py and p’ in diagram (5.6) to the
respective compactifications, we obtain the diagram

/

PN — 03
JZ{g,N,E — JZ{g,E —E) JZ{;
By construction, we find that

wn = (Pl 0 py.5)w = (pk 0 ply 5)"t* Opp (1)®V" = (Lo p& 0 ply )" Opp (1)

By now equipping Opy (1) with the Fubini-Study metric ||-[|rs, we obtain after tensoring 1/r-times
and pull-back by ¢ o py; 0 ply 5y the desired integrable adelic arithmetic line bundle @y on < v,
since the adelic arithmetic line bundle Ops (1) = (Opz (1), || - [|rs) is integrable on P%. In this way,

next to the adelic arithmetic line bundle jk,m, N We obtain the integrable adelic arithmetic line
bundle
/kmN _7T7V—/®k®$N
on By N
In the next step, we shift from the language of adelic arithmetic line bundles to adelic arithmetic

divisors on %, . For this, we choose a rational Q-section s,, of wy and a rational Q-section s
of %N, and define the adelic arithmetic divisors

Dim,N = (D, N Ghm,N) = lejk N(Sﬁ?k ®s5"),

k
kaN = (Dk,m.Ns Gk, N) —d1V7;C N(s% ® s5™).

m,

By construction, the adelic arithmetic divisors 5;7,”) N are integrable on %, n, so their arithmetic
self-intersection product can be defined using the techniques developed in [YZ21]. However, we
are interested in the arithmetic self-intersection product of the adelic arithmetic divisors 5;67,,% N,
which cannot be defined by these techniques, although they have the same divisorial part as the
adelic arithmetic divisors 5;%7”7 n- In order to solve this problem, we will use the generalized arith-

metic self-intersection product of the adelic arithmetic divisors 5k1m7 ~ involving finite energies as
developed in Subsection 4.2l For this, we need some more notations. First, we find by the linearity
that

— — — — — —
Dim,n =kD1on +mDo1N, Dypn=FkDign+mDoin
and
! !
Di,m,n = kD1on +mDo1N,  Gkm,N = kgi,08 + MGo1,N,  Gkm.N = kg1.0.n +MJ0,1,N-

Next, we choose a sufficiently large arithmetic reference divisor £ = (€, gg) on X with g a Green
function of smooth type for F such that

(5.10) E>B, E>Dign+2B, E>Doin+2B
On the associated complex manifold X = X(C), we then define the functions

/ /
¥Y1,00N = 91,00N — JE and ¥1,00N — Y91,0,N — 9E;

and let wp = wr(gr). By construction, the function ¢} , y is wo-plurisubharmonic.
We claim that ¢1 95 € E(X,wo, @) o.n): To prove the claim, we start by noting that g 0. nv =
o(gp) by arguing as in Lemma [5.12] 2 and gr = O(gp) since E > Dy o n + 2B, from which we derive

©1,00N = g1,0,N — g < OQ.
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Next, observing that the rational section s, of wy induces a meromorphic section s = s, ¢ of
wN ®z1/n,¢cy] C over &y n(C), we recall that

log ||s]|2,, = log|s|* + log det(Y),

from which we compute
ddp1,0,8 +wo = dd®(g1,0,8 — 9E) +wo = dd°g1,0,5 — dd g + wo
= —ddlog ||s||3,, 4+ 0 = —dd®log|s|* + dp, , v — dd°logdet(Y) + éc,
where C' = E— D; g,y > 0. By the meromorphicity of the section s, we therefore arrive at the
inequality
dd®pp 1,8 +wo > —dd®logdet(Y)

oy n(C). Now, we recall from [BV04, pp. 71-73] that the function —logdet(Y’) is convex on H,,
whence
dd®pp,1,n +wo > 0,
from which we conclude that (g1 n is wo-plurisubharmonic on X. Finally, since the natural
invariant metric || - ||inv i & good metric in the sense of Mumford [Mum77], we find that ¢1 o x4
has relative full mass with respect to ¢ o x. Therefore, we end up with ¢10,n € E(X,wo, ¢} o )
More generally, multiplying (&.I0) by (k + m), we obtain

(k +m)E > kDy o + 2kB +mDo,n + 2mB = Dy, x + 2(k +m)B.
By then defining the functions
Crm,N = gkmN — (k+m)ge  and @ N = Gy — (kK +m)gE,

one shows in the same way as above that ¢} . v is (k+m)wo-plurisubharmonic and that ¢y m N €
S(Xu (k + m)w07 (p;“m,N)'

We are now able to state the first main theorem of this section.

5.26. Theorem. For non-negative integers k,m, the adelic arithmetic divisor Dy m N on By N

has finite energy with respect to 521% ~- Therefore, the generalized arithmetic intersection product

=d+1 .
Dy, N 8 a well-defined real number.

