
���������
	���
������	�����������	���� �����"!#	�$%�����&����	��'��(����&	�
�)����(*�&�

+*,.-�/102,43&56,.798
:<;>=@?�A�B>C'D@E FHG9IJD@KLIJM4N&OPFHG9KRQTSUORVXW�G9KLYLM4N&=@?JG
VX?JI[Z\G9K]A�B\KLG9D@S FHG9IJD@KLIJM4N&OPFHG9KRQTSUORVXW�G9KLYLM4N&=@?JG
^_I`;>D@M�;ba�I1c deG9B\KLf
OPg'B\KLYRQTG9KPORVXW�G9KLYLM4N�=@?JG
h N@KLIJYRQTI`;>D#ijI[QTYLMUN@G9? deG9B\KLf
OPg'B\KLYRQTG9KPORVXW�G9KLYLM4N�=@?JG
k G9W';>YRQTI`;>D�del@D�QTN@G9K deG9B\KLf
OPg'B\KLYRQTG9KPORVXW�G9KLYLM4N�=@?JG

m 7Unpoqo',.0'/J,.-�rs,.798
h ;>KLG9Dut]IJYLM4N@G9D@v@B\KRw t�G9M4N@D@IJYLMUN@GyxHD@I[Z\G9KLYLI[Q4z
QH^_G9KL?JIJD){

auI[QTf\?JIJG9v|IJ}�~Xg�d�OPg'B\KLYLM4N�=@D@f\YLS9G9D�QTKL=@}����@�����*���

� a�;
QTN@G9}6;
QTIJEbw�l@K k M4N@?Jl@YLYLG9?[QTG9M4N@D@B\?JB\f\IJG9D&�

~�IJG#deKL=@�@�*G�W�G9YLM4N'z
w�QTIJf>QTG�YLIJM4N�}�I[Qyv@G9K�D�=@}�G9KLIJYLM4N@G9D�A��\YL=@D@f�ZqB\D ~�I[�2G9KLG9DqQTI`;>?Jf\?[G9I1O
M4N&=@D@f\G9D){'=@}�G9IJD@G9DuS.�_G9IJYRQT=�C'f\G9D�VX��G9KT;
QTIJB\D@YRZ\G9KLYRQ4z>KLE>G9KHYLIJ}�=@?JI[G9KLG9D#S9=uE>�\D@D@G9D)�
~X;>S9=b�j=@KLv@GjS9=@D'z>M4N@YRQ�;>DbG9IJD@G9}�G9IJD�w�;>M4N@G9D k M4N';>?[QTE�KLG9IJY�G9IJD�de?JG9IJMUN�=@D@f\YR�&YRQTG9}�S9=@K k I�O
}�=@?`;
QTIJB>D�G9KLYRQTG9?J?[Q�{pv';>YLY<IJDyG9IJD@G_~�I[�2G9KLG9D�QTI`;
?Jf\?[G9IJM4N�=@D@fH=@}�f\G.w�B\KL}�Q��j=@KLv@G>�q�2=@K<A��\YL=@D@f
v@G9Kede?JG9IJMUN�=@D@fb�j=@KLv@G�YLMUN@KLI[QLQs�_G9IJYLG�v';>Y�GUc��@?JIJS9I[QTG�=@D@v�v';>YXIJ}��@?[I[S9I[QTG���=@?JG9KRZ\G9KRw�;>N@KLG9D
N@G9KLf\G9?JG9I[QTG.Q��
~X;>D';>M4N�E\B>D@D�QTGjf\G9S9G9IJf>Q��_G9KLv@G9D){�v';>YLY%v@IJG]G9KL}�I[QLQTG9?�QTG9DbA��\YL=@D@f\G9D�YLIJD@D�Z\B\?J?�YLIJD@v){\�_G9D@D
IJN@KLGe �Wq��G9IJM4N�=@D@f\G9DuZ\B\Duv@G9D#Q4;
QTY4z
MUN@?JIJM4N@G9D|¡�G9KRQTG9D�G9I[D@f\G9YLMUN@KTz>D@EqQj��G9KLv@G9D�E>�\D@D@G9D)�
 �D@YLM4N@?JIJG9¢\G9D@v��j=@KLv@G9D�YLBp�_B\N@?�v';>Y�GUc��@?JIJS9I[QTG�;>?JYX;>=@M4N�v';>YXIJ}��@?JI[S9I�QTGy��=@?JG9KRZ\G9KRw�;>N@KLG9D
IJD�a�;
QT?`;>W|IJ}��@?JG9}�G9DqQTI[G9KRQ�{�=@}�v@IJG£��KLf\G9W@D@IJYLYLG�S9=#Z\G9KT;>D@YLMUN';>=@?JIJM4N@G9D)�
~X;>D@D��j=@KLv@G�v';>Yef\?JG9IJMUN@Gy¤%G9KRw�;>N@KLG9D�w�l@K£v@IJG k IJ}�=@?`;
QTI[B>D�v@G9Y�S.�_G9IJYRQT=�C'f\G9D�VX�*G9KT;
QTI�O
B\D@YRZ\G9KLYRQ4z>KLE\G9K�;>D@f\G.��;>D@v�Q��

