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SUP-NORM BOUNDS FOR JACOBI CUSP FORMS

ANILATMAJA ARYASOMAYAJULA, JURG KRAMER, AND ANNA-MARIA VON PIPPICH

ABSTRACT. In this article, we give bounds for the natural invariant norm of cusp forms of
real weight &k and character x for any cofinite Fuchsian subgroup I' C SLa(R). Using the
representation of Jacobi cusp forms of integral weight k and index m for the modular group
I’y = SL2(Z) as linear combinations of modular forms of weight k — é for some congruence
subgroup of 'y (depending on m) and suitable Jacobi theta functions, we derive bounds for
the natural invariant norm of these Jacobi cusp forms. More specifically, letting J,:flp(l"o)
denote the complex vector space of Jacobi cusp forms under consideration and || - ||pet, the
pointwise Petersson norm on J;\"?(T'g), we prove that for given e > 0, the bound

sup || f(7, 2)|lpet = Oe (k%mH‘)
(r,2)€EHXC

holds for any f € J,:l;p(l"o), which is normalized with respect to the Petersson inner
product, where the implied constant depends only on the choice of € > 0.

1. INTRODUCTION

1.1. Background. In general, bounds for automorphic forms and for their Fourier coeffi-
cients represent an area of great interest in number theory. More specifically, we mention
in this respect the results of [FJKI16], where J. Friedman, J. Jorgenson, and J. Kramer
obtained optimal sup-norm bounds on average for cusp forms of even weight k for any cofi-
nite Fuchsian subgroup I' C SLy(R). These bounds turn out to be uniform with respect
to the subgroup I'. Moreover, in [EJK19], effective versions for these sup-norm bounds are
given. With regard to sup-norm bounds for individual Hecke eigenforms of large level, we
mention, for example, the results by V. Blomer and R. Holowinsky in [BH11].

So far, less attention has been devoted to the study of sup-norm bounds for Jacobi cusp
forms. The first comprehensive study of Jacobi forms was undertaken by M. Eichler and
D. Zagier in [EZ85]. Subsequently, various authors have built on their work. In contrast to
their analytical approach, a geometrical approach to the theory of Jacobi forms was given
by J. Kramer in [Kr91].

Let k, m be positive integers. A Jacobi form of weight k and index m for the modular group
[y = SLs(Z) is a holomorphic function on the product H x C of the upper half-plane H
with the complex plane C having a suitable transformation behaviour with respect to I'y
and vanishing “at infinity”. We denote the complex vector space of Jacobi cusp forms of
weight & and index m for I'y by J;7P(T'y). The pointwise Petersson norm of a Jacobi form
f e Jiw (L) is then defined by

4‘rr'm1m(z)2

(7, 2) [P = f (7, 2)[* Im(7)* &7 m) (reH, z€C).

Let F' be a Siegel cusp form of weight k for the Siegel modular group Sp,(Z), and let
{fm}m>1 be the set of Jacobi forms appearing in the Fourier-Jacobi expansion of F| i.e.,
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fm € J;. (To). Then, for any € > 0, W. Kohnen proved the following sup-norm bound for
the pointwise Petersson norm of f,, in [Ko93]

k2.,
(1) Sup | fon(7, 2)|[pet = O (m2=57¢),
(1,2)€EHxC

where the implied constant depends on the Siegel cusp form F' and on the choice of ¢ >
0. Motivated by the Ramanujan—Petersson conjecture, W. Kohnen then conjectured the

bound

k-1
sup HfWL(T7 z)”Pet = OF,e (m?Jre)a
(1,2)eHXC

where the implied constant depends on the Siegel cusp form F' and on the choice of € > 0.

More recently, P. Anamby and S. Das established in [AD23] a general sup-norm bound for
the pointwise Petersson norm of f € J;'P(Tg), which is normalized with respect to the

Petersson inner product, i.e., for which we have

déEAndnAndz Ad
J A e N A T A

e
F()[XZQ\HXC

Their bound is (see Theorem 1.4 in[AD23])

(2) sup || f(7, 2)[[pec = Oc(km),

(7,2)€HXC

where the implied constant depends on the choice of € > 0.

1.2. Main results. The goal of this article is to provide new sup-norm bounds for the
pointwise Petersson norm for Jacobi forms of integral weight £ and integral index m for
I'y, which are normalized with respect to the Petersson inner product. The main result in
this respect is given in Theorem 4 and states for f € J.°P(I'y), which is normalized with
respect to the Petersson inner product, that 7
(3) sup [|£(7,2)llper = O (I m*),

(1,2)eHxC
where the implied constant depends only on the choice of € > 0. For the proof, we essentially
use the representation of the Jacobi cusp forms under consideration as linear combinations
of modular forms of weight k& — % for some congruence subgroup of I'y (depending on
m) and suitable Jacobi theta functions; we then need to derive bounds for the pointwise
Petersson norms of these functions to arrive at our result. Comparing our bound (B]) with
the bound (2)) by P. Anamby and S. Das, we realize an improvement with regard to the
polynomial growth in £ by a factor of k:%, while the polynomial growth of the bound (2))
in m is better by a factor of m¢ (for any € > 0).

In order to be able to derive our bound (B]), we need sup-norm bounds for the pointwise
Petersson norm of cusp forms of positive real weight k and character y for any cofinite
Fuchsian subgroup I' of SLy(R). Such bounds have been derived for finite index subgroups
of SLy(Z) by Steiner in [St16]. Although these bounds are uniform with respect to the index
of the finite index subgroups of SLy(Z), there are mild restrictions for a direct application
of the bounds derived in [St16] to our setting. On the other hand, such bounds could also
be derived from [FJK16] with some extra work. However, we provide here new, alternative
proofs for the results of [FJKI16] applying to any positive real weight k£ and any character
x by using the Bergman kernel for the modular curve associated to I'.