Proof. In order to prove Theorem [5.28] it is enough to show that (using the preceding notation)
Pk,m,N € 51 (Xa (k + m)w()a @;c,m,N)'

Recalling that X = %, y11(C) and U = %, y(C), and taking into account Lemma 2Z3] we are
left to show that

/ (Chmt — G ) (A0 p v + (k + m)esg) ) > —o0.
X

By the multilinearity of the non-pluripolar product recalled in Theorem PAWJ it is enough to
show that for any 0 < r < d, we have

/ (p1,0,8 — 80/1,0,N)<(ddC<P1,O,N +wo) ™" A (ddpo 1N + wo)") > —oo0.
X

Since the restrictions of the currents dd°pq 0,5 +wo and dd®pg 1,8 +wp to U are smooth, we have

/ (p1,0,8 — 90/1,0,N)<(ddC<P1,o,N + wo) " A (ddpo, N + wo)™")
X

= / (Pro.n — @1o.n)(ddp1 08 +wo) " A (ddpo,1,n + wo)"
U

We will now prove the claimed boundedness result locally on the coordinate neighbourhoods
V C X introduced in Remark[5.I0l Recall that in order to define such a coordinate neighbourhood
V around a point pr of a stratum %, y 7(C) of B, n(C), we started from an integral basis

(5.11) {1, 81), -, (Ya, Ba)}
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of a maximal cone 7/ € II that has 7 as a face, together with a pair (Y, 8p) with Y; a real symmetric
positive definite (g x g)-matrix and a row vector Sy € R(19). After possibly replacing the smooth
projective admissible cone decomposition II of ég by its barycentric subdivision, we may assume
by BGHdJ18, Lemma 3.5] without loss of generality that the matrices Yy, ..., Yy satisfy the flag
condition of Definition for each maximal cone 7/ € II. The coordinate neighbourhood V' with
coordinates (q1,...,qq) arount the point p7 is then characterized as follows:

(1) Thereisasubset L C {1,...,d} such that V'\U is described by the equation [];., ¢; = 0.

(ii) There are real numbers 0 < 71,...,7q < 1/e such that the set of pairs

27 Im(z;) > —log(r;), j € L}

zieC: .
! |25 <15, JEL

d
V= {(Z, W) =i(Yo, Bo) + sz(yjaﬁj)

j=1

constitutes an open subset of H, x C1:9),

(iii) By choosing V' small enough, the uniformization map H, x C9) — 2, v (C) maps the
open subset V' C Hy x C19) to the coordinate neighbourhood V' C X centered at p= by
means of the assignment

6271'1'2]'7 ] c L,
(217"'7Zd)’_)(q17"'7qd)7 where q; = .
24y J ¢ L7
so that V’ maps surjectively onto V NU.

We note that we need to keep the order prescribed by the flag condition, so we cannot assume
that the normal crossing divisor V' \ U is given by the vanishing of the first coordinates.
Our task now is to prove that the integral

(5.12) / (pro.n — @1 0.n)(ddp1 08 +wo) ™ A (dd°po,1,8 + wo)""
vnU

is finite. In fact, we will show that the integrand of (5.12)) is absolutely integrable by bounding
its absolute value by an integrable function. We need some more notation. We write

)Ad—r )/\r,

m = (p1.08 — ¢1,0,n8)(ddp1 0,8 +wo and 72 = (ddpo,1,8 +wo)"";

then the integrand of (B.I12) becomes n = 11 A ne. We further write

2 = 2772,J,K with N2,k = fo.5x dgs A dgy,
J,K

where the sum runs over all subsets J, K C {1,...,d} of cardinality = so that if J = {j1,...,jr},
then dgy = dg;, A ... Adgj,, and similarly for dg,. This gives

n= an,JB,KG A2, 1K,
JK
where J = {1,....d} \ J and KC = {1,...,d} \ K; we also write

M8 ke = 1,50 ko dge A dgge.

Since the natural invariant metric || - ||iny on the Hodge bundle Wy is a good metric in the sense of
Mumford [Mum77] (see also [BGKKO35]), we know that the differential forms 7, ;¢ gc have log-log
growth when approaching the boundary V' \ U. This means that there is a constant C' > 0 and
an integer M > 0 such that the upper bound

(3%, log(log q:|%)) "