¥\¥



� ���������
	�������

~

R

CUin

1 2

3

I
I

I1

2

3

 �W@W@IJ?Jv@=@D@f
���*��I[D�w�;>MUN@G£i h O k M4N';>?[QT=@D@f

����� �������! " "#%$'&)(*�! "+-,.+/(*+10321+

4!564!564 7 	��

�����'$98��p����&���2�p�����;:=<|�&�9�q�?>

~�IJG k =@}�}�G£;>?J?JG9K�IJD#G9IJD@G9}A@eD@B>QTG9DuS9=@YT;>}�}�G9D@?`;>=�w�G9D@v@G9D k QTKL�\}�GXIJYRQHf>?JG9IJMUN�BH=@?J? �

n
∑

k=1

ik = 0

~X;>W�G9I�N';>W*G9Db;>?J?JG�ZqB\}-@eD@B>QTG9D��_G9f>w�l@N@KLG9D@v@G9D k QTKL�\}�G ��B\YLI[QTI[Z\G9Y�¤%B\KLS9G9IJM4N@G9D =@D@vb;>?J?JG
S9=@}C@eD@B>QTG9DuN@IJD3D'IJG9¢\G9D@v@G9D k QTKL�\}�GeD@G9f\;
QTI[ZqG9Y]¤%B\KLS9G9I[MUN@G9D)�

4!564!5FE 7 	��

�����'$98��p����&���HG��'���)����(��9(*�&�9�q�?>

~�IJG k =@}�}�G£;>?J?JG9K�S9=uG9IJD@G9K k MUN@?JG9I[w�Gef>G9N@�\KLG9D@v@G9D k �';>D@D&=@D@f>G9D�IJYRQjf\?JG9IJM4NIBH=@?J? �

n
∑

k=1

vk = 0

~X;>W�G9I@N';>W�G9D�D';
QTl@KL?JIJM4N@G9K<¡�G9IJYLG]��B\YLI[QTI[Z\G k �';>D@D�=@D@f\G9D���B\YLI[QTI[Z\G9Y�¤%B\KLS9G9IJM4N@G9D�=@D@vbD@GUO
fq;
QTI[Z\G k �';>D@D�=@D@f\G9D�D@G9fq;
QTI[Z\G9Y]¤%B\KLS9G9IJM4N@G9D)�

¥KJ



����� ������+�� +/� 03+103+ ,	� +/� �� �
���+��
 �=@Y v@G9D @eIJKLM4N@N@B>��� YLMUN@G9D�deG9YLG.QTS9G9D�G9KLf\G.W�G9D6YLIJM4Nbw�l@K%v';>Y k MUN';>?�Q4W@I[?Jv  �W@W)� �jw�B\?Jf\G9D@v@G
de?JG9IJM4N&=@D@f>G9DH�

I1 + I2 = 0 � ���
−I2 + I3 = 0 ��� �

−U1 + U2 + U3 = 0 ��� �
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x′(0) = λx(0) + g(0)

= λx0 + g(0)

x′(t1) = λx(t1) + g(t1)