More specifically, given I' C SLy(R) a Fuchsian subgroup, & € R.y, and x: I' — C* a
character, we let S, (I') denote the space of cusp forms of weight k and character x for I
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Denoting by dj the dimension of Sy, (') and letting {fi, ..., fq,} be an orthonormal basis
of Sk (I') with respect to the Petersson inner product, the Bergman kernel associated to
Sk (') is then defined by

Binm7) = f(o )

it is straightforward that this definition does not depend on the choice of an orthonormal
basis of S, (I'). The pointwise Petersson norm of the Bergman kernel is defined by

(MIE

1Brx (7, 7)lper = [ By (7, 7)| (Im(7)Im(77)) 2,

which gives on the diagonal

dy
(4) 1B (7, ) llpet = D 15(7) [P
j=1

As a second main result of this article, we establish in Theorem [3.3] assuming that & € R>j,
for I' being cocompact without elliptic elements the bound

sup || By (7, 7)||per = Or(K);

z€H

moreover, for I' being cofinite, we give the bound
3
SUHE; | Bix (7, 7)[|pet = Or (/W),
ze

where the implied constants depend only on the Fuchsian subgroup I'. Due to the rela-
tion (), these results reprove the sup-norm bounds on average obtained in [FJK16], but
now for any real weight £ € R>5 and any character y. Based on these results, we are then
also able to prove the uniformity of the above bounds with respect to the subgroup I' in
Theorem [B.5l

1.3. Outline. Let us briefly outline the contents of this article. In the subsequent, second
section we collect all the necessary prerequisites for the sequel of the paper. In particu-
lar, we introduce the definitions of cusp forms and Jacobi cusp forms together with their
respective (pointwise) Petersson inner products. Furthermore, we define the Bergman ker-
nel for modular curves and state its basic properties. We close the section by recalling
asymptotics of Bergman kernels associated to tensor powers of holomorphic line bundles
on compact complex Kéhler manifolds due to [Bo96], which are crucial in the derivation

of the bound (3)).

The third section is devoted to the revisiting of the sup-norm bounds on average obtained
in [F.JKI16], but now for any real weight £ € R>5 and any character x. Here, the proofs of
Theorem and Theorem are provided.

In the fourth section, the bound (3)) is proven in Theorem 4l In addition to some straight-
forward bounds established for the relative L2-norm of classical Jacobi theta functions, the
above mentioned asymptotics of Bergman kernels associated to tensor powers of holomor-

phic line bundles corresponding to these Jacobi theta functions are crucial in the derivation
of the proof of Theorem [£.4]
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2. PRELIMINARIES

2.1. Hyperbolic metric. Let H := {7 € C|7 = { +in, n > 0} be the upper half-plane.
We denote by dsp,(7) the line element and by iy, (7) the volume form corresponding to
the hyperbolic metric on H, which is compatible with the complex structure of H and has
constant curvature equal to —1. Locally on H, we have
dé? + dn?
dsﬁyp(T) =————>— and Pnyp (T) = -
U] U]

For 7,7" € H, we let distyy, (7, 7’) denote the hyperbolic distance between these two points.
For later purposes, it is useful to introduce the displacement function

N o  disthyp (T, 7') B |7 —7)?
(5) o(r,7") == cosh < 5 ) = Thn(r)m(7)

_déAdn

2.2. Quotient space. Let I' C SLy(R) be a Fuchsian subgroup acting by fractional linear
transformations on H. Let X1 be the quotient space I'\H and gr the genus of Xr. In
the sequel, we identify X with a fundamental domain Fr C H for the group I', which we
assume to be closed and connected.

Denote by

PF = {pla s 7ps}

the set of cusps of Fr. Let op; € SLy(R) be a scaling matrix of the cusp p;, that is,
p;j = op jioo with stabilizer subgroup I',, described as

11 X )
<<O 1) >, if —idéegT,
<i<1 1>>, if —ideTl,

0 1

For Y > 0, we let .FJY C JFr denote the neighborhood of the cusp p; characterized by
opiF) ={r=¢+imeH| —1/2<<1/2,p>Y}  (j=1,...,9).

(6) a;}jfpjap,j = (7=1,...,9).

With these notations, we define Fy to be the closure of the complement of the union
Fru...UFY in Fp,ie,

(7) Fy =c(Fr\ (FLU...UF)),

which is compact; we note that Fy = Fr, if I' is cocompact. We choose 0 < my < My
such that for all 7 € Fy the inequalities

my < Im(cr;}jT) < My
hold for all 7 =1,...,s; we note that my and My depend on the choice of Y.
Denote by
Er=A{e1,...,e}

the set of elliptic fixed points of Fr. Let I'c; and m; denote the stabilizer subgroup and
order of the elliptic fixed point e;, respectively.

We denote the hyperbolic length of the shortest closed geodesic on Xt by ¢r. For a domain
D C H, we denote its hyperbolic diameter by diamyy,(D) and its hyperbolic volume by



SUP-NORM BOUNDS FOR JACOBI CUSP FORMS 5
volpyp (D). Finally, the injectivity radius rp is defined by

remery(Unu(r,))

J=1 Jj=1

(8) rr == inf {disthyp(T, YT)

We note that if Xt is compact without elliptic fixed points, i.e., Pr = & = (), then the
injectivity radius rr equals the length of the shortest closed geodesic ¢ of Xr.