IT e 0 [ log lgjl| |ax log x|
keK?®

(5.13) |f15e el <C

holds on VN U.
Next, we need to find a bound for the functions fs s x on V N U. For this, we recall that the
rational section s of £y induces a meromorphic section s = s ¢ of LN ®z1/n,cy) C over U. As
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(Z, W) ranges through the open subset V' C H, x C™"9) with coordinates (21, ..., z4) as described
above, we compute
log 15|12, = log|s|? — 4 Tm(W) Tm(Z) ! Im(W)" = log|s|* — 4mBY "4,

where

d d
Y=Y, ..,ya) =Yo+Y_y;¥V; and  B=B,...,ya) = Po+ Y_uiBi,
: =
recalling that z; = z; +iy; (j = 1,...,d). From this, we deduce the following equalities on the
open subset V'’ (which maps surjectively onto V N U)

dd®po.1,n + wo =dd®(go1,N — 9E) +wo = dd®go.1,y — dd°gr + wo
= —ddlog ||s||,, + 0 = —dd®log|s|* + dp, , v +47dd°BY ' 8" + ¢,

where C = E — Dy 1,5 > 0 such that |Cc| € V \ U. By the meromorphicity of the section s, we
therefore have the equality

(5.14) dd®po 1 N +wo = 4rdd°BY 15

on the open subset V’.

Now, we replace the summand Yy of Y by Yy — > jeL 7Y} with 7% being strictly smaller than
r;, which is still a real symmetric positive definite matrix by the definition of the open subset
V'. Then, we replace z; by z; + ir; for j ¢ L. After possibly shrinking V' once again, we can
thus assume that y; > € > 0 for all j € {1,...,d} and that the uniformization map is given by
qj = zj —irj for all j ¢ L. By recalling the function ¢: R‘éa — R introduced in Subsection [5.5]
we deduce from equation (5.14) that

¢ Ay; Oy
5.15 = (2¢)" det 2
(5.15) fa.n = (20) <8yj8yk> L 54, 23,
keK
Using Proposition [5.24] we find that there are constants C,C’ > 0 such that the bound
Eielg Yi 1 8yj 8yk
| f2,0.5] < < 7 50 5r.
2i=o Vi [Les y] erKy J€ 45 94k

Yiers | log lail | 1 LTI

(5.16) 4 1log|gi /2 7 le
Zi:O’ 0g|qz|} [Tcs ’10g|%‘|’ [iex ’10g|Qk| JEJ J

holds on V N U; recall that I = J N K and Ig = {0,...,d} \ I, and that we use the convention

yo = log lgo| = 1.
The idea to prove the boundedness of the integral (512)) is now simple. We observe that an

integral of the form
/ dg A dg
2a
ja1<1 |g|?|log |q|

is convergent as long as a > 1/2. This shows that the respective integrals over the components of
12 would be divergent because for each term of the form dg;/q;, we only have a term of the form
log |¢;| of degree —1/2, while the respective integrals over the components of 7; have an excess
of convergence because for each term of the form dg¢;/¢;, we have a term of the form log |g;| of
degree —1, which is more than what is needed. Luckily, the factor Zielg | log |ail|/ Z?:o | log ||
in (BI6]) will allow us to transfer the excess of convergence from 7; to 72.

Before doing so, we observe that the integrand of (512 vanishes unless r = g. Indeed, the
differential form 7, is the pull-back of a differential form on the base <7, n(C) that has complex
dimension d’ = d— g. Therefore, n; vanishes unless d —r < d’ = d — g. In other words, 7; vanishes
unless r > g. On the other hand, equation (.13 shows that n, vanishes unless r < g, since the
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rank of the Hessian matrix of ¢ is at most g by Lemma 518 We thus conclude that the integrand
of the integral (5.12)) vanishes unless r = g.

Finally, we have all the ingredients in place to prove Theorem Let J, K C {1,...,d} be
subsets of cardinality g. As before, we write I = J N K, and we further set I’ = JE N KC and
I"={1,...,d}\ (I UI'). Combining the upper bounds (5I3) and (EI6) on V N U, we obtain

Yierg | loglaill 1 <1

Z?:o!logVJiH Hje[’10g|Qj”erl” 10g|‘1k|‘ Héel’ 10g|‘]£|’ i= 1|qZ

where C' > 0 is again a constant. Here we see that we have a potential problem of convergence
with respect to the integration along the variables g; for j € I, which can be resolved using
Lemma [5.251 Namely, using this lemma we deduce that there is a further constant C’ > 0 such
that

|f17JB1KGf2,J,K| = |2

; 1 i Y lo
M(HU%I%H) <c JGI’ g|q]HH\loglqzl|_

Zi:0‘10g|qi|’ jer z 0‘1 g| H iel8
C’ H ‘log|%‘|‘ =C' H |10g|Qi|| =C' H ‘1og|qk|‘ H ‘log|qg|‘,
i€l icI® kel” Ler

where n denotes the cardinality of I. Rearranging terms and taking the fourth root immediately
leads to the inequality

ieg | 1og lail| 1 : 1
ST i 7 <C -
i=0 | 108 4 er[” log |Qk|| Heelf } log |qu Hje] | log |QjH
With this inequality at hand and observing that Zielg |1og|qi||/2?:0 |log|gi|| < 1, we arrive
with a further constant C”” > 0 at the bound