≈ λx1 + g(t1)
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| x(tn)− xn |≤ ch
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xn − xn−1

h
= λxn−1 + g(tn−1) � ��� �

(9) ⇒
t=tn−1

x′(tn−1 = λx(tn−1) + g(tn−1) � ��� �
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en := xn − x(tn)
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en = (1 + λh)ne0 +
n−1
∑

i=0

(1 + λh)ihrn−i

e0 = x0 − x(t0) = 0 ⇒ en =
n−1
∑

i=0

|1 + λh|ihrn−i
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max
n
|rn| < ch
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=⇒
Dreiecksungleichung

| en |≤ ch2

n−1
∑

i=0

(1 + λh)i = ch2

{

n
w�l@K

| 1 + λh |= 0
|1+λh|n−1

|1+λh|−1
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max
N

| eN |≤ ch2

{

N
w�l@K

| 1 + λh |= 0
|1+λh|N−1

|1+λh|−1
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Nh = tn − t0

max
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| en |≤ �
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| 1 + λh |> 0
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h <

−1

λ
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λ < 0
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x′(tn) = λx(tn) + g(tn)

≈
x(tn)− x(tn−1)

h
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x′ = λx
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λ < 0
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x(t) = x(0)eλt

f\IJ?[Q �
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xn − xn−1

h
= λxn−1 ⇒ xn = (1 + λh)xn−1
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|xn| < |xn−1|

D�=@K]w�l@K
|1 + λh| < 1

�

N�;>?JY k M4N@KLI[QLQs�_G9I[QTG£IJYRQjIJ}�}bG9K���B\YLI[QTI[Z�{
λ
D@G9fq;
QTI[Z��

|1 + λh| < 1 ⇔ 1 + λh < 1 ∧ 1 + λh > −1

⇔ λh < 0 ∧ h < −
2

λ
,
v)� N)�*D�=@K]w�l@K

h < − 2

λ
.

?s}��@?JIJS9I�QTG9K]��=@?JG9K��

xn − xn−1

h
= λxn ⇒ xn =

1

1− λh
xn−1

��Yjf\IJ?[Q
|xn| < |xn−1|

w�l@Kj;>?J?JG
h > 0

{'v@G9D@D

1

1− λh
=

1

1 + ε
< 1

}�I[Q
ε := −λh > 0
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+

4

U   = 0

1I 2I

C1 R 11 2 3
C2 R 2

in
U +

−
+

−

0

B�;>M4Nuv@G9}C@eIJKLMUN@N@B>��� YLM4N@G9D k QTKLB\}�f\G9YLG.QTS£f\IJ?[Q �

−IC1
+ IR1

= 0

−I1 + IC2
− IR1

= 0

−IC2
+ IR2

= 0

−IR2
− IR2

− I2 = 0

IC1
+ IV = 0

k �';>D@D�=@D@f\G9DH�

VR1
= U1 − U2

VR2
= U3 − U4

VC1
= U5 − U1

VC2
= U2 − U3

��?JG9}�G9DqQTW�G9S9B\f\G9D@Gyde?JG9IJMUN�=@D@f\G9D

IC1
= C1

dVC1

dt
= C1(

dU5

dt
−
dU1

dt
)

IC2
= C2

dVC2

dt
= C2(

dU2

dt
−
dU3

dt
)

IR1
=

VR1

R1

=
U1 − U2

R1

IR2
=

VR2

R2

=
U3 − U4

R2

U2 = −AU1

U4 = −AU3

U5 = Uin
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U1

=@D@v
U3

�

−C1(
dUin

dt
−
dU1

dt
) +

1

R1

(U1(A+ 1)) = 0

−C2(
d(AU1)

dt
−
dU3

dt
) +

1

R2

(U3(A+ 1)) = 0

⇐⇒

{

dU1

dt
= − 1+a

R1C1

U1 + dUin

dt

AdU1

dt
+ dU3

dt
= − 1+A

R2C2

U3

⇐⇒

{

U ′1 = − 1+A
R1C1

+ U ′in

U ′3 = 1+A
R2C2

U3 + A 1+A
R1C1

U1 − AU ′in

⇐⇒

(

U ′1
U ′3

)