2.3. Cusp forms and Bergman kernel. For £ € R, and a character x: I' — C*, we
let Sy, (I') denote the space of cusp forms of weight £ and character y for I, i.e., the space
of holomorphic functions f: H — C, which have the transformation behavior

FOya)(ez+d)7F = x(9) f(2)

for all v = (¢%) € I, and which vanish at all the cusps of Fr. Given f € Sy, (T), we
define

1 (Olpee = 1O 0" (=& +1n),
which defines a I'-invariant function on H called the pointwise Petersson norm of f.

The space Sy (I') is equipped with the Petersson inner product

(9) (hhﬁmz/ﬁﬁﬁFM%mﬁ) (f1. f2 € Sin(T)).

Let djy denote the dimension of Sy, (I') and let {fi,..., fs4,} be an orthonormal basis of
Sk (I') with respect to the Petersson inner product. Then, the Bergman kernel associated
to Sk (L) is defined by

di
Bun(r7)i= Y 0T,

It is obvious that this definition does not depend on the choice of an orthonormal basis of
Sk (D).

The Bergman kernel By, , (7, 7') is a holomorphic cusp form of weight k& and character x for
I' in the 7-variable, and an anti-holomorphic cusp form of weight k and character  for '
in the 7’-variable. Hence, the pointwise Petersson norm of the Bergman kernel is given by

k
1Br (7, 7)lper = [ Brox (7, 7)| (1) 2,
which is a ['-invariant function on H x H with respect to both variables.

Moreover, By, (7, 7’) is the reproducing kernel for Sy ,(I'), i.e., we have

/Bm@fﬁwwmmwvzﬂﬂ (' = € + i)

for any f € Si,(I'). Therefore, for k € R.3, the Bergman kernel By ,(7,7’) can also be
represented in the following form (see Proposition 1.3 on p. 77 in [Er90])

W (20— 1) 1 1
(10) Brlnr) == (;) (=77 XD +d)F
T=\cd er

Note that the formula for the Bergman kernel given in [Fr90] is missing a factor of (2i)F.
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2.4. Counting function. Given 7 € H and p € Rs, we recall from [JLI5] the counting
function

Nr(7; p) = [Ne (75 0)];

where

Nr(rp) = {76F\<UF UUP)’dlSthypT’yT)<p}

Let now f be a positive, smooth, and decreasing function on Rso. Then, adapting the
arguments from [JLI5|] to Fuchsian subgroups of SLy(R), we have for any 7 € H and any
d > rr/2 the inequality

s
Cent(I')| cosh(rr/4) .
/ F0)aNi(rip) < [ 1(6) it p) + LRI 5
0
_|Cent(I')] r
2 sinh?( Tr/4 5/f smhp+rp/2) dp;

here Cent(I") denotes the center of I'. Note that our definition (§)) of injectivity radius
differs from the one used in [JLI5] by a factor of 2, and the inequality (LII) takes this fact
into account.

2.5. Jacobi forms. For k,m € N, we let J; '’ (I'y) denote the space of Jacobi cusp forms of
weight k and index m for I'y = SLy(Z), i. e., the space of holomorphic functions f: HxC —
C, which have the transformation behaviour

at+b z4+ AT+ p i , 9 c(z+ AT+ p)?
, d (2rim (327 + 222 - )) = re,
f(c7'+d p—— )(c7‘+ ) "exp (2mim | AT 4+ 2)z p— f(r,2)
for all [(g g), (A, u)} € I'y x Z2, and which have a Fourier expansion of the form

f(r,2) = Z c(n,r)q"¢" (q=e™7, ¢ = e*™).

neN,rez
dmn—r2>0

Given f € J.P(Ig), we define

_ 47'r7ny2

”f(T7z)”l2F’et = ‘f(T7Z)‘2nk€ K (T:§+27], Z:l"i"ly),
which defines a I'y x Z2-invariant function on H x C called the pointwise Petersson norm

of f.

Let Dr, denote a fundamental domain of the quotient space Yr, := 'y x Z?\H x C, which
is a 2-dimensional complex manifold. The space J;;,"(I'0) is equipped with the Petersson
inner product

(12)
oo fabpe = / Fi(r ) a(m 2 e

Dr,

_ammy? dE A dn Adz Ady
n 7]3

(fi, f2 € Jip (Do)

For f € J;}’(['), one has the decomposition

(13) F(2) = ou(m)0um(7, 2),
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where the function ¢, is a cusp form of weight (k — %) for the finite index subgroup
I'y :==Ty(4m) of Iy, and ¥, ,,, is the Jacobi theta function

2
(14) 19“7m(7—’ Z) = Z 627”'””— (nfﬁ) +27r2z(2mn—u).
nez
As we will see below, the theta functions 9, ,, (© =0, ...,2m — 1) arise for fixed 7 € H as

global sections of a suitable line bundle on the elliptic curve associated to 7. In fact, it is
shown in Theorem 5.1 of [EZ85] that the decomposition (I4]) gives rise to the isomorphism

JEEP(TG) 2V, (T),
where V, _ 1 (T'g) denotes the complex vector space of vector-valued cusp forms of weight

(k — %) with suitable transformation behaviour with respect to I'y.

Let now
2m—1 2m—1

= Z ©u1(T)0,m(7,2) and  fo(T, 2) Z Pua( T, 2)
pn=0

be two Jacobi cusp forms of weight k& and index m for I'y. Then, the decomposition (I3))
gives rise to the equality (see Theorem 5.3 in [EZ85])

1 2m—1 1 déAd
(15) <f17f2>Pet:\/T—m/ Z Put(T)pp2(r) 02 : 2 77

n
Fry MY

where we recall that Fr, is a fundamental domain for the quotient space Xp, = I\ H.