1

|f1,JG,KGf2,J,K| <’

o
1+3/4 E |qi|2=

1+1/4 1+1/4
[Lier oglasl] ™" Therm [loglanl] " Tleer |08 lacl|
which is integrable on V N U and thus proves Theorem [5.20] O

Once we know that the arithmetic self-intersection product of the adelic arithmetic line bundle
?k m.n Of Siegel-Jacobi forms of weight k, index m, and level N is well-defined, it can easily
be 6oﬁ1puted using the functorial properties discussed in Subsection As in the beginning of
Subsection [5.6] let s, be a rational Q-section of wy and s a rational Q-section of £y, which
allow us to define the adelic arithmetic divisor

-~ T k ®
Diom.N = d1v7k . (s%F @ s")

on By n corresponding to the adelic arithmetic line bundle 7k m.n- In the same way, we define

the adelic arithmetic divisor
gkN = le ®k( ®k)

on @7, n corresponding to the adelic arithmetic line bundle @ Nk of Siegel modular forms of weight
k and level N.

5.27. Theorem. With the above notations, we have

—d+1 (d+1) yiq —d'+1
= ok 929 E
k,m,N (dl 1) 1,N >

where we recall that ' = g(g+1)/2 and d =d' + g.

Proof. By the multilinearity of the arithmetic intersection product, we compute

—=d+1 Hl/d+1 dr1-j ipitl=i
Dk,m,N:Z j k D10N D01N
j=0
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The next step is the global arithmetic analogue of the fact used in course of the proof of Theo-
rem that the arithmetic intersection products 5??671&J 5%117 n vanish unless 7 = g. Indeed,
let [2]: By n — ABy,n be the morphism given by fiberwise multiplication by 2, which has degree
229, We will then compute the arithmetic intersection product ([2]%,D1,0,5) 77 ([2)7 41 Do,1,5 )7
in two ways. In the first case, we use that Dj o v is the pull-back of an adelic arithmetic divisor
from the base <7, n, whence [2]?,,,D1,0,8 = D1,0,n, while Lemma [5.14] shows that [2]*,.,Do,1,n ~
22 5071, ~ (linear equivalence of adelic arithmetic divisors). Therefore, we find in the first case

. = P p— : o1
(21546 D10.8) T (20540 Doan )Y = 22Dy o 5" Dy n-

In the second case, we use Proposition to deduce

x —jo1* j AA+1-j =7
([2]adelpl,0,N)d+1 J([Q]adelD0,17N)J =2% DI,O,NJ DJO,I,N?

which proves the claim. As a consequence, we derive
—~d+1 d+1 d'+1 —d'+1 —g
_ g
D,“m)N = ( g k m D1)07N Do,l,N-

Finally, we use that for any fiber F' of the projection %, n — 7, n, the restriction of Ly to F
equals twice the principal polarization of the abelian variety F'. We deduce that deg(Do1,n|%) =
29g!. Therefore, Proposition [£.8 implies that

—d—+1 d + 1 ’ _d/+1 (d + 1)| , —d’-l,-l
Doy = () oo DU = e o B3
which proves the theorem. 0

5.28. Remark. When g = 1, the arithmetic self-intersection product of the line bundle of modular
forms has been computed independently by U. Kiihn in [Kith0OI] and J.-B. Bost in [Bos99]. After
normalizing the Faltings metric ||-||ra; on the Hodge bundle Wy by the factor 1/(47), they obtained

=2 2 1 , 7 G(=1) 1
SN T BL@) ] <5<@<‘” ¥ <@<—1>> =~ des(&,m) <<§<—1) * 5),

where (g(s) denotes the classical Riemann zeta function. For general g and N = 1, upon suitable
normalizations, it is conjectured (see also [MR02]) that a formula of the type

(1 —=29)  (p(3—2g) Co(=1)
Co(1-29)  ¢aB-29) ~  Col(-1)
with a,b € Q holds. This has been mostly verified in the paper [JvP22] by B. Jung and A. Pippich
for g = 2. There is further confirmation of an analogue of this formula for Hilbert modular surfaces

in the paper [BBGKOT]. Recall that Siegel’s computation of the volume of the fundamental domain
of Sp(2g,Z) gives

—d’
51;1 = —deg(51,1)<

+ alog(2) + b>

deg(&11) = (-1)" ¢a(1 — 29) - Ca(3 = 29) - .- - Go(~1).
We wonder whether Theorem [5.27] might be used to compute the arithmetic self-intersection
product of the line bundle of Siegel modular forms by an inductive argument.
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