=

(

b1 b2
b3 b4

)(

U1

U3

)

+

(

g1(t)
g2(t)

)

−→x ′ = B−→x +−→g (t)
}�I[Q

b1 = −
1 + A

R1C1

{
b2 = 0

{
g1(t) = U ′in(t)

b3 = A
1 + A

R1C1

{
b4 =

1 + A

R2C2

{
g2(t) = −AU ′in(t)

�<c��@?JIJS9I[QTG9Yj��=@?JG9KRZ\G9KRw�;>N@KLG9D#w�l@K k �&YRQTG9}�GK�

−→xn −
−→x n−1

h
= B−→x n−1 +−→g (tn−1)

−→x n = −→x n−1 + hB + h−→g (tn−1)

?s}��@?JIJS9I�QTG9Yj��=@?[G9KRZqG9KRw�;>N@KLG9D#w�l@K k �&YRQTG9}�GK�
−→x n −

−→x n−1

h
= B−→x n +−→g (tn)

−→x n − hB−→x n = −→x n−1 + h−→g (tn)

LGS → (I − hB)−→x n = −→x n−1 + h−→g (tn)
−→x n = (I − hB)−1(−→x n−1 + h−→g (tn))

J �



� �.� ����I� � $ $/� /�� � �
��� ! � ��� /K��� 1
���
� �;� ��� " � � �6$ - � � $ "�
 � ��� �

0 0.5 1 1.5 2 2.5
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2
Expliziter Euler

h=0.001,   ω=10,   C1=1e−07,   C2=1e−07 U1
U2
Uout
U3
Uin

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

−1

−0.5

0

0.5

1

1.5

2

Expliziter Euler

h=0.00175,   ω=20,   C1=1e−07,   C2=1e−07
U1
U2
Uout
U3
Uin

~�IJGjB\W@IJf\G9D�W*G9IJv@G9D|deKT;
C'E>G9D6S9G9IJf\G9D){qv';>YLY_v@G9K%GUc��@?JIJS9I[QTGH��=@?[G9K%w�l@K%E�?JG9IJD@G k M4N@KLI[Qs�]�_G9I�O
QTG9D£Z\G9KLD&l@D�w�QTIJf\G%A��\YL=@D@f\G9D){pw�l@K�f\KLB\¢\G k MUN@KLI[QLQs�_G9I[QTG9Dy;>W*G9K�=@D@YLIJD@D@IJf\G%A��\YL=@D@f\G9D�?JIJG.w�G9KRQ��

Jq¥



~X;>YjIJ}��@?JI[S9I�QTGe��=@?JG9KRZ\G9KRw�;>N@KLG9DuN@IJD@f\G9f\G9D#?JIJG.w�G9KRQj;>=@M4N#w�l@K]f\KL�\¢\G9KLG k MUN@KLI[QLQs�_G9I[QTG9D|ZqG9KPO
D�l@D�w�QTIJf\GHA��\YL=@D@f\G9D)� ?sD@YLW�G9YLB\D@v@G9KLGXYLIJG9NqQ_}6;>DbIJD�v@G9D6D'z>MUN@YRQTG9D�W*G9IJv@G9D6 �W@W@IJ?Jv@=@D@f\G9D){
v';>YLYeYLIJM4N�v@IJGbVX=�QT�@=�QTYL�';>D@D&=@D@f

Uout = U4

Z\G9KLv@B\�@��G9?[Q�{2�_G9D@D�}6;>D�v@I[G g'KLG ��=@G9D@S
ωv@G9Y���I[D@fq;>D@f\YLYLIJf\D';>?JY_ZqG9KLv@B\�@�*G9?[Q��

0 0.5 1 1.5 2 2.5
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2
Impliziter Euler

h=0.001,   ω=10,   C1=1e−07,   C2=1e−07 U1
U3
U2
Uout
Uin

0 0.2 0.4 0.6 0.8 1 1.2 1.4
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4
Impliziter Euler

h=0.001,   ω=20,   C1=1e−07,   C2=1e−07 U1
U3
U2
Uout
Uin

J�J