2.6. Asymptotics for Bergman kernels. In this subsection, we recall asymptotics of
Bergman kernels associated to tensor powers of holomorphic line bundles on compact com-
plex Kahler manifolds, which are used in section Ml to derive bounds for theta functions.

Let (M,w) be a compact complex Kéhler manifold of dimension n with positive closed
(1,1)-form w. Let £ be a positive hermitian holomorphic line bundle on M and let
H°(M, L®™) denote the vector space of global holomorphic sections its m-th tensor power
LZ™ form € Z>y. Let | - |gem and (-, - )12 com denote the pointwise hermitian metric and
the L2-inner product on HO(M, £LZ™), respectively.

Let {s;} denote an orthonormal basis of H%(M, £L%™) with respect to the L*-inner product.
For any z € M, the function
B£®m Z ‘8] |£®m

is called the Bergman kernel associated to the line bundle £&™. We note that the above
definition is independent on the choice of an orthonormal basis of H°(M, £L&™).

Let
)
(16) ca(L,] - le)(z) = —gazazlog\S(Z)li

denote the curvature form of the line bundle £ at the point z € M, where s is any
meromorphic section of £. At any z € M, there exists a coordinate chart around the point
z such that

w(z) = Z 3 dz; Adz; and (L] - |2)(2) = Z 5 % dz; A dz;.

j=1 j=1
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The complex numbers «y,...,q, are called the eigenvalues of the curvature form
c1(L,| - |2)(2) at the point z € M. We set

dety, (c1(L,] - [2)(2)) = Haj.

Since the line bundle £ is positive, we have a;; > 0 for j = 1,...,n. Finally, we recall from
Theorem 2.1 in [Bo96] the bound
(17) Brem(z) = dety (c1(L,] - [2)(2))m"™ + O(m" 1),

provided that £ is a positive line bundle for any z € M.

3. SUP-NORM BOUNDS FOR CUSP FORMS REVISITED

Refining arguments of [AMI7] and [AMIS8], we first derive bounds for the Bergman kernel
along the diagonal.

Proposition 3.1. With notations as above, let I' C SLy(R) be a cocompact Fuchsian
subgroup without elliptic elements. Then, for k € R>5 and 7 € H, we have the bound

k-1 3k — 1)
o m cosh* 4 (rp /4) ( * sinhQ(Tr/Zl))'

||Bk,x(7_7 7_)HPet S

Proof. Letting k € Rs5 and considering the Bergman kernel (I0) on the diagonal, we derive
by means of relation (B the bound

2k(k‘ - 1) 1 1
| Bix (7, 7) [[pet = T' (§b:) (1 — 1) x(7) (T + d)*
T=\cd er

k-1 ATm(r)Im(y)\*? k-1 1
= 4 Z — ~7|2 Y Z k(s
T |7 — 7| s cosh” (disthyp (7,77)/2)

yel’ yel’

(18) :%chm(r)u > o ! )

~€I'\Cent(I") (diSthYP(T7 77)/2)

Im(T)k

Substituting § = rr/2 in inequality (II]) and using the fact that |Cent(I")| < 2, we derive

1
Z cosh® (distyyp (7, 77)/2)

€D\ Cent (T)
" an 8 1 [ sinh 2
(19) = / Fk(T’p) + k—2 T2 / = (/):- 2 >d
cosh®(p/2) = cosh® “(rp/4)  sinh®(rp/4) cosh™(p/2)

T

From the defining equation (8) of the injectivity radius rr, we find for the first term of (I9)
that

rr/2

dNr(7; p) _
(20) / cosh®(p/2) ’
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With regard to the third term of (I9), we recall the bound (12) in [AMI7], which states
for any k € R>5 and any § > 0 (note that we have replaced 2k by k) that

1 7sinh(p+rp/2) 4
sinh?(rp/4) / cosh®(p/2)
4 8 1

(21) < = @+.21 )+ eyl :
(k—2)cosh™*(6/2) sinh®(rp/4) (k —4)cosh"*(6/2) sinh*(rp/4)

From the elementary inequality cosh” *(rp/4) < cosh* 2(rp/4) and recalling that k € Rxs,
we now derive from (2I]) with § = rp/2 the bound

1 r sinh(p + rp/2)
sinh?(rp/4) / cosh®(p/2) d

T

= 4k—2 <2+ : 21 ) + 8k—4 T 21
(k — 2) cosh™ “(rp/4) sinh®(rp/4) (k —4) cosh”*(rp/4) sinh*(rp/4)
4 8 1

(22) ST(IJV . 21 )JV k—4 T2 .
cosh™ *(rp/4) sinh®(rp/4) (k — 4) cosh" *(rp/4) sinh”(rp/4)

Combining the bounds (I8)), (I9) with (20)), (22]), and using the fact that & € R-5, completes
the proof of the proposition. O

Proposition 3.2. With notations as above, let ' C SLy(R) be a cofinite Fuchsian subgroup.
Then, for k € Rs5 and 7 € H, we have the bound

k1 3(k — 1) ( 1 )
Bioo (7, 7) ||pet < + 1+
[ B (7, 7) || pet or - COShk_4<TF/4) sinhQ(Tr/‘l)

o Dmm )+ H S S i

e;€Er

where op j is the scaling matriz associated to the cusp p; € Pr defined in ().

Proof. For k € Rs5 and 7 € H, using the bound (I8)) and the fact that |Cent(I')| < 2, we
derive

k-1 k-1 1
By (7, 7)||pet < —— +
| Brx (75 7) || pet o A Z coshk(disthyp(T, v7)/2)

ve\ ( Ue JEET Pe; U UPj epr Lr; )
1
COShk(diSthyp(Tv v7)/2)

e;€Er YET; \Cent(T")
k—1 1

(23) coshk(disthyp(ﬂ v7)/2)

pj€Pr v€lp,\Cent(I')
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Adapting our arguments from Proposition [.1] to the second summand on the right-hand
side of (23)), we arrive at the bound

k—1 Z 1
4m cosh® (distay(7,77)/2)

'YEF\(UEj e&r Fej UUpj €Pr ij)

3(k—1) 1
(24) = mcosh™(rp/4) (1 * sinh2(rp/4))'

For the third term on the right-hand side of (23), we trivially have the bound

(25)

1 kE—1
< m; —1).
cosh® (distyyp(7,77)/2) = 4 Z (m; = 1)

e;€Er Y€l \Cent(T") e;EEr
From the definition of the scaling matrix (@) and using the fact that |Cent(I")| < 2, we find
-1 1

cosh® (distyyp(7,77)/2)

p; €Pr 'yEFp \Cent(T")

(26) <kl > L
ol k . _ _ .
2 pcPr nev(o} cosh (dlsthyp(ap,le, JP}]»T +n)/2)

We now recall the bound (18) in [AMI7], which gives for k € R>5, p; € Pr, and 7,7" € H
(note that we have replaced 2k by k) the bound

1
Z Z coshk(disthyp(a;,ljﬁa;,lﬂ/+”)/2)

p;€Pr neZ\{0}

k=1 T((k—1)/2) (4Im(op ) Im(op k7)) "
=R I'(k/2) p; (Im(opL7) + Im(op )

(27)

Substituting 7 = 7’ in (27)) and combining it with (26]), we arrive for the fourth term on

the right-hand side of (23]) at the bound
k—1 1

cosh® (distyyp (7, 77)/2)

Pj€Pr y€lp, \Cent(I')

_ T((k —
(#) : Mﬁl)' (<F(k:/12))/2) > m(oz)7).

Combining the bounds (24)), (25]), and (28) with (23)) completes the proof of the proposition.
U

Theorem 3.3. With notations as above, let I' C SLy(R) be a cofinite Fuchsian subgroup
and k € Rs5. Then, if I' is cocompact without elliptic elements, we have the bound

(29) sup || Bex (7, 7) [[pet = Or (k).
TeH

Moreover, if " is cofinite, we have the bound

(30) SUp | By (7, 7) er = Or (k7).
TE

The implied constants in the bounds (29) and ([B0) depend only on the Fuchsian subgroup T .
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Proof. When T' is cocompact without elliptic elements, the claimed bound (29) follows
directly from Proposition B.11

Let next I" be a cofinite Fuchsian subgroup. From the proof of Theorem 6.1 in [FJK16], it
follows that

(31) Sup || Bry (7, 7)llpet = sup || Be (7, ) lpet;
TeH TEDFy
Y=k/(2m)

where 0Fy denotes the boundary of the truncated fundamental domain Fy defined in ().
Combining Proposition with (1) and employing the fact that

I'((k—1)/2) B 1
T2 O<ﬁ)

we derive

Sup || By (7, 7)][pet
TeH

< E—1 N 3(k—1) ( N

T 27 7 cosh™ 4 (rp/4) sinh?(rp/4)
for some positive constants Cr cni, Cr par, Which depend only on the Fuchsian subgroup I'.
This completes the proof of the theorem. O

) + (k - 1) C(F,ell + k% CF,par

Corollary 3.4. With notations as above, let I' C SLy(R) be a cofinite Fuchsian subgroup.
For k € Rz, let f € Spy(I') be a cusp form, which is normalized with respect to the
Petersson inner product ([@). If T' is cocompact without elliptic elements, we have the
bound

(32) sup [|f(7)[[pe = Or(k).
TeH
Moreover, if " is cofinite, we have the bound
3
(33) sup [1£(7)[pex = Or (k2).

The implied constants in the bounds [32) and [B3) depend only on the Fuchsian subgroup T'.

Proof. Choose an orthonormal basis {f1 = f,..., fa,} of Sk, (I') with respect to the Pe-
tersson inner product (). For 7 € H, we then have the bound

LF () Ber < 1 Brx (7, 7) [[pes-

The proof of the corollary now immediately follows from Theorem 3.3l O

Theorem 3.5. With notations as above, let Iy C SLo(R) be a fized cofinite Fuchsian
subgroup and let I' C Ty be a finite index subgroup of I'y. For k € Rss, let f € Sy, (') be
a cusp form, which is normalized with respect to the Petersson inner product Q). If Ty is
cocompact without elliptic elements, we have the bound

(34) sup 1F () [Ber = Ory (k).

Moreover, if I'y is cofinite, we have the bound

3

(35) sup (7 [, = Or, (2).

The implied constants in the bounds (34]) and ([35]) depend only on the Fuchsian subgroup T'.
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Proof. Choose an orthonormal basis {fi = f,..., fs,} of Sk (I') with respect to the Pe-
tersson inner product ().

Let now I'g be a cocompact Fuchsian subgroup without elliptic elements. From the proof
of Proposition B.Ilwe derive the bound

sup || f(7 et < sup || Bix (7, 7) [pes

TeH

su
Te]g Z cosh®( dlSthyp<T yT)/2)

SU. Z = OFo<k)7

TeH e cosh®( dlSthyp<T v7)/2)

which completes the proof of the theorem in the case that I'y is cocompact without elliptic
elements.

Let next I’y be a cofinite Fuchsian subgroup. Given Y > 0, we recall from ([7]) the funda-
mental domain decomposition

Fr=FyU(F U...UF)),

where Fy is a compact subset of Fr and the .FJY’S are neighborhoods of the cusps p; € Pr
(j =1,...,s). Choosing Y large enough, we can assume without loss of generality in the
sequel that the neighborhoods ]:]Y are pairwise disjoint. We now first provide a bound
for the pointwise Petersson norm of f, when 7 ranges across the compact set Fy, and
subsequently we compute bounds for the pointwise Petersson norm of f, when 7 ranges
across the neighborhoods ]:jY of the cusps for fixed, large enough Y.

Adapting arguments from the proof of Proposition BEL we obtain the bound

sup || Bk (7, 7)||pe < sup
Te}i 1B, 7)llpes 4 TEJ—'YZCOShk dlSthyp<T yT)/2)

k—1 1
< sup Z BT
AT er, ot cosh” (distpyp (7,77)/2)

E—1 3(k—1) ( 1 ) k—1
36 < + + + Me. — 1),
(36) - 27 7rcoshk74(rp07y/4) SinhQ(TF07y/4) 47 Z (me, )

€j Ggr‘o

where

Tny,’)/EPQ\ U PO,ej}>O-

ej€Ery,

rry,y = inf {disthyp(T, YT)

From this, we immediately conclude that

(37) sup || (7)|[Bet < sup | B (7, 7)llpet = Oryy (),

TEFy TEFy

where the implied constant depends on I'y and the choice of Y.

We are left to provide bounds for the pointwise Petersson norm of f, when 7 ranges across
the neighborhoods .7-"}/ of the cusps. For this, we will have to distinguish between the
two cases Y > % and Y < % Without loss of generality, we can assume that j = 1,

when p; € Pr is the cusp at infinity for I' lying above the cusp p at infinity for I'y with
ramification index [[g, : T',,] (note that 'y, denotes the stabilizer subgroup of p in I'y).
With the above notations, we obtain the inclusion I'\ I',, C I’y \ Iy ,.
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We first treat the case Y > %, which implies that FY C Ff /2m), Arguing as in the proof
of Theorem 6.1 in [EJK16], we deduce, recalling the inclusion I'\ I';,, C T’y \ Iy, that

SUp || B x (7, 7)[[pet < sup || Bry (7, 7)|lpet < sup || Bry (7, 7) [|pet
reFy reFr/2m redFr/Cm)

<t > e R DY :
S — sup . Sup .
4m reoFt 0 g, cosh® (distyyp(7,77)/2) reoFt! e o cosh® (distyyp(7,77)/2)

< > St Y :

< sup . sup : :
4m redFH Y bty coshk(dlsthyp(r, ~vT)/2) reoFh/Cm e coshk(dlsthyp(r, ~vT)/2)

(38)

Arguments similar to the ones used to derive the bound (B0, lead for the first term of (38])
to the bound

k—1 1
sup k/q-
AT reart/en i cosh” (distyyp (7,77)/2)
k—1 3(k—1 1 k—1
< k—<4 ) (1 T ) - Z (me; — 1),
2m 7 cosh™ " (rrg k/(2m)/4) sinh” (7o /(2m) /4) an e;€Er,
where

= 8‘Ff/(27r)’ v E Fo\ (FOJ; U U FO,ej>} > 0.

€j Egr‘o

TFO’k/(Qﬂ) = mf {disthyp(r, "}/7')

Since it is easy to see that

1
= Or,(1),
Sinh2<7’po,k/(2ﬂ)) FO( )
we arrive for the first term of ([B8) at the bound
k—1 1
39 su = Op, (k).
(39) A b Z cosh® (distyyp(7,77)/2) ro(k)

k/(2m
TEOF] /m ~v€lo\lo,p

Using the same arguments as in the proof of Proposition [3.2] we derive for the second term
of ([38)) the bound

kE—1 1

y sup Z =0 (k

reaFt!en e cosh® (distyyp(7,77)/2)

Njw

(40)

).

P

By means of (38), we thus deduce from (B9) and [Q) in the case Y > £ the bound

(41) sup [ £(7)llpes < SUp | Bix (7, 7) et = Ory (k2).

TeFy TeFy
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We finally turn to the case Y < %, which implies that .Ff /em) FY. Here we find, arguing

as in the preceding case that

Sup || Bix (7. T)|lpet < sup || Bix (7, 7)[|pet
TE]:ly TG]_—IY\]_-{c/(Qw)
k—1 1
< sup ——

47 reFNFHED Lot cosh” (disthyp (7, 77)/2)

k—1 1

(42) +— sup
4

k(10 :
reFN\FH @ G cosh” (distpyp (7,77)/2)

As before, we now obtain the bounds
kE—1 1

sup —
4m reFn\FHen A cosh” (distpyp (7,77)/2)
LI T Ly
= + T+ + My, — 1
- 2 Wcoshk_4(r§0 v/4) sinhz(rfo v/4) AT ;& (me; —1)
) N e; o
(43) = Ory,y (k),

noting that

TEFK,’}/EF()\(FQ,I,U U Fo,e].)}>0,

ej€Ery,

r'FO’Y = inf {disthyp(T, T)

as well as the bound

k—1 1
(44) ——  sup v = 0(k2).
A reF\FH O ST cosh” (distyyp(7,77)/2)

By means of ([2), we thus deduce from ([3) and (4] in the case Y < £ the bound

(45) sup [|f(7)[pe; < sup 1Beo(m,7)lpet = Oryy (k2).

reFy reFy

Since Y has been fixed, the claim of the theorem follows from (B7), (41]), and (43]). O

Njw

Remark 3.6. If f € S5, (') is not a Hecke eigenform, then there is no evidence from
the literature to suggest that the estimates (B2) and (33]) can be improved. Thus the
estimates (32)) and (B3) are expected to be optimal.

4. SUP-NORM BOUNDS FOR JACOBI CUSP FORMS

Fork € Zss and m € Z>y, let f € Jgjﬁp(I‘o) be a Jacobi cusp form of weight k£ and index m
for the full modular group I'y = SLy(Z), which is normalized with respect to the Petersson
inner product defined by ([I2)). We now aim at bounding the quantity

sup | (7, 2)][pet-

(1,2)€eHxC

For this we will employ the decomposition (I3]), namely
2m—1

F(r2)= Y u()0um(T,2),

where the functions ¢, are cusp forms of weight (k — %) with respect to the finite index

subgroup I'y = I'g(4m) of I'y and the theta functions 9, ,, are defined in (I4)).
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For a fixed 7 = £ + in € H, consider the elliptic curve E, := C/A, with A, = Z & 7Z.
Let O, denote the identity element of E,, when considered as an abelian group with @,
denoting the group operation, and let

2]: B, — E;

be multiplication by 2, given by the assignment z +— 2z := 2 &, z, which is an isogeny of
degree 4. Let M. be the line bundle associated to the divisor O,. Then, the theorem of
the cube gives the isomorphism

2]*M, = M2,

We then put £, := M%? and find that the theta functions 9,,,,(7,-) (u =0,...,2m — 1)
arise as global holomorphic sections of the line bundle £&™.

The pointwise norm of 9,,,,(7, ) € HY(E,, L&) at the point z = x + iy € E, (identifying
E. with its universal cover C) is given by the following formula

4‘rr'my2

(46) 19, (7 2 pom = 1D (7, 2)” /€™

Let peua denote the Euclidean metric on E;; at the point z = =z + iy € E., it is given by
the formula

1 dzAdz  dxAdy
(47) ,ueucl(z) = 5" = .

2 7 7
Furthermore, the L?-inner product of ¥, (7, ), 0 m(7,+) € HY(E,, LE™) is given by the
formula

47rmy2

(D (T, ), Ot (T, ) )2 pom = /19“7m(7', 2) 0 m(T,2)y/Ne" 1 flena (%)
Er

n 1
S — 47rm2
(48) - / / D, 2) D2 2) T €T dxgdy.

The L%norm of 9, ,,(7,-) € H(E;, £®m) induced by the L2-inner product defined above
is thus given by

(49) ”19M7m< )”L2 £e&m = < Mm(Tv ')719%7%(7-7 ')>L2,£§’m'

We next recall the well-known fact about the orthogonality of the Jacobi theta functions
(which was already implicitly used in formula (I3])).

Lemma 4.1. The set of Jacobi theta functions {0,,m(7,-)}iy" constitutes an orthogonal

basis for the space H°(E,, L2™) with respect to the L*-inner product ([@S).
Proof. As above, we write 7 = £ +in € H and for u, i/ = 0,...,2m — 1 and n € Z, we
define
(50) a(p,n) =n — QL and  b(p,n) = 2mn — pu.
m

Recalling the definition of the Jacobi theta function (I4)), we compute for the L?-inner
product (48]

<19Mm(7_ ) ﬁu’m(T ')>L2 £em

1

3 B YA rmy? d
(51) /Z Z 2mimra(p,n)? 627erTa(/J )2 (/62”’Zb(l‘v")627rizb(u’,n’) d{L‘) 674774 7y_

neZ n'e€Z 9 n
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Observing that the inequalities —2m < p — u/ < 2m imply that the equality

/

bu,n) = b(un') = 2mln—n')=p—p

can only hold if n =n' and u = i/, we deduce

) 1
/e2ﬂizb(u,n)mdx — o~ 2my(b(un)+b(u’ ")) /€2ma:(b(u,n)b(w7n/)) dz
) 0
e 4mublem) - if =/ and n =1/,
(52) B
0, else.

This proves the pairwise orthogonality of the 2m Jacobi theta functions {1, (7, -) i’za !

and thus their linear independence. Now, since we have deg(L£2™) = 2m, the Riemann—
Roch Theorem on the elliptic curve E, shows that

dim H(E,, £L2™) = 2m,

from which the claim follows. O

Proposition 4.2. With notations as above, we have for u=0,...,2m — 1, the bound

1
/19 m ,' 22 m :O - — .
509 [0y g2 = O( =)

Proof. Let T=¢+ineH, z=ax+iy € C,and p=0,...,2m — 1. For 7 € H, we need to
bound the L2-norm [@39) of ¥,,,,(7,-) € H*(E,, LE™), namely the quantity

1 (s MIE2 pom = P (7,2)s D (7)) 2 -

Recalling the notation (50) and introducing a(n) = a(u,n) as well as b(n) = b(u,n) as a
short-hand, we arrive as in (BIl) at the equality

19y (7, )2 pom

BTV rmy?
(53) /Z Z e2mm7a(n e2mimra(n p2mimra(n’)2 </ 2m’zb(n)egmzb(n/) dl’) e_4 77y d_\/y_

n€eZ n'€Z 0 n

Since (by (52))

1
. - —4myb(n) . —
/62mzb(n)62m~zb(n/) dr — {6 ) if n n,

0, else,
0

we arrive at

1

2
54 E E 27rzm7'a (n) egﬂlmq—a(n) /62mzb(n)62ﬂ—zzb ) dr = 2 :6—47rm77 (n—%) —47ry(2mn—u).

neZ n'€’l 0 nezZ
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Substituting (54]) into (G3]) and using an integral test, we find the bound

2
9 747rm17 ’—:n 747ry(2mnf,u) —dmmy” dy
” ,qu< L2 £®m (&

’77 —_

neZ \/ﬁ

(55) / / 747rm17 Lm 747ry(2ml/*ll)*47ﬂ:;y2 dv %
0 —o0

Vi
(56)

+/6 mt +Amyp— 4Trmz1 dy
0 \/”_]

Now, we rewrite the exponent of the integrand in (55)) in the form

2 2
4
Armn (y _ L) + 4ry(2my — p) + Ty
2m Ui

_ (\/g(le/ - M)>2 + dmy(2my — p) + <2 @y>2
= (\/g@mu —p) + 2\/¥y)2.

U

Substituting

I m
p = —n(QmV —p)+2,/—vy
m Ui
into (BH), we obtain for the inner integral

o0

2./7Tmn 2y/m /1

From this, we compute the double integral (55) as

n oo 9
2
//6—4ﬂmn(u—%) —4ﬂy(2mu—u)—wd d
0 —oo

Y
n % _— = —
N / V1 2\/73
For the integral (56]), we find in a similar way

n 2
(58) /e 0 | gy A dy e_(_\/%_n“’LZ ) dy
0 \/_ —00 \/_
Adding up the bounds (7)) and (58)), yields

1
e
which proves the claim.

Proposition 4.3. With notations as above, we have the bound

2m—1
(59) sup

SO Z [0 (7, 2) [ = O(Vm).
T,z)€e X

17
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Proof. We start by considering the Bergman kernel B E@m(z) associated to the line bundle
LE™ on the elliptic curve E, equipped with the Kéhler form w = fiena (see formula (7).
From the bound (I7), we recall

Bpon(z) = dety,(c1(Lr, || - [l2.)(2)) m+ O(1),
where ¢ (L, || - ||z, )(2) is the curvature form of £, at the point z € E,. Using equa-

tions (I6) and (@), the curvature form ¢, (L., || - ||z, )(2) is given by the formula (identifying
again F, with its universal cover C and writing z = = + iy)

{
1 (Lr | lle,)(z) = = 5-0.0: 108 [ a7, 2) 7.

o 47ryy? B B
= —%82&2( - 1 ) - 2,ueucl(z) - QW(Z)

This yields det,, (c1(L., || - ||,)(2)) = 2, and therefore we get
(60) Bpom(z) =2m + O(1).
Setting

Dy (T, 2)
Oum(T, 2) = pma =0,...,2m —1
w7 ) = g G e m=1)

and using Lemma [4.T], we deduce that the set {©,,,,(7, ) ;2]25 ! constitutes an orthonormal

basis for the space HY(E,, L&™) with respect to the L?-inner product (@8)). By the very
definition of the Bergman kernel we thus have

2m—1

Bron(z) = 3 Q7 2)|2en
n=0

for any z € .. Finally, using Proposition and observing that

2m—1 2m—1

1 1
1y (7, ) Izem < —= > 1©pm(7 2) | zem = —=Ben(2),
% B L% \/ﬁ % 1% L% \/m L%
the claim follows by means of (60). O

Theorem 4.4. For k € Z>s and m € Zzy, let f € J.P(To) be a Jacobi cusp form of
weight k and index m for the full modular group Ty = SLo(Z), which is normalized with
respect to the Petersson inner product. Then, we have the bound

(61) sup || £ (7, 2)|[2e = Oc (k2 m?*),

(1,2)eHxC

where the implied constant depends only on the choice of € > 0.



SUP-NORM BOUNDS FOR JACOBI CUSP FORMS 19

Proof. Substituting the decomposition ([I3]) of the Jacobi form f(7,z) into its pointwise
Petersson norm and applying the Cauchy—Schwartz inequality, we compute

om—1 2 )
_ 4mmy
1 (7, 2) |Ber = Z Pu(T)pm (T, 2)| e
2m—1 2m—1 .
Trmy
( Z lou(T) P 1 - 1/2> ( Z |9 (7, z)"fll/z - )
pn=0
2m—1 2m—1
(X > o M) (3 Wnns )2 )
n=0
Thus
2m—1 2m—1
62 sup || f(7,2)||pes < sup oul . sup Dy (T, 2) || m -
@ sp I < S o s 3 Wl

Since f is normalized with respect to the Petersson inner product, we have from (T3] that

2m—1
1

63  fipet = ——— , ot = 1.
(63) (fs )Pet s Ty T4 uz:% (Pus Pu)pet
Combining (63) with the bound (B]) given in Theorem B3 we find the bound

— — [ERCIEN e .
(64) Z lou(T e = Z (Ppus Pp) et <Cv4Am (Lo : Tyl k2,

=0 <<Pua ‘Pu)Pet

where C' is a positive constant depending on I'y. Recalling now that
(65) [To : T1] = [SLa(Z) : To(4m)] = O (m'*),

where the implied constant depends only on the choice of € > 0, we derive from the
bounds (&4 and (€3]), the bound

2m—1

(66) sup Z (7 [pes = Oc (k2 ma+e),

where the implied constant depends only on the choice of € > 0. The claimed bound (&1))
finally follows from (62]) by combining the bound (66 with the bound (59) established in
Proposition [£.3 O

Remark 4.5. The bound (1)) is polynomial in k& and m, and thus improves W. Kohnen’s
bound (), which is exponential in k. Comparing our bound with the one obtained by
P. Anamby and S. Das in [AD23], there is an improvement with regard to the polynomial
growth in k, while the polynomial growth in m is slightly worse.
